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PREFACE 


The volumes of the International Library of Technology are 
made up of Instruction Papers, or Sections, comprising the 
various courses of instruction for students of the International 
Correspondence Schools. The original manuscripts are pre- 
pared by persons thoroughly qualified both technically and by 
experience to write with authority, and in many cases they are 
regularly employed elsewhere in practical work as experts. 
The manuscripts are then carefully edited to make them suit- 
able for correspondence instruction. The Instruction Papers 
are written clearly and in the simplest language possible, so as 
to make them readily understood by all students. Necessary 
technical expressions are clearly explained when introduced. 

The great majority of our students wish to prepare them- 
selves for advancement in their vocations or to qualify for 
more congenial occupations. Usually they are employed and 
able to devote only a few hours a day to study. Therefore 
every effort must be made to give them practical and accurate - 
information in clear and concise form and to make this infor- 
mation include all of the essentials but none of the non- 
essentials. To make the text clear, illustrations are used 
freely. These illustrations are especially made by our own 
Illustrating Department in order to adapt them fully to the 
requirements of the text. 

In the table of contents that immediately follows are given 
the titles of the Sections included in this volume, and under 
each title are listed the main topics discussed. 
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STRENGTH OF MATERIALS 


(PART 71) 


STRESS, DEFORMATION, ELASTICITY, 
AND STRENGTH 


STRESS AND DEFORMATION 


1. Definitions of Stress.—As explained in Analytic 
Statics, Part 1, any system of external forces acting on a 
body induces in the body internal forces by which the parts 
of the body are prevented x 
from separating. If the | 
body is cut by a plane 
anywhere, the two parts 
of it thus obtained exert 
on each other forces 
equal in magnitude but 
opposite in direction. In 
Analytic Statics, Part 1, 
the term stress was de- 
fined as denoting a pair of such equal opposing forces; that 
is, aS a pair of forces consisting of the action exerted by any 
part of the body on another, and the reaction exerted by the 
latter part on the former; and it was there stated that the 
stress is measured by the magnitude of either force. It was 
also explained that, if a body in equilibrium is cut by a plane, 
the external forces acting on one of the parts thus obtained 
are balanced by the force that the other part exerts on the 
vart considered. 
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If the body WN, Fig. 1, is in equilibrium under the action 
of external forces, and it is cut anywhere by a plane XY, 
the part 17 PQ exerts on the part PV Q a force S equal 
and opposite to the force S, exerted by PVQ on MPQ. 
The pair of forces S and S, constitute the stress at the 
section PQ: S is the equilibrant of all the external forces 
acting on PN Q, and S, is the equilibrant of all the external 
forces acting on IZ PQ. The part 17 PQ may be treated as 
a separate body kept in equilibrium by S, and the external 
forces acting on that part; and the part P4VQ may be treated 
as a separate body kept in equilibrium by S and the external 
forces acting on that part. 


2. The term sfvess is also, and more generally, applied 
to either of the opposite internal forces acting at any section 
of a body. Thus, with reference to Fig. 1, the stress at the 
section ? Q is either of the equal and opposite forces S, S;. 
Taking the word stress in this sense, it is often defined as 
the internal force by which a body resists the action of 
external forces. 


8. It should be particularly noted that external forces 
act on, or are applied to, a body; while stresses act zz, or 
are produced or induced in, the body. The expression “‘to 
apply” a stress to a body is incorrect; what is really applied 
is one or more external forces, by which the stresses are 
caused, induced, or produced. It is important that terms 
should be used in the proper sense, as looseness or inac- 
curacy of language leads to confusion in thinking. 


4, First Classification of Stress.—Considering the 
direction in which stresses act with respect to the surface 
over which they are distributed, they may be either normal 
or tangential. 

A normal stress is a stress whose line of action is per- 
pendicular to the surface over which it is distribuced. A 
tangential stress is a stress whose line of action is parallel 
to, or coincides with, the surface over which it is distributed. 
If, in Fig. 1, S is perpendicular to PQ, S is a normal stress; 
if it has the direction PQ, it is a tangential stress. 
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Any inclined stress can be resolved, for purposes of 
analysis, into its normal and tangential components. 


5. When the externai forces applied to a body tend to 
pull the parts of the body apart, the internal forces act toward 
each other, as represented in Fig. 2 (a), where, for con- 
venience, the body AV is shown separated into the two 
parts 4 and B cut by a plane of section: /’ is the action 
of B on A, and P” the action of 4 on &. This kind of stress 
is called tension, tensile stress, or pull. It is assumed 


that P’ and P” are per- 2 & 


pendicular to the surface 
of separation. Tension is, 
therefore, anormal stress. 
ip ee ease! Shear 
6. When the external 
forces applied to a body cea 
tend to crush the body, 
the internal forces act = 
away from each other, as 
represented in Fig. 2 (6). As in Fig. 2 (a), P’ is exerted 
by & on A, and P” by A on B. This kind of stress is called 


compression, compressive stress, or thrust. It is, like 
tension, a normal stress. 


Fie. 2 


7. When the external forces applied to a body tend to 
cause one part of the body to slide over the other part, the 
internal forces exerted by the parts on each other act along 
the surface of separation and prevent such sliding. Thus, 
if the external forces are such that they tend to move 4, 
Fig. 2 (c), to the left and # to the right, the internal forces 
or stresses P’ and P” act as shown, and prevent the sliding. 
This kind of stress, which is tangential, is called shearing 
stress, or shear. 


8. Tension, compression, and shear are called simple, 
or direct, stresses, to distinguish them from bending and 
torsional stress, which will be defined further on. 


9, Second Classification of Stress.—The second 
classification of stress is based on the manner in which 
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the stress is distributed over the section separating the 
two parts of the body. If a stress is such that all equal 
areas of the section of separation are under the same stress, 
wherever those areas are taken and whatever their extent, 
the stress is said to be uniformly distributed, or to be a 
uniform stress. Otherwise, the stress is said to be non- 
uniform, or varying. 


10. Intensity of Stress—Unit Stress.—If the magni- 
tude of a uniform stress is divided by the area over which 
the stress is distributed, the result is the stress per unit 
of area, and is called intensity of stress, or unit stress. 
The latter term, although very commonly used, is mislead- 
ing, for it seems to imply a special unit by which stresses 
are measured; whereas, stresses, being forces, are measured 
by the same units—such as pounds, tons, and kilograms—as 
other forces. The expression intensity of stress will be here 
used instead of unt stress. Intensity of stress is expressed 
as sO many units of force per unit of area, such as pounds 
per square inch or tons per square foot. 

If P, expressed in units of force, is a stress uniformly 
distributed over an area A, the intensity of stress s is given 
by the formula 


If P is in pounds and 4 in square inches, s will express 
pounds ‘per square inch. If is in tons and 4 in square feet, 
s will express tons per square foot. Similarly for any 
other units. 


EXAMPLE.—A stress of 45,000 pounds is distributed uniformly over 
an area of 43 square inches. What is the intensity of stress: (@) in 
pounds per square inch? (6) in tons per square foot? 


SoLuTIon.—(@) Here P = 45,000 lb., and A = 43 sq. in. Substi- 
tuting these values in the formula, 
s = 45,000 + 43 = 10,000 lb. per sq. in. Ans. 
(6) In this case, P must be expressed in tons, and J in square feet 
P (tons) = 45,000 + 2,000; A (sq. ft.) = 44 +144. Therefore, 
_ 45,000 + 2,000 45,000 144 
— abe — 4h) ~ 2,000 


= 720 T. per sq. ft. Ans. 
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The same result could be obtained directly by multiplying the 
intensity per square inch, already found, by 144, and dividing the 
result by 2,000. 


EXAMPLES FOR PRACTICE 


1. A uniform stress of 75,000 pounds is distributed over an area of 
5.75 square inches. Find the intensity of the stress: (a) in pounds per 
square inch; (4) in tons per square foot. 


Ie One 13,048 lb. per sq. in. 


(6) 989 T. per sq. ft. 


2. The intensity of a uniform stress distributed over an area of 
12 square inches is 21,000 pounds per square inch. What is the total 
stress P? Ans. 252,000 lb. 


3. A uniform stress of 2,500 tons, having an intensity of 16 tons 
per square foot, is distributed over a plane surface. What is the area 
of the surface? Ans. 156.25 sq. ft. 


11. Definition of Deformation.—By the term defor- 
mation is meant the change of form or shape that a body 
undergoes when subjected to ex- Yj 
ternal forces. The word strain 
is often used in this sense, but as 
it is used also in the sense of 
stress, it will be here dispensed 
with. 


12. Classification of Def- 
ormations.—There are three 
kinds of deformation, correspond- 
ing to the three kinds of direct ™ 
stress; namely, fenszle deformation, m 
compressive detormation, and shear- 
ing deformation. Fic. 3 Fic. 4 

If a body or a part of a body is subjected to a tensile 
stress, it will stretch in the direction of the stress; this 
stretch is called a tensile deformation. Fig.3 represents 
a rod, whose natural length is mw, supported above and 
subjected to a pull / below. If the force elongates the rod 
as shown by the dotted lines, the tensile deformation is mm’. 

If a body or part of a body is subjected to a compressive 
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stress, it will shorten in the direction of the stress; this 
shortening is called a compressive deformation. Fig. 4 
represents a block, whose natural length is mm, resting 
on a base and subjected to a load /. If the load shortens 
the block as shown by the dotted lines, the compressive 
deformation is mm’. 

If a body or part of a body is subjected to shearing stress, 
it will suffer a characteristic deformation. Fig. 5 represents 
a block of rubber a2m6, one face of which is firmly glued 
to a support and the opposite face to a small board &Z& that 
can be pulled in the guides G. If the board is pulled to the 
right, shearing stresses are developed at horizontal sections 
of the rubber block, and the face adm is changed toabm!n’. 


G G G 
Lie B Li B Li} F 
G n iw m™m if mm Y 
G aly 'b Ge 
YY YY 
Yi —Y/ 
Fic. 5 


This change, which can be described either by the angle m 6m’, 
or by the slide mm’ of the upper face with respect to the 
lower, is a Shearing deformation. 


13. Rate of Deformation.—In the case of tension and 
compression, the deformation per unit of length in a body of 
uniform cross-section will here be called the rate of defor- 
mation. It is obtained by dividing the total deformation 
by the length of the body, the deformation and the length 
being expressed in the same units. 

Let / = natural length of a body of uniform cross-section; 

K = total tensile or compressive deformation; 
& = rate of deformation. 


Then, k= . 


It should be observed that & is an abstract number, inde- 
pendent of the unit of length used. Whether KX and 7 are 
expressed in feet, inches, yards, or any other unit, the ratio £, 


cae 


or 7’ remains the same, provided that the same unit is used 
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for K as for Z. If/ and X are given, expressed in different 
units, they should be reduced to the same unit before finding 
the rate of deformation. If, for example, / is given in feet 
and A in inches, either 7 should be reduced to inches or K 
to feet. 

The term unit deformation is frequently used to denote 
rate of deformation. As, however, it is misleading, it will 
not be used here. 


EXAMPLE 1.—A rod 12 inches long is stretched $ inch by an external 
force. What is the rate of deformation? 


SOLuTION.—Here / = 12, K = 3, and, therefore, 


p= = 9s. Ans. 


lee 


EXAMPLE 2.—If the rate of deformation of a bar is #5, and the 
original length of the bar is 15 feet, what is the length of the bar when 
deformed? 


SoLuTIon.—Since each foot of the bar is stretched #5 ft., the whole 
bar will be stretched 15 X #5; and, therefore, the length of the stretched 
bar is 

15 + 15 & so = 15.3 ft. Ans. 


EXAMPLES FOR PRACTICE 
1. The natural length of a block is 4.5 feet. If the block is com- 
pressed 3% inch, what is the rate of deformation? Ans. o¢ 


2. If the original length of a rod is 9.75 feet, and a tensile force 
applied to it produces a rate of deformation of .016, what is the length 
of the stretched rod? Ans. 9.906 ft. 


3. The original length of a bar is 8 inches; when the bar is under 
a certain tensile force, its length is 8.22 inches. What is the rate of 
deformation? Ans. .0275 


ELASTICITY 


14. Definition.—When a force is applied to a body, 
the body is deformed. If the force does not exceed a cer- 
tain limit, which is different for different substances, the 
body will, on the removal of the force, regain its original 
form and dimensions. ‘This property of bodies, by which 
thoy regain their form and dimensions when deforming 
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forces are removed, is called elasticity; and, to indicate 
that bodies possess this property, they are said to be elastic. 


15. Elastic Limit.—For every body, there is a force, 
and a corresponding stress, beyond which the body ceases 
to be perfectly elastic; that is, beyond which the body, after 
the force is removed, retains all or part of the deformation 
caused by the force. The intensity of stress caused by this 
limiting force is called the elastic limit of the body, or of 
the material of which the body is composed. 


16. Permanent Set.—As just stated, the deformation 
caused in a body when the elastic limit of the body is 
exceeded does not disappear entirely on the removal of the 
force. That part of the deformation that does not disappear 
is called permanent set. 


17. Hooke’s Law.—It has been found by experiment 
that, wzthin the elastic limit, the deformation caused by a force 
ts proportional to the force. This important principle, known 
as Hooke’s law, is the foundation of the science of strength 
of materials. 

Let / and /’ be two forces, both inducing stresses smaller 
than the elastic limit, and causing in a body the deformations 
A and Kk’, respectively. Then, according to Hooke’s law, 

DAL ae 
_Hooke’s law does not apply to forces causing stresses 
greater than the elastic limit. Beyond this limit, the beha- — 
vior of materials is irregular and imperfectly known, and 
it is a fundamental principle of engineering that xo part of a 
structure or machine should be designed tor stresses greater than 
the elastic limit of the material of which the part is made. 


EXAMPLE.—If a load of 1,000 pounds elongates a rod } inch, how 
great an elongation will be produced by a load of 1,200 pounds? 


SoLution.—Let F denote the load of 1,000 lb.; F’, the loau vf 1,2001b.; 
XK, the elongation of } in.; and XK’, the required elongation. Then, 
substituting in the foregoing proportion, 

3: K’ = 1,000: 1,200; 
— 1,200 X 3 


whence 7 Z 
ence K 1,000 


= .€ in. -Ans. 
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18. Modulus or Coefficient of Elasticity.—Let a 
body of length / and uniform cross-section 4 be subjected 
to a uniform stress of magnitude S and intensity s. Let S’ 
be another stress, acting in the same body (but not simul- 
taneously with S), and having an intensity s’. Let the cor- 
responding deformations be K and A’, and the rates of 
deformation & and &’. It is assumed that s and s’ are below 
the elastic limit. According to Hooke’s law, 

TG i SS 
or, because K = &/ (see Art. 18), XK’ = #1,S = As, and 
Snes ie 
A EARS AEE ABs Ree Od 


or Poa anes 
/ 
whence Se 
Y elaael 


In the same manner, it may be shown that, if &” is 
the rate of deformation corresponding to an intensity of 


stress s’, then 
ist s Si 
lige eel alias 
This result, which is independent of the area 4, shows 
that, for every material, the quotient obtained by dividing 
the intensity of stress by the corresponding rate of deforma- 
tion is constant, or has the same value for all stresses, 
provided only that their intensity is below the elastic limit 
of the material. This quotient is called the modulus of 
elasticity of the material, and is usually denoted by /. 
There are different moduli of elasticity, corresponding to 
the different kinds of stress; but those that are of greatest 
importance, as well as most accurately known, are the 
modulus of elasticity of tension and the modulus of elasticity 
of compression. They are often called Young’s moduli. 
The modulus of elasticity is also called coefficient of 
elasticity. 
The general formula for the modulus of elasticity is, 


therefore, 
E= (1) 
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In terms of the length /, the area 4, the total stress /, 
and the total deformation K, we have, since 


P 
= andes 
k and s 7 
fe 
a2 me ee 
ae rae 
1 


Since & is an abstract number, formula 1 shows that £ is 
expressed in the same units as the intensity s; that is, in 
units of force per unit of area. In English-speaking coun- 
tries, & is usually expressed in pounds per square inch. 

The value of the modulus of elasticity is determined 
experimentally by taking a piece of the material, as a rod 
or bar, measuring its length /, its area A, and the deforma- 
tion K caused by an applied force /, and then substituting 
these values in formula 2. It should be observed that, in 
this formula, 7 and KX must be referred to the same unit of 
length, and 4 to the corresponding unit of area. Thus, if Z 
is in inches, K must be in inches, and 4 in square inches. 

EXAMPLE 1.—A steel rod 10 feet long and 2 square inches in cross- 


section is stretched .12 inch by a weight of 54,000 pounds. What is 
the tension modulus of elasticity of the material? 


SoLuTion.—To apply formula 2, we have the stress P = 54,000 lb.; 
= 10ft. = 120in.; Ad = 2sq. in.; and A = .12in. Therefore, 
_ 54,000 X 120 _ : 
IB RE 27,000,000 lb. per sq. in. Ans. 
EXAMPLE 2.—If the tension modulus of elasticity of a grade of 
steel is 28,000,000 pounds per square inch, what elongation will be 


caused in a bar 20 feet long and 4.25 square inches in cross-section by 
a force of 40 tons? 


SoLutTion.—Formula 2, solved for K, gives 
Let 
In the present case, P = 40 T. = 80,000 Ib.; 7 = 20 ft. = 240 ial 
E = 28 000,000 lb. per sq. in.; and A = 4.25 sq. in. Substituting 
these values in equation (1), 
es 80,000 X 240, 
28,000,000 X 4.25 — 


161 in. Ans. 
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EXAMPLES FOR PRACTICE 


1. A block 9 inches long and 8 square inches it cross-section is 
compressed 3g inch by a force of 60 tons. What is the compression 
modulus of elasticity of the material? Ans. 2,160,000 lb. per sq. in. 


2. The tension modulus of elasticity of a rod 15 feet long and 
1.5 square inches in cross-section being 24,000,000 pounds per square 
inch, determine: (a) the elongation caused by a force of 30,000 pounds; 
(6) the force necessary to cause an elongation of ?y inch. 


(a) .15 in. 
Ans.{ {9} 12,500 Ib. 


STRENGTH 


19. Ultimate Strength.—The ultimate strength of 
a given material in tension, compression, or shear is the 
greatest intensity of tensile, compressive, or shearing stress 
that the material can stand. As represented in Figs. 3 and 4, 
a specimen while being stretched or compressed changes in 
cross-sectional area. So long as the stresses are within the 
elastic limit, the change in cross-section is small; but duc- 
tile materials, like wrought iron and structural steel, undergo 
a considerable change in cross-section just before rupture 
occurs. It is the common practice to compute the ultimate 
strength, not from the maximum load and the area of the 
cross-section when rupture occurs, but by dividing the maxi- 
mum load by the original area. 


20. Working Stress.—The term working stress, or 
working strength, is applied to a part of a machine or 
structure to be designed, to denote the maximum intensity 
of stress to which that part is to be subjected. If a part is 
to be subjected to more than one kind of stress, there are as 
many working stresses for it. Thus, a riveted joint may be 
subjected to tension, compression, and shear; and, if the 
intensities of the tension, compression, and shear are 15,000, 
12,000, and 9,000 pounds per square inch, respectively, these 
numbers are the working stresses. 


21. Factor of Safety.—By factor of safety is meant 
the ratio of ultimate strength to working stress. 
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Let 7 = factor of safety; 
5, = ultimate strength; 
s = working strength. 
Then, j= 
S 
Strictly, a member has a factor of safety for each kind of 
stress to which it is subjected; but, if it has more than one, 
the least is referred to as ¢he factor of safety. 


22, Choice of Working Stress or Factor of Safety. 
If a working stress is selected for a material whose ultimate 
strength is known, the factor of safety can be computed by 
the formula in the preceding article; and, if the factor of 
safety is selected, the working stress can be computed by the 
same formula. Hence, choosing a working stress amounts 
to the same thing as choosing a factor of safety. 

Before designing a structure, it is necessary to adopt a 
working stress or factor of safety, and this is a matter of 
great importance. There are no fixed rules for the selection 
of a factor of safety, but the following principles should 
be borne in mind: 

1. The working stress should always be well within the 
elastic limit, for then the deformations are comparatively 
small, and not permanent. 

2. The working stress for a member subjected to chan- 
ging stresses should be lower than that for a member sub- 
jected to a steady stress; while that for a member subjected 
to shocks should be still less. This rule is based on the 
experimentally discovered fact that, if three specimens 
exactly alike are subjected to a steady load, a changing 
load, and a suddenly applied load, respectively, the first 
specimen will stand the greatest load, and the last, the least. 

Besides the uncertainty in quality of material, there are 
poor workmanship, deterioration of material, etc. to be 
allowed for. Then, again, it is sometimes impossible to 
compute the stresses to which a member is to be subjected; 
they must be estimated, or determined from assumptions 
that are only approximately true. All such uncertainties 
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are provided for by lowering the working stress, or increas- 
ing the factor of safety. Table I gives average values of 
the factors of safety commonly employed in American 
practice. 
TABLE I 
FACTORS OF SAFETY 


For Steady | For Changing | For Shocks and 


Material Stress Stress Sudden Loads 
Buildings Bridges Machines 
Timber 8 10 15 
Brick and stone . 15 25 30 
Cast iron . 6 15 20 
Wrought iron . 4 6 a0) 
Steel 5 7 ns 


These values will serve to give a general idea of the values 
nsed in practice. All important structures and machinery are 
designed and constructed in accordance with specially pre- 
pared specifications, in which the working stresses or factors 
of safety to be used are stated. In some branches of engi- 
neering construction, as in bridge work, the factor of safety 
is no longer used, the working stresses being given instead 
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SIMPLE OR DIRECT STRESSES 


TENSION 


23. Stresses in a Tension Piece.—Any body sub- 
jected to two equal and opposite pulls is called a tension 
piece. Tension pieces usually have the form of long bars, 
and the external forces are generally so applied that their 
lines of action coincide with a longitudinal axis passing 
through the center of gravity of the piece. In Fig. 6 (a) is 
represented a tension piece BC acted on by the two equal 
and opposite forces /. If any section is cut by a plane per- 


pendicular to the axis of the piece, or to the common direc- 
tion of the forces /, the only stress in that section will be 


a tension whose magnitude is / and whose intensity is , 


denoting the area of the section by 4. 

If an inclined section 74 is cut by a plane X Y, making 
an angle a with the axis of the piece, the total resultant 
stress P in that section will still be equal to / This is 
plainly shown in Fig. 6 (6), where the part C is shown as a 
free body acted on by the forces / and P, the latter being 
equal to the stress at 17 N (see Analytic Statics, Part 1). In 
this case, however, there is both tension and shear at the 
section 47 NV; for the force P may be resolved into a compo- 


nent /, normal to 47 NV and a component P, along MN: 
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the former represents the tension at MN; the latter, the 
shear. 
If the area 17 N is denoted by 4’, 
ieee 
sina 
The intensities of tension and shear are, respectively (see 


Art. 10), 
P, - Psina— 


sy = => == in” 
eer ss qsin'a (1) 
sina 
= fia Pees _ F sina cosa = * sin 2a (2) 
sina 


The value of s, is greatest, or a maximum, when sin’a = 1; 
that is, when a = 90°, or when the plane X Y is perpendic- 
ular to the axis of the piece. For this condition, 


a 
max. S; = A (3) 


The value of s, is greatest when sin 2 a = 1, whencea = 45°. 
For this condition, 
max. s; = 5 = # max. 5 (4) 
Since the maximum intensity of tension is twice that 
of shear, the tensile stress is the dangerous one, and the 
shearing stress is usually disregarded in tension pieces. 


24. Percentage of Elongation and Reduction of 
Area.—lIn a tension test, the behavior of the specimen is 
aay A : 


c----- 


uniform within the elastic limit; that is, for equal increments 
of the load, the piece stretches equal amounts and the 
diminutions of cross-section are also equal. But beyond 
the elastic limit, the elongation increases faster than the 
load. Beyond the elastic limit, the diminution of cross- 
section also increases faster than the load, and ductile 
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materials, such as steel and wrought iron, begin to “neck 
down” shortly before rupture; stretching and necking con- 
tinue without the load being increased. 

Fig. 7 represents, in full lines, the original form of a ten- 
sion specimen of a ductile material; and, in dotted lines, the 
form of the specimen at rupture. If / denotes the original 
length between two sections 4 and #& of the specimen, 
and /’ the distance between the same sections, represented 
by A’ and &’, at rupture, the rate of elongation & (see 
Art. 18) is given by the formula 

bee (1) 
l 
Denoting by &,.. the per cent. of elongation, or the elonga- 


tion in 100 units of length, 
(pee 
S100 aot x 100 (2) 
25. The rate of reduction of area is the ratio of the 
total reduction of area to the original area. Denoting it bya, 
we have, 


A — A’ 
—— 1 
z (1) 
If the per cent. of reduction of area is denoted by a,.., then 
aM wip 
he ale ana x100 (2) 


EXAMPLE 1.—A bar whose original length was 8 inches broke when 
stretched to 10.32 inches. What was the per cent. of elongation? 


SoLutTion.—Here / = 10.32 and /-= 8, and, by formula 2 of Art. 24, 
5 tne 10.32 — 8 
1603. 8 
EXAMPLE 2.—The original diameter of a round rod tested for tension 
was 2 inch; and the diameter at rupture was .47 inch. What was the 
rate of reduction of area and the per cent. of reduction? 


< 100 = 29 per cent. Ans. 


2 _ 
SoLuTion.—Here A = ee (3) , and 4/ = i x (.47)?. Therefore, 


by formula 1, 


T ON ome si 
Peet ee 4 X40" _ (.625)? — (.47)* 


rr (2) a ( 625)? = 435. Ans. 


By formula 2, 
G00 = .435 X 100 = 43.5 per cent. Ans. 
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EXAMPLES FOR PRACTICE 


1. A round rod whose original diameter was 2 inch was tested for 
tension until it broke. The diameter at rupture was found to be 
-69 inch. Find: (a) the rate of reduction of area; (6) the per cent. of 


reduction of area. (a) a = .154 
Ans.{ (5) Goo = 15.4 per cent. 


2. A rod whose original length was 9 inches was found, after 
rupture, to measure 10.87 inches. Determine the per cent. of elongation. 
Ans. £10. = 20.78 per cent. 


26. Constants for Materials in Tension.—For use 
in examples, and in order that a general idea of the numer- 
ical values of the constants may be had, Table II is here 
given. These values are rough averages, from which there 
are wide variations. There are, for instance, many kinds of 
timber whose ultimate strengths differ widely from one 
another. The same remark applies to the constants for 
different grades of cast iron, wrought iron, and steel. 


TABLE II 


CONSTANTS FOR MATERIALS IN TENSION 
(Pounds per Square Inch) 


Aioterial Modulus of Elastic Limit | Ultimate Strength 
Elasticity & Li Ly, 
Timber... 1,500,000 10,000 
Cast iron. 15,000,000 20,000 
Wroughtiron| 25,000,000 25,000 50,000 
Stecles path 1 30,000,000 40,000 65,000 


EXAMPLE 1.—A round wrought-iron rod 1 inch in diameter sustains 
a pull of 20,000 pounds. What are the intensity of tensile stress s, and 
the factor of safety 7? 


SoLuTion.—The entire stress equals the load, or 20,000 lb., and the 
area of the cross-section of the rod is ji ols 7 (So4.sq.ina Hence; 
by formula of Art. 10, 

5, = —2>— = 25,465 lb. persq. in. Ans. 


ILT 399—3 
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This is also the working stress; hence, by formula of Art. 21, 
50,000 
~ 25,465 
EXAMPLE 2.—What is the proper diameter of a round steel rod that 
is to sustain a steady pull of 60,000 pounds? 


= 2, nearly. Ans. 


SoLtuTion.—From Table I, the factor of safety for steel under a 
steady stress is 5. From Table H, s, = 65,000. Therefore, from the 
formula of Art. 21, 


c= *s = oo = 13,000 lb: per sq. in. 
From the formula of Art. 10, 
os OB; 000 : 
A= 5 ~ 13,000 = 4.62 sq. in. 
4.62 : 
a =4 (3 ye ahale, « 2aNioiS}. 


EXAMPLE 3.—What must be the area of a steel rod to sustain a 
pull of 75,000 pounds, the load being variable, as in a bridge? 


SoLution.—Here s, = 65,000, and 7 = 7 (Table I). Therefore, by 
formula of Art. 21, 


cs oe = 9,286 lb. per sq. in. 
75,000 _ : 
and A= 9,286 ~ 8.08 sq. in. Ans. 


EXAMPLES FOR PRACTICE 
1. A steel bar 4.5 square inches in cross-section is under a stress 
of 78,000 pounds. What is: (@) the factor of safety? (6) the working 
stress? (a) 3.8, nearly 
Ans.{ {3} 17,330 Ib. per sq. in. 
2. What should be the area of a steel bar in order that it may 
safely sustain a variable pull of 86,000 pounds? Ans. 9.26 sq. in. 


3. A steel bar is to be subjected to a suddenly applied load of 
40,000 pounds. What is: (a) the working stress? (6) the required 


area? (a) 4,330 lb. per sq. in. 
oa 115 ) 9.2 sq. in. 


4. How great a load can be safely sustained by a wrought-iron bar 
5 square inches in cross-section, if the load is suddenly applied? 


Ans. 25,000 lb. 


IMPORTANT APPLICATIONS 

27. Strength of Cylindrical Shells and Pipes With 
Thin Walls.—When a cylinder is subjected to internal pres- 
sure, the tensile stress developed in the walls or shell of the 
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cylinder is called circumferential stress, or hoop ten- 
sion. Fig. 8 represents one-half of a cross-section of a 
cylinder’ the unmarked arrows represent the internal pres- 
sure, everywhere normal to the interior surface; while the 
arrows marked / represent the hoop tensions that hold down 
the upper half of the cylinder. Evidently, these balance the 
upward component / of the internal pressure. It can be 
shown by the use of advanced mathe- 
matics that the component F is the same 
as the resultant of a normal pressure uni- 
formly distributed over the projection BC Ys 
of the inner cylindrical surface on the 
plane of section & C, that pressure having Fic. 8 

an intensity equal to the actual intensity of pressure on the 
walls of the cylinder. 

Let d = internal diameter of cylinder; 

p = intensity of pressure on inner surface of cylinder; 
1 length of cylinder considered; 
z = thickness of shell. 

When, as here assumed, ¢ is very small compared with a, 
the stress P may be treated as uniformly distributed over 
the surface of contact of the two halves of the cylinder, which 
surface consists of two rectangles of length / and width ¢. 
The area of the projection represented in the figure by BC 
ical CoG) e=.4 Lay Therefore, 

a= PK Ol 

Also, since / is balanced by 2 P, 

Dp Me epg] (1) 


Let s be the intensity of the tension P. Then,s = Lis and 


I 


lt 
P =slt. These values substituted in equation (1) give 
DN = Wile 
whence a Le (1) 
2s 
_ pd 2 
nee (2) 


Formula 1 serves to compute the thickness when , d, and s 
(working stress) are given; formula 2 is used to compute 
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the intensity of stress when the intensity of pressure p and 
the dimensions of the cylinder are given. 

EXAMPLE 1.—What is the hoop intensity of tension in a boiler shell 
whose inside diameter is 30 inches, plate $ inch thick, the steam pres- 
sure being 100 pounds per square inch? 

SoLurion.—Here p = 100; ¢ = 3; and d = 30. Then, formula 2, 


he 100 X 30 _ 4,000 lb. per sq. in. Ans. 


2X¢ 


EXAMPLE 2.—As determined by hoop tension, what should be the 
thickness of walls of a cast-iron water pipe, inside diameter 24 inches, 
to resist a water pressure of 200 pounds per square inch? A factor of 
safety of 10 is to be used. 


SoLuTION.—The ultimate tensile strength of cast iron, as given in 
Table II, is 20,000 lb. per sq. in. As the factor of safety is 10, the 
working stress is 20,000 + 10 = 2,000 Ib. per sq. in. Substituting this 
and the given values in formula 1, 

200 X 24 


i= 2 x 2,000 = ito, Js wales 


28. The formulas in the last article relate to the radial 
stresses in a cylinder; that 
is, to the tendency of the 
internal pressure to break 
the cylinder along a plane 
section containing the axis. 
The tendency to rupture on 
a plane section perpendic- 
ular to the axis will now 
be considered. Fig. 9 rep- 
resents a portion WZ of 
the cylinder cut by a plane X Y. This part is kept in equilib- 
rium by the tension P and the internal pressure /& The 
tension / is distributed over a ring of width ¢, whose area is 
practically equal to zd x ¢. The force F is distributed over 
a circular area represented in section by BC. Therefore, 


P=ndixs, F=t£x p, 


Fic. 9 Y 


and, since P = F, By pd eae 


whence s= pd 
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Comparing this formula with formula 2 of Art. 27, it is 
seen that the intensity of stress necessary to prevent trans- 
verse rupture is only one-half of that necessary to prevent 
longitudinal rupture. The latter, therefore, is the only 
one that needs to be considered. 


29. Temperature Stresses.—When the temperature 
of a body changes, the length of the body changes by a fixed 
fraction of itself for every degree of change in temperature. 
This fraction is called the coefficient of linear expan- 
sion, or simply the coefficient of expansion, and is 
different for different materials. Thus, if the coefficient of 
expansion of a substance is .000006, and the length of a bar 
of that substance at 40° F. is 50 feet, the length of the bar 
will be 

at 41°, 50 (1 + .000006) feet 
at 42°, 50 (1 + .000006 x 2) feet 
at 49°, 50 (1 + .000006 x 9) feet 
at 39°, 50 (1 — .000006) feet 
at 32°, 50 (1 — .000006 x 8) feet 
For nearly all substances, the coefficient of expansion is 


positive; that Se the sub- TABLE Ill 

stances expand, or increase 

in length, when the tempera- Coefficient of 
Material 


ture rises, and contract, or Expansion c 


decrease in length, when the 


temperature decreases. So i ee eee .0000065 
The coefficient of expan- Wroughtiron. . .0000069 
sion, per degree Fahrenheit, Castiron... . .0000062 


is usually denoted byc. The = 
average values of this constant are given in Table LIL. 


30. Let c = coefficient of expansion; 
7 = length of rod or bar at temperature /; 
7, = length of rod or bar at temperature /,; 
ke = rate of deformation due to change ¢ — 4. 
Then, since, for every degree of increase, the length of 
the rod or bar increases algebraically by c/, 
Z, = l+cl(t,—#) (1) 
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It should be noticed that, if 4, is less than /, the term in 
marks of parenthesis becomes negative. The rate of defor- 


mation & is f x d. or, substituting the value of /, from for- 


mula 1, and reducing, 
k =c(4,—2) (2) 

If the rod or bar is constrained, so that it can neither 
expand nor contract, the constraint must exert on it a force 
sufficient to prevent the deformation /, — /; or, rather, suffi- 
cient to produce the deformation /, —/, since the natural 
length of the bar at the temperature /, is /,, and the force 
that keeps it at length 7 produces the deformation /, — /. 
This force, which causes a rate of deformation #, causes a 
corresponding stress, which is called temperature stress. 
Let s be the intensity of that stress. Then, by formula 1 of 
Art. 18, 


G = IF Iz 
or, replacing the value of & from formula 2, 
& = felt, — 72) (3) 


If c(¢,—7¢) is positive, the temperature stress is com- 
pressive; if negative, the temperature stress is tension. 


EXAMPLE 1.—A wrought-iron rod has its ends fastened to firm sup- 
ports. What is the intensity of temperature stress produced in it by a 
change of 50° in its temperature? 


SoLutTion.—From Table II, & = 25,000,000. For wrought iron, 
c = .0000069. Here ¢, — ¢ = 50°. Therefore, by formula 3, 

s = 25,000,000 X .0000069 & 50 = 8,625 lb. per sq. in. Ans. 

EXAMPLE 2.—Suppose that, before the change of temperature 
described in the preceding example, the rod is under a tension of 
10,000 pounds per square inch. What is the stress per unit area, after 
the change in temperature: (a) if the change is a fall? (6) if it is 
a rise? 

SoLuTION.—(a) The temperature stress is tension; hence, the effect 
of the change in temperature is to increase the already existing tension, 
and the final tension is 

10,000 + 8,625 = 18,625 lb. per sq. in. Ans. 

(6) The temperature stress is compression; hence, the effect of the 
change in temperature is to decrease the already existing tension, and 
the final tension is 

10,000 — 8,625 = 1,375 lb. per sq. in. Ans. 
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31. Hoop Shrinkage.—A hoop or tire can be placed 
on a cylinder whose diameter is slightly larger than the 
internal diameter of the hoop or tire. This is done by heat- 
ing the hoop or tire until its diameter is greater than that of 
the cylinder, when it is put around the cylinder and allowed 
to cool. After cooling, the hoop is in a stretched condition, 
and in tension. 

Let D = outer diameter of cylinder; 

d = inner diameter of hoop. 

Then, if D is unchanged by shrinkage, the diameter of the 
hoop when on the cylinder is D. Hence, d is increased to D, 
and a deformation and the accompanying tension take place; 
that is, the circumference of the hoop has increased from zd 
to zD. The total deformation is then z(2—d), and the 
rate of deformation £ is 

m(D—d) D—d 
f@ a 

Denoting by s the intensity of stress on the hoop, we have, 

from formula 1 of Art. 18, 


SS IEP = 


D—-ad 

d 

EXAMPLE 1.—What should be the inner diameter of a steel tire that 
is to be shrunk on a wheel 20 inches in diameter, if the safe tensile 
stress of the tire is 20,000 pounds per square inch? 

SoLution.—For steel, H = 30,000,000 (Table II); hence, substituting 
in the formula, 


20,000 = 30,000,000 (* -" “) 


d 
wheuce, solving for d, 
Of = OUSTY/ abel, JeNalsy. 
EXAMPLE 2.—What is the ratio (D — d) + d for steel tires, using 
for working stress 20,000 pounds per square inch? 


SoLtution.—For steel, Z& = 30,000,000; hence, substituting in the 


formula, 


20,000 = P= a 30,000,000; 


ere OM 
webence —G ™50,000000 1,600 
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EXAMPLES FOR PRACTICE 


1. What must be the thickness of a steel pipe 36 inches in diameter 
to withstand an internal pressure of 125 pounds per square inch, the 
tensile working stress being 15,000 pounds per square inch? 

Ans. .15 in. 


2. A steel tension piece is designed for a load of 15,000 pounds per 
square inch at 62° F. What is the stress per square inch when the 
piece is loaded and the temperature is: (a) 95°? (6) 5°? 

Ans. { (9) 8,565 lb. per sq. in., tension 
(6) 26,115 lb. per sq. in., tension 


3. A wrought-iron hoop is to be put around a cylindrical wooden 
pipe whose outside diameter is 40 inches. If the hoop is to be under 
a tensile stress of 12,000 pounds per square inch, what must be its 
diameter? Ans. 39.98 in. 


4. What is the intensity of temperature stress caused in a cast-iron 
column by a rise of temperature of 80°? 
Ans. 7,440 lb. per sq. in., compression 


COMPRESSION 


32. Compressive Strength Dependent on Length. 
The strength of a compression member, unlike that of a 
tension member, depends on the length of the member. In 
a general way, the strength decreases as the length increases, 
but not uniformly. Long pieces fail by bending, and are 
called columns, pillars, or posts; short pieces fail by 
crushing or shearing, and are called short blocks. 
Naturally, there is no sharp division between columns 
and short blocks. 

If 7 denotes the length of a compression piece, and d the 
least dimension of its cross-section, the division between 


columns and short blocks may be made approximately when 


l : : : 
F = 10; that is, a piece for which : is less than 10 may be 


considered as a short block, and one for which , is greater 


than 10 may be considered as a column. At present, only 


short blocks will be dealt with; the subject of columns will 
be treated further on. 
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33. Two Characteristic Manners of Failure of 
Short Blocks.—Materials in short blocks fail under com- 
pression in one of two ways: 

Ductile materials (structural steel, wrought iron, etc.) and 
wood compressed across the grain bulge out sidewise, mash 
down, and crack vertically when subjected to stresses 
exceeding the elastic limit, as shown in Fig. 10 (a). Bodies 
of these materials do not separate into two distinct parts, as 
when under tension, and fail gradually; they cannot be said 
to have any definite ultimate strength in compression. 

Brittle materials (hard steel, cast iron, stone, etc.) and 
wood compressed along the = {-~~777 
grain do not mash down, 
but reach a definite point 
of failure, as in tension. 
The brittle materials 
really fail by shear, the 
piece separating into two 
or more parts; the sur- 
faces of rupture, approxi- 
mately planes, make 
angles of about 45° with the axis of the piece, as shown in 
Fig. 10 (6). Wood does not always separate into parts at 
failure, but the material adjacent to a more or less irregularly 
inclined section crushes down, the phenomenon as a whole 
resembling failure by shear. 


Wrought (ran Cast fron 
(a) Fre. 10 (6) 


84. Stresses in a Compression Short Block.—A short 
block, when tested, is usually subjected to a pressure that is 
distributed over the whole top and bottom surfaces of the 
block. As the load is applied, the block shortens and its 
cross-sections enlarge. Enlargement of the sections near the 
top and bottom necessitates a slipping between the bearing 
surfaces, which induces frictional resistance; and so there is, 
besides pressure on the top and bottom, some friction, whose 
direction is everywhere toward the center of the top and 
bottom faces. On account of the friction, the stress at a sec- 
tion of a short block is more complex than at a section of a 
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tension piece. It will be instructive to make an approximate 
analysis of the stress, neglecting the friction. The case is 
then similar to that of a tension piece. 

Let Fig. 11 (a) represent a short block, whose cross- 
sectional area is A, subjected to a load #. Let XY be a 
plane inclined at an angle a with the axis of the piece, and 
cutting a section 17. As in the tension piece considered 
in Art. 23, there is shear and normal stress (here compres- 
sion) in the oblique section 47. The upper part of the 
block is shown as a free body in Fig. 11 (4). The notation 
and formulas are the same as in Art. 28, except that here 
the normal stress is compression instead of tension, The 


Fic, 11 


maximum intensity of compression occurs in sections normal 


to the axis, and is equal to .. The maximum intensity of 


shear occurs in sections inclined to the axis at 45°, and is 


Ve 

equal to 94° 

Although there is shearing stress in a short block when it 
is compressed, the compressive stress is regarded as the 
important one; and, although short blocks of brittle materials, 
when compressed sufficiently, actually fail by shearing, they 
are said to have an ultimate compressive strength, which is 
computed by dividing the breaking compressive load by the 
original area of the cross-section of the block. 
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35. Constants for Materials in Compression.— 
Table IV contains average values of the constants for the 
principal structural materials used in compression. These 
are average values from which there are wide variations. 

TABLE IV 


CONSTANTS FOR MATERIALS IN COMPRESSION 
(Pounds per Square Inch) 


Material een eel Wine cule! ssueccn 3 
Minrber-=——~ 3.) 2.41]! 1)500,000 8,000 
PGi OF, orn 3 ae 4 2,500 
Stones. ts, | 6,000,000 6,000 
Castiirott. -2 1 2) 4) /ns000;000 90,000 
Wrought iron . .! 25,000,000 25,000 50,000 
Sieel sw key. w.| 20,000,000 40,000 65,000 


EXAMPLE 1.—How great a steady load can a 12” & 12” & 36” timber 
block safely stand? 
SOLUTION.—With a factor of safety of 8 (Table I), the working 
stress is, by the formula of Art. 21, 
8,000 + 8 = 1,000 lb. per sq. in. 
The area of the cross-section is 144 sq. in.; therefore, the total 
pressure that the piece can stand is 
1,000 & 144 = 144,000 lb. Ans, 
EXAMPLE 2.—How much would the block of example I shorten 


under the load? 
il : 
SoLuTIon.—From formula 2 of Art. 18, K = ae To apply this 


equation, we have P = 144,000; 7 = 36; and & = 1,500,000 (Table IV). 


Therefore, 


144,000X36 _ .... 
= 144 & 1,500,000 = 1024 in. Ans. 


EXAMPLES FOR PRACTICE 
1. With a factor of safety of 10, what load can a cast-iron cylin- 
drical block 10 inches in diameter withstand? Ans, 706,860 Ib. 
2. A steel rectangular block 8 in. X 14in., and 2 feet long, supports 
a weight of 1,617,300 pounds. Determine: (a) the factor of safety if 
6) the shortening K caused by the weight. _ [7 = 4.5 
A . Z ? Ans. 012 in. 
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3. With a factor of safety of 8, what must be the diameter of a 
cylindrical cast-iron block to support a weight of 75 tons? Ans. 4.1in. 


4, Ifthe block in example 3 is made square and of timber, what 
length must the side of the square be? Ans. 12.25 in., nearly 


SHEAR 

836. Occurrence of Shearing Stress.—As explained 
in Arts. 23 and 84, shearing stress occurs in most sections 
of members under tension and of short blocks under com- 
pression; and, as will be explained further on, there are 
important shearing stresses in loaded beams and twisted 
shafts. Usually, the shearing stresses at sections of struc- 
tural members are accompanied by normal stresses, as in the 
tension piece and short block represented in Figs. 6 and 11. 


TABLE V 


CONSTANTS FOR MATERIALS IN SHEAR 
(Pounds per Square Inch) 


Material Elasticity 2. Sreene, 
Timber (across grain) | 3,000 
Timber (with grain) . 400,000 600 
Casttiton ie 1st mes ae 6,000,000 20,000 
Wiroughturon) 2) ses. 10,000,000 50,000 
Steels Wee wean oe 11,000,000 70,000 


Beams can be supported and loaded so that there is only 
shearing stress at some given cross-section. On the cross- 
section of a shaft supported so that there is no bending, 
there is shearing stress only. In punching rivet holes, the 
principal resistance is a shearing stress distributed all around 
the surface of the metal that is being punched out. In none 
of these cases is the shearing stress uniformly distributed. 

There are no ordinary occurrences of uncombined uniform 
shear from which to obtain values of the constants for 
materials in shear. The elastic limit and modulus of elas- 
ticity (called also rigidity modulus) are obtained from 
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torsion tests. The ultimate strength is obtained from tests 
in which an attempt is made to rupture the material by shear 
alone. Such tests on metals resemble a punching operation, 
but the metal sheared is stayed down to a bedplate to pre- 
vent bending at the shearing surfaces. 


37. Constants for Materials in Shear.—Table V 
gives constants for materials in shear. Like those given for 
tension and compression, they are rough average values. 
Constants for shear, being generally difficult to ascertain and 
of less practical value than the others, have not been so 
accurately determined. 


EXAMPLE 1.—How great a force /, Fig. 12, can the end 17 N of a 
timber safely stand if its width is 6 inches? 


SOLUTION.—The area to be sheared is 6 X 8 = 48 sq. in.; and, 
since the ultimate strength is 600 lb. per sq. in., the greatest 
safe value for P, using a factor of safety of 10, is 

48 x 600 + 10 = 2,880 1b. Ans. 


EXAMPLE 2.—To test the shearing strength of a certain 
kind of wood, a mortise was made in a piece of it 2in. X 2in. 
in cross-section, as shown in Fig. 13; then a close-fitting steel 


md arg ye 
—&8in — BP 
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pin inserted in the mortise was pulled downwards until the piecea bcd 
was shorn out. The pull required was 4,220 pounds. What was the 
ultimate shearing strength of the wood? 


SoLuTrion.—There are two sheared areas, represented byad and bc. 
Each is 4 sq. in. in area; hence, the total sheared area is 8 sq.in. The 
shearing stress caused at rupture in the two surfaces equals the load; 
hence, the shearing stress per unit area—that is, the ultimate shearing 


strength—is : 
4,220 + 8 = 527 lb. per sq. in, Ans, 
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BEAMS 


88. A beam is any bar resting on supports and sub- 
jected to forces whose lines of action do not coincide with, 
but intersect, the axis of the bar. A simple beam, or a 
beam simply supported, is a beam resting on two supports 
very near its ends, the beam not being rigidly fastened to 
the supports. A cantilever is a beam with an overhanging 
free or unsupported end. A restrained beam is a beam 
that has both ends fixed, as a plate riveted to its supports 
at both ends. A continuous beam is a heam that rests on 
more than two supports. 

Beams are usually horizontal, and the forces acting on 
them are generally vertical forces, including weights or loads 
and the reactions of the supports. These conditions will be 
assumed in what follows. 


EXTERNAL SHEAR 


39. Definition.—The external shear at any section 
of a loaded beam is the algebraic sum of all the forces (loads 
and reactions) to the right or left of the section. The 
external shear is sometimes called, for brevity, shear; but it 
must not be confused with the shearing stress at the section. 
As will be shown further on, the external shear at any section 
is equal to the shearing stress at the section: hence the name. 

In computing the external shear, it is customary to give 
the positive sign to forces acting upwards, and the negative 
to those acting downwards. The values of the external 
shear at any section, as computed, respectively, from the 
forces on the right and from the forces on the left of the 
section are equal in magnitude, but of opposite signs. This 
follows from the fact that the external forces on the two 
sides of the section form a balanced system, and, since they 
are parallel, their algebraic sum must be equal to zero. 
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For example, suppose that a beam whose weight per unit 
of length is w is loaded and supported as shown in Fig. 14, 
R,, R:, and FR, being the reactions of the supports. The 
external forces to the left of the section 4 are W,, R,, and 
the weight w+, of the part of the beam to the left of A. 
Hence, the external shear V at the section 4, computed from 
the forces on the left, is R, —- W,—wz,. The forces to the 
right are W,, W., R., R;, and the weight wx, of the part of 
the beam to the right of 4. Hence, the external shear IV’, 
computed from the forces on the right, is R,+ A, — W., 
— W,—wex, Since V and V’ form a system of parallel 
forces in equilibrium, it follows that V+ V’ = 0, and, there- 
fore, V = —V’, 


ee 
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It is customary to compute the external shear at any 
section from the forces on the left. If there are fewer forces 
on the right, it may be computed from the forces on the 
right, changing the sign of the result, soas to obtain the shear 
as computed from the forces on the left. 


40. Notation.—The letter V will be used to denote the 
external shear at any section of a beam, and the same letter 
with a subscript to denote the shear at a particular section, 
the subscript indicating how far the section is from the left 
end of the beam. Thus, lV, denotes the external shear at a 
section 2 feet from the left end of the beam under considera- 
tion. The accented letters V’ and lV” will be used to denote 
the shears just to the left and right of a section; thus, 
V,/ and V,/’ denote, respectively, the external shears at sec- 
tions just to the left and right of a section 2 feet from the 
left end. 


41. Shear Diagram and Shear Line.—For solving 
some problems on loaded beams, it is convenient in each 
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case to have a diagram representing the external shears at 
all sections of the beam. Such a diagram is called a shear 
diagram. It consists of a base line or axis, equal by scale 
to the length of the beam, on which are marked the points 
of application of the loads and reactions; and another line, 
called the shear line, so drawn that the ordinate to it from 


500 lb, 800 1b. 300 Ib. 


a ee ee 4" 


Scale: 
Lin.=1000 lb. 


Scale: 1in=2000 ft.-lb. 


X, B, 


A, x, C, D, 


Horizontal Scale: 1in.=4 ft. 
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any point of the base represents, to any convenient scale, 
the external shear at the corresponding section of the beam. 
Upward ordinates correspond to positive, and downward 
ordinates to negative, external shears. Thus, Fig. 15 (4) is 
the shear diagram for the loaded beam shown in Fig. 15 (a), 
the line A’ Z’ being the base line, and the broken line 
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A'acc’dd'bWeF the shear line. The ordinate X!/ x repre- 
sents the external shear at the section X. The ordinate 
being upwards, the shear is positive. At Y, the external 
shear is negative, as indicated by the ordinate Y' y. 


42. Construction of Shear Diagram.—To draw the 
shear line for a loaded beam, the external shears must be 
computed for several sections, the number of sections depend- 
ing on how many points are necessary to locate or determine 
the shear line. As explained in Art. 39, the external shear 
is customarily computed from, or referred to, forces on the 
left of the section. 


EXAMPLE 1.—To construct the shear diagram for a beam supported 
at A and B, Fig. 15 (a), and carrying loads of 500, 800, and 300 pounds 
at C, D, and &, respectively, as shown, the weight of the beam being 
neglected. 


SoLuTion.—First, the reactions A, and &, are computed by 
equating to zero the moments about B and A, respectively (see 
Analytic Statics, Part 1). Thus, 

R, X 10 — 500 X 8 — 800 X 5 + 300 X 4 = 0; RA, = 680 lb. 
500 x24, 800 Xo — Fe, X 10'-4- 300 K 1 = 0; A, = 920 Ib. 

For any section between A and C, the shear is A,, since #, is the 
only force on the left of C; that is, 

V = 680 lb. 

For any section between C and J, the shear is the algebraic sum 
of R, and — 500 lb.; that is, 

V = 680 — 500 = 180) Ib. 

For any section between D and B&, 

V = 680 — 500 — 800 = -- 620 lb. 

For any section between B and #, 

V = 680 — 500 — 800 + 920 = + 300 lb.; 
or, considering the forces to the right of B, 
V = —(-— 300) = + 300 ib. 

To draw the shear line, a convenient scale, such as 1 in. to 1,000 Ib., 
is used to represent shears. The base line 4’ 2’, parallel and equal 
to AZ, is drawn at any convenient distance below 4. Project C 
on A’ Z! at C’, and at C’ erect an ordinate (’c to represent the external 
shear between A and C; the shear being, 680 pounds, the ordinate 
must be 680 + 1,000 = .68 in., if a scale of 1,000 lb. to the inch is 
used. Then erect a perpendicular A/a at a, and draw ca parallel 
to A’ EZ’. Then ac is the shear line for the part 4 C of the beam. 
Next, project Don A’ &’ at D’, and erect an ordinate D’d to represent 
the external shear between C and D, which is 180 lb.; the ordinate 


LL eT 399—4 


34 STRENGTH OF MATERIALS § 34 


must be 180 + 1,000 = .18 in. The horizontal line c’d is the shear 
line for CD. Next project B on d/ Z’ at B’, and erect the ordinate B’6 
to represent —620 lb.; this ordinate is drawn downwards, because 
the shear between J and B is negative. From 4, draw a horizontal 
line meeting dD’! produced at a’. Then, a’ 6 is the shear line for D B. 
The shear line 6/e for BE# is similarly drawn. The broken line 
acc'dd'bb’e is the shear line for the whole beam. 


Norte.— Fig. 15 (c) is referred to later. 


EXAMPLE 2.—It is required to draw the shear diagram for a beam 
i0 feet long, weighing 100 pounds per foot, supported at the ends, 


arse 


iT atic (a) Bp=920 


Scale: 1in.=2000 lb. 


@) 


Scale: 
1 in.=4000 ft-lb. 


A, Cc: D, B, 
Horizontal Scale: 1 in=4 ft. 
(¢) 
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and sustaining a load of 1,200 pounds uniformly distributed over 
3 feet of the beam, situated as shown in Fig. 16 (a). 


SoLuTion.—To compute the reactions, the weight of the beam, 
which is 1,000 lb., is treated as a single load acting through the center 
of the beam. The distributed load is treated as a single load concen- 
trated at the center of gravity of the portion over which it is distributed, 
or 3.5 ft. from A. Applying the principles of moments to these 
two loads, the reactions are found to be as follows: R, = 1,280 lb.- 
Rz = 920 Ib, 
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Draw the base line 4/#&’, as in the preceding example. The exter- 
nal shear at any section between 4 and C, distant x feet from A, is R, 
minus the weight of the beam between that section and 4; that is, 
Rk, — 1002. We have, then, between 4 and C, 

V=R,-1002% (1) 

In the shear line, the shears V are ordinates, and the distances x 
are abscissas. As the equation (1) between V and ~% is of the first 
degree, it represents a straight line (see Rudiments of Analytic 
Geometry). To draw this line, we have: for x = 0, V = R,; and for 
4 = 2 (section C); 

V = R, — 100 X 2 = 1,280 — 200 = 1,080 

Project 4 and C on A’ #’ at A’ and C’, respectively. Draw the 
ordinates A/a and C’c, representing, to scale, 1,280 and 1,080 lb., 
respectively. Draw ac, which is the shear line for 4 C. The shear 
at any section G is represented by the corresponding ordinate G’ ¢. 

The shear at any point between C and JD, distant a feet from C, is 
equal to A, minus the weight 100 (2+ 2) of the part of the beam 
between A and that section, minus the weight of the distributed 
load between C and that section, which is +22° x, or 400 x. Therefore, 
between Cand D, 

V= FR, —100(2+ x) — 400% = R, — 200 — 500 x = 1,080 — 5002 

As this is an equation of the first degree, it represents a straight 
Mine mel totam ancy a= O80 = Clic. Ate Dwi 3,, sand 
V = 1,080 — 500 x 3 = — 420. Project D on A’ B’ at D’, lay off the 
ordinate D/d to represent — 420 lb. (that is, draw it downwards), and 
draw cd, which is the shear line for C D. 

Similarly, the shear line between D and & is a straight line passing 
through d; and, as the shear at B is —f,, the other extremity 6 of 
the line is determined by drawing &’é to represent — 2, or —920 lb. 


Note.—Fig. 16 (c) will be referred to further on. 


EXAMPLES FOR PRACTICE 


1. Draw the shear line for a beam loaded as in Fig. 17, neglecting 
the weight of the beam. 


100 200 300 400 100 
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2. Solve example 1, taking into account the weight of the beam, 
assuming it to be 50 pounds per foot. 
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BENDING MOMENT 


483. Definition.—The bending moment at any section 
of a loaded beam is the algebraic sum of the moments of all 
the external forces (loads and reactions) to the right or left 
of the section about that section. 

As explained in Analytic Statics, Part 1, the moment of a 
force is considered positive or negative according as the 
force tends to produce clockwise or counter-clockwise rota- 
tion, respectively, about the origin of moments. The value 
of the bending moment at any section, as computed from the 
forces on the right, is numerically equal to that obtained 
from the forces on the left, but has the opposite sign. This 
follows from the fact that the forces acting on the beam are 
in equilibrium, and therefore the algebraic sum of their 
moments about any point is zero. Therefore, if JZ, is the 
bending moment at any section as computed from the forces 
on the right, and 17, is the moment as computed from the 
forces on the left, 47,+ 7, = 0, and 4%, = — M,. 

As in the case of shears, it is customary to express the 
bending moment as computed from the forces on the left. 
If, for convenience, the bending moment is computed from 
the forces on the right, its sign is changed, so that it will 
represent the moment of the forces on the left. 

As an illustration, the bending moment at the section 4, 
Fig. 14, is found as follows: The forces on the left of 4 
are W,, R, and the weight wx, of the part of the beam 
lying on the left of 4. The lever arms of W,, R,, and wx, 


are, respectively, x,, x, — a and me the last of which is the 


distance of the center of gravity of 4B from A. The 
moment of #, is positive, while the other two moments are 
negative. Therefore, the bending moment is 


Ri (x, —a)— Wie, — we xo = R, (x, — a) —W, x, — Be 


44, WNotation.—The letter / will be used to denote the 
bending moment at any section of a loaded beam; and the 
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letter with a subscript to denote the bending moment at a 
particular section, the subscript indicating the distance of 
the section from the left end of the beam. Thus, J/, denotes 
the bending moment at a section 2 feet from the left end. 
EXAMPLE 1.—To find the bending moment J/ at the section Y, 


Fig. 15 (@), of the beam 4 &£, the loads and reactions being as shown. 
SoLution.—Taking moments about Y, 
Mo.15 = 680 X 8.75 — 500 X 6.75 — 800 X 3.75 = — 425 ft.-lb. Ans. 


EXAMPLE 2.—A simple beam 4 BZ, Fig. 18, 15 feet long, and weigh- 
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ing 250 pounds per foot, supports a single load of 10,000 pounds, and 
a uniform load of 4,000 pounds distributed over a length of 4 feet. The 
loads being situated as shown, it is required to find the bending 
moments 4/7, and M,,, at the sections C and VD, respectively. 

SoLuTion.—The forces acting at the left of the section C are R,, W, 
and the weight of the part 4 C of the beam. A, is found by taking 
moments about the point B: 


152 
R, X 15 — 10,000 x 12 — 4,000 x 5 — OX 2" = 9, 
whence Tike == WHS alloy. 
250 x 4 
Then, M, = 11,208 x 4 — 10,000 x 1 — =~“ = 32,832 ft.-Ib. 


Ans. 


The forces acting at the left of D are R,, W, the weight of the part 
A DPD of the beam, and the weight of 3,000 1b., which is considered con- 
centrated at its center of gravity, or 1} ft. to the left of Y. Therefore. 


250 x 11? . 
M,, = 11,208 x 11 — 10,000 x 8 — 2" _ 3,000 x 14 
= 23,663 ft.-lb. Ans. 


EXAMPLES FOR PRACTICE 
1. A simple beam 24 feet long carries four concentrated loads of 
160, 180, 240, and 120 pounds, at distances from the left support of 4, 
10, 16, and 21 feet, respectively. (a) What are the values of the 
reactions? (6) What is the bending moment, in inch-pounds, at the 


180-pound load? Ans (a) er 333.33 lb.; A. = 366.67 lb 
*\ (6) 28,480 in.-lb. 
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2. Asimple beam carries a uniform load of 40 pounds per foot and 
supports two concentrated loads of 500 and 400 pounds at distances 
from the left support of 5 and 12 feet, respectively. The length of the 
beam is 18 feet. What are: (a) the reactions, and (6) the bending 
moment at a section 8 feet from the left support? 


nee a) R, = 854.44 lb.; R, = 765.56 |b. 
‘\(6) 4,055.6 ft.-lb. 


3. A beam that overhangs both supports equally carries a uniform 
load of 80 pounds per foot and has a load of 1,000 pounds in the 
middle, the length of the beam being 15 feet and the distance between 
the supports 8 feet. What is the bending moment at a section 6.5 feet 
from the left end of the beam? Ans. 1,610 ft.-lb. 


45. Moment Diagram and Moment lLine.—For 
solving some problems on beams, it is convenient to have a 
diagram representing the bending moments for all sections 
of the beam. Such a diagram is called a moment diagram. 
It consists of: (a) a base line or axis, equal by scale to the 
length of the beam: on this axis are marked the points of 
application of the loads and reactions; and (4) another line, 
called the moment line, whose ordinates, measured from 
the base, represent the bending moments at the correspond- 
ing sections. The moment diagram is constructed in the 
same generai way as the shear diagram, except that the 
ordjnates represent bending moments instead of external 
shears. A purely graphic method of determining bending 
moment is given in Graphic Statics. 


EXAMPLE 1|.—To construct the moment diagram for the beam 
described in the first example of Art. 42, and shown in Fig. 15 (a). 


SoLution.—In the solution of the example in Art. 42, it was 
shown that #, = 680 lb. and Rk, = 920 lb. First, the base 4, Z,, 
Fig. 15 (c), is laid off, as for the shear diagram. For any section 
between 4 and C, distant x feet from A, the bending moment is A, x; 
that is, 

Nf r= Ike Be (1) 

In the moment diagram, 2 represents abscissas and J/ ordinates. 
Since equation (1) is of the first degree between Mand x, it repre- 
sents a straight line; and, since 17 = 0 when x = 0, that line passes 
through the origin 4,. At C, # = 2, and equation (1) gives 

M, = R, X 2 = 680 X 2 = 1,360 ft.-lb. 
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Projecting C on A, Z, at C,, drawing the ordinate C,¢, equal, to 
any convenient scale, to 1,360 ft.-lb., and joining A, and ¢,, 4, ¢, is 
obtained as the moment line for 4 C. The bending moment at any 
section X, between 4 and C, is represented by the corresponding 
ordinate X, 7. 

For any section between C and D, distant x feet from Gor the 
bending moment is A, (2+ 2%) — 500%; that is, 
M = R,X2+ (#, — 500) « = 1,360 + 180 x 

This equation, also, represents a straight line. When x = 0 (sec- 
tion C), WZ = 1,360 = C,c,. When x = 8 (section D), M = 1,900. 
Projecting D at D,, making D,d, = 1,900, and drawing c,d,, the 
moment line for C Dis obtained. The lines d, 6, and 6, E, are similarly 
determined. The lower ordinates indicate negative bending moments. 


EXAMPLE 2.—To construct the moment diagram for the beam 
shown in Fig. 16 (a), whose weight is 100 pounds per foot. 


SOLUTION.—The reactions were found in example 2 of Art. 42 to 
be A, = 1,280 lb., and R, = 920 lb. The base line 4, A,, Fig. 16 (c), 
is drawn as in previous examples. For any section between 4 and C, 
distant 2 from A, the bending moment is R, x minus the moment of 
the weight of the beam between A and that section. That weight is 


x 2 
= 502". 


100 x, and its lever arm is o its moment is, then, 100% x 
Therefore, 
M = R,x — 5027 = 1,280% — 502? (1) 

When x = 0 (section 4A), J7 = 0, which shows that the moment 
line passes through A,; when x = 2 (section C), M = 2,360. Pro- 
jecting C at C,, and making the ordinate C,¢c, = 2,360 ft.-lb., to any 
convenient scale, another point c, in the moment line is determined. 
Giving to x intermediate values, such as .5, 1, 1.5, projecting the corre- 
sponding points from 4 C on A, C,, and erecting ordinates to represent 
the corresponding values of 17 as computed from equation (1), other 
points in the moment line are determined. Connecting these points 
by a smooth curve, the moment line for A C is obtained. 

The remainder of the moment line is similarly constructed. An 
equation is first written for the moment at any section between C and D, 
distant x feet from C. From this equation, the curve c, d, is plotted. 
To plot the part d, 2, an equation similar to (1) is used, using the 
right reaction, taking x as the distance from #, and changing the sign 
of the result, so that it will represent the moment computed from the 
forces on the left. Since, here, the moment of A, is negative, and that 
of wx positive, the resultant equation is 

M = — (502? — R.x) = Rx — 502? = 920% — 50 x? (2) 

The distances x are laid off from #, the corresponding points are 
projected on #, A,, and the ordinates are computed by equation (2). 
The details of the construction are left as an exercise for the student- 
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IMPORTANT SPECIAL CASES 


46. Cantilever Supporting Load at End.—Let 4 &, 
Fig. 19, be a cantilever of length /, supporting a load W at 
its end. Let X be any section at distance x from #, and 
let JZ. be the bending moment at X. The reaction at 4 is 
not readily determin- 
able; it does not con- 
sist of a single force, 
since no single force 
passing through 4 can 
balance W, which does 
not pass through that point. The reaction consists of a single 
force and a couple, as will be explained later. In this case, 
therefore, it is simpler to determine the bending moment from 
the forces on the right of X. The only force on the right 
of X is W, whose lever arm is x. Therefore, 

My = We (1) 


It is evident that 17,, or Wx,is greatest when x = 7; that 
is, the greatest bending moment occurs at 4, and its value is 
given by the formula, 

max. M= M@,= Wl (2) 


A monient diagram could be drawn by plotting formula 1, 
which is the equation of a straight line. It should be noted, 
however, that, 7 Yj 
general, shear and Y 
moment diagrams are of 
value only in some 
special cases; and, as a ] 
rule, shears and bending 


moments ave much more LES) 


vapidly and accurately determined by analytic methods, that ts, 
by general formulas, such as equation (1). 


47. Cantilever Uniformly Loaded.—Let the canti- 
lever A &, Fig. 20, carry a distributed load of w pounds per 
foot (lengths are supposed to be in feet). The notation 
being as in the preceding article, the moment at X is 
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determined from the forces on the right, which consist of 
the weight wx on XB. This weight may be treated as one 
force wx acting through the middle of “,0T at.a dis- 
tance 2x from B. The moment of this force about X is 


WwxXtex= cw Therefore, 
1) apn olan (1) 
2 
It is evident that JZ, or ara is greatest when x = /\sec- 


tion 4), in which case 
M=*S (2) 
The total weight on the beam is w/. If this weight is 
denoted by W, formula 2 may be written 
uM, = (3) 
2 
48. Simple Beam Supporting One Concentrated 
Load.—Let the beam 4B, Fig. 21, simply supported at 4 
and B&, carry aload W, 
at distance z from 4. | : 
Let / be the length of aol 
the beam, and X any 4 
section, distant x pz, 
from A, x being less 
than z. As usual, the bending moment at X will be denoted 
by 4.. 
Taking moments about &, 
R,i- Wii—2z) = 0; 
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whence We wire (1) 
Since the only force on the left of X is ®,, we have 
M.= R.x=wha2 (2) 


It is evident, from the last member of this formula, that, 
between 4 and W, /, is greatest when » is greatest; that 
is, when x = z. Therefore, when a simple beam carries 
one concentrated load, the greatest bending moment occurs 
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under the load. The maximum bending moment is, then, 
M. = W Urals (3) 

Suppose now, that, the load W being given, it is required 
to determine the distance = for which the moment is greatest. 
Since the moment computed from A, is numerically equal to 
that computed from 2&,, that is, Riz = R,(/— 2), the value 
of z that makes A,z greatest must be the same as the value 


of 7 — zthat makes 2, (/ — =) greatest. Therefore, in this case, 
Z 
l—z = 2; whence 2 = — 
2 


This shows that the greatest bending moment that a given 
load can produce in a simple beam occurs when the load 


is at the center of the beam. Writing : for z in formula 3, 


max. 47 = M, = we (4) 


49. Simple Beam Uniformly Loaded.—Let the 
- beam AB, Fig. 22, 
simply supported at 4 
and #, carry a uniform 
load of w pounds per 
foot. The total load W 
is w/, and, evidently, 


W wl 
eee = Y oe => Si — 
57% (1) 


The bending moment at X is the moment of A, minus the 
moment of the weight wx on AX. The latter moment is 


POE ee 
wax ae e Therefore, 
20 oe" wlx wx WX 
Ma = Bi ee — = (l- x) (2) 


Since the moment of the forces on the left is numerically 
equal to that of the forces on the right, the value of x that 
makes the former greatest is the same as the value of 7— x 
that makes the latter greatest; that is, when 


x=l—x,orx =~ 
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This shows that the greatest moment occurs at the center 


SAC if ; 
of the beam. Writing 9 for x in formula 2, we obtain, 


w Wl 
max. 17 — M pairs (3) 

50. Beam Fixed at One End, Supported at the 
Other.—The formulas for fixed or restrained beams will be 
given without their derivation, as they cannot be readily 
derived without the use of advanced mathematics. 

Let A B, Fig. 23, be a beam of length /, fixed at A, rest- 
ing on a support at B, Y 
and carrying a single 
load W at its center. 
The reactions are as 
follows: 

R= (1) 
Re ae W (2) 

Here, and in the following article, A, really represents 
the shear at 4, there being a couple acting at that section, 
in addition to A,. 

The greatest bending moment occurs at A, and is given 
by the formula 


M=3;WI1 (3) 


The bending moment at any other section can be com- 
puted from the reaction A, and the load. 


51. If, instead of a single load, the beam carries a uni- 
formly distributed load of w per unit of length, the reactions 
are as follows: 

ee el (1) 
Ree = 4 wl (2) 

The greatest bending moment occurs at 4, and is given 

by the formula 
M=%3u00 (3) 

The bending moment at any other section can be com- 

puted from the reaction R, and the load. 
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52. Beam Fixed at Both Ends.—Let the beam 4 2, 
Fig. 24, be fixed at both ends and carry a load W in the 


: W : 
middle. The reactions are evidently each equal to 9? that is, 


R=R= (1) 

Here, and in the following article, , and A, really repre- 
sent the shears at 4 and B, there being, in addition, a couple 
y at each of these sec- 
Y/ 4 4 tions. The greatest 

Yj) bad Yj, bending moment oc- 

ta BY CULS At es saa a 

; under the load, and is 


7 given by the formula 


7, ey Ae te) 
Fic, 24 8 
58. If, instead of a single load, the beam carries a 
uniform load of w per unit of length, then, 


R= R=! (1) 


The greatest moment occurs at 4 and B, and is given by 
the formula 


ite (2) 


ExAMPLe 1.—A cantilever 25 feet long carries a load of 4.5 tons at 
its free end. What is: (a) the bending moment at a distance of 12 feet 
from the free end? (6) the maximum bending moment in the beam? 


SoLtutTion.—(a) To apply the formulas in Art. 46, we have 
W= 45 T: = 9,0001b.; 2 = 1257 = 25. Bormulay lof that article 
gives M,, = 9,000 X 12 = 108,000 ft.-lb. Ans. 

(6) Applying formula 2 of Art. 46, 

My, = 9,000 X 25 = 225,000 ft.-lb. Ans. 


EXAMPLE 2.—Where must a load of 12,000 pounds be placed on a 
simple beam 20 feet long, that its bending moment shall be equal to 


the greatest bending moment that a weight of 6,000 pounds can 
produce in the beam? 


SoLntion.—Let the loads of 6,000 and 12,000 pounds be denoted 
by W, and W,, respectively, and let z be the distance from the left (or 
right) support, at which W, causes the same bending moment as the 
maximum moment caused by W,. This maximum moment occurs 
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when VW, is placed at the center of the beam, and its value is, by 
formula 4 of Art. 48, 
€ 
©2000 % 20 = 30,000 ft.-Ib. 
The maximum moment caused by W,, when this load is at distance z 
from the left support, is, by formula 3 of Art. 48, 


12,000 x 20= 2) me 
Equating this to the moment of W,, 
12,000 x 29 = 2) 2 _ 39,000 


20 
whence, transforming, reducing, and solving for z, 
z=17.lor2.9ft. Ans. 

Therefore, W, may be at a distance of either 17.1 or 2.9 ft. from the 
left support; or, what amounts to the same thing, at a distance of 
2.9 ft. from either support. This is otherwise evident, since the bend- 
ing moment is the same for any two positions of the load equidistant 
from the supports. 

EXAMPLE 3.—(a) What weight, uniformly distributed, will produce 
a maximum bending moment of 40,000 foot-pounds in a beam fixed at 
one end, simply supported at the other, and having a length of 20 feet? 
(6) What will be the reactions A, and A., Fig. 23, for this load? 


SoLuTIon.—(a@) From formula 3 of Art. 51, 


8M 
w= aa 
Substituting the given values, 
fe = B00 Te. 


20? 

That is, the load is 800 lb. per linear ft. and the total load is 
800 x 20 = 16,000 1b. Ans. 

(6) Formulas 1 and 2 of Art. 51 give 


R, = es 16,000 = 10,000 lb. Ans. 
3 
8 


« 16,000 = 6,000 lb. Ans. 


EXAMPLES FOR PRACTICE 
1. What is the maximum bending moment in a cantilever carrying 
a uniformly distributed load of 180 pounds per foot, the length of the 
beam being 20 feet? Ans. 36,000 ft.-lb. 


2. A simple beam 24 feet long carries a load of 15,000 pounds at a 
distance of 8 feet from the left support. What is the value of: (a) the 


left reaction? (6) the maximum bending moment? 
Ans, { (2) 10,000 Ib. 
OS.) (6) 80,000 ft.-lb. 
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3. A beam 30 feet long and fixed at both ends carries a uniformly 
distributed load of 400 pounds per foot... Calculate: (@) the reactions; 


(6) the maximum bending moment. ree (a) 6,000 lb. 
8-1 (6) 30,000 ft.-Ib. 


MAXIMUM SHEAR AND BENDING MOMENT 


54. Fundamental Principles.—The two following 
principles, which are established by the use of advanced 
mathematics, are of great importance: 

1. The external shear in a beam is greatest at a section of 
the beam adjacent to one of the supports. 

2. The bending moment is greatest at a section of the beam 
where the shear changes sign. 

In some cases, the shear changes sign at more than one 
section [see Fig. 15 (4)]; corresponding to each of these 
sections, there is a ‘“‘peak’’ in the bending-moment line, as 
shown in Fig. 15 (c). The greatest of the bending moments 
at these sections is the greatest bending moment in the 
beam. ‘These principles should be carefully tested in all the 
shear and bending-moment curves given in the foregoing 
articles. 

The dangerous section of a beam is usually where either 
the shear or the bending moment is greatest. In many 
problems relating to beams, it is necessary to find those 
sections, and for that purpose the principles just stated are a 
great help. 

EXAMPLE.—To determine the greatest shear and bending moment 
in the beam 4 B, Fig. 25, simply supported at 4 and B and carrying 


2000 bb. 
—— £ eat er eee ee reed 


| ooo 7 
| be ¢| 10000. |, 
A e 
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a single load of 2,000 pounds and a uniform load of 10,000 pounds 
distributed over a length of 5 feet, besides its own weight, which is 
75 pounds per foot, the dimensions being as shown. 
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SOLUTION.—This problem may be solved by drawing the shear 
diagram, determining the sections at which the shear passes from 
positive to negative, computing the bending moments at those sections, 
and taking the greatest. The analytic solution, however, is usually 
shorter. 

The weight of the beam is 75 X 20 = 1,500 lb.; the lever arm of this 
weight is 20+2 = 10 ft. The center of the distributed load is 
$+6 = 8.5 ft. from B. Taking moments about &, 

R, X 20 = 2,000 x 16 + 1,500 x 10 + 10,000 x 8.5; 
whence FA, = 6,600 lb. 

Also, R, = 2,000 + 1,500 + 10,000 — R, = 6,900 lb. 

The greatest shear occurs just on the left of B, and is equal to A, 
or 6,900 lb. Immediately on the left of G, the shear is 

Vi= R,— 75 X4 = 6,300 Ib. 

Immediately on the right of G, the shear is 

V,! = V,! — 2,000 = 4,300 lb. 

ABE, 

Ve = V,!' — 75 X 5 = 4,300 — 375 = 8,925 lb. 

It is seen, by a simple inspection of the value of V, and the load 
between C and VD, that the shear at D is negative. Therefore, the 
shear changes sign at some point between C and J; and, as between 
these limits the shear decreases gradually from plus to minus, there 
must be a section at which it is equal to zero. Let the distance of 
that section from C be denoted by a. The expression for the shear 
at that section is 


10, 
Vo 
Making this expression Ea to zero, and solving for x, 
3,925 _ 
= 2075) 1.89 ft., nearly 


This determines the section X at which the bending moment is a 
maximum. Thevalue of the moment is more readily determined from 
the forces on the right of X, and changing the sign, so that the 
moment will be expressed in terms of the forces on the left (see 
Art. 43). The value of the moment is, then, 


DX 
-|- RX BEL (BX BAYES + (SE x DX) x | 
=x x Bx BX2X _100x Dx 
= 6,900 x 9.11 — 2% PAT _ 1,000 x 3.11 = 50,075 ft.-Ib. Ans. 


55. Important Rule.—When, as in the preceding 
example, the shear changes sign between two sections 
including a uniformly distributed load, there must be a sec- 
tion, between those two, at which the shear must be zero. 
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The location of that section is determined as in the example 
just referred to. When, however, the shear has one sign 
immediately on one side of a single concentrated load, and 
the opposite sign immediately on the other side, that load 
marks the section at which the shear changes sign, and for 
which the bending moment may be greatest. (It is greatest, 
if there is only one such change; thus, if in Fig. 25, V,/ and 
V/’ had different signs, the section of maximum bending 
moment would be at G, where the single load is applied.) 
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BEAMS—(Continued) 
MOMENT OF INERTIA AND RADIUS OF GYRATION 


INTRODUCTORY 


1. The strength and stiffness of a beam, column, or shaft 
depend on various factors. For instance, the load that a beam 
can bear depends on the material of the beam, on the manner 
in which the load is applied, and on the length and cross-sec- 
tion of the beam. As to the area of the cross-section, the 
strength does not depend on that area itself, for, as every- 
day experience shows, a plank used as a beam will sustain a 
greater load when placed edgewise than when. placed on its 
broad side. It will be shown later that the strength of a 
beam depends on the manner in which the area is distributed 
or disposed with respect to a certain line of the cross-section. 
The effect of the cross-section is measured by a quantity that 
depends on such disposition or distribution of area, and is 
called the moment of inertia of the cross-section with 
respect to the line mentioned above. It should be understood 
at the outset that the moment of inertia of a plane figure has 
really nothing to do with inertia. There is a certain quantity 
that appears in formulas relating to the rotation of a body and 
is called the moment of inertia of the body. There is, likewise, 
a certain quantity that appears in the formulas for strength 
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and stiffness of beams, columns, and shafts, and whose mathe- 
matical expression is very similar in form to that of the 
moment of inertia of a rotating solid: hence the name. 


MOMENT OF INERTIA 


2, YDefinitions.—Let BC, Fig. 1, be any plane area, and 
X’ X a line or axisin its plane. Let the area be divided into 
small areas a, @2, Gs, etc., dis- 
tant 71, V2, Vs, etc. from X’ X. 
If each small area is multi- 
plied by the square of its 
distance from the axis, a sum 
of the form ay,’ + a.y2° 
+ Gss haa oy WE 
be obtained. Using the 
sigma notation, explained in 
Plane Trigonometry, Part 2, 

Fic. 1 this sum may be represented 
by Say’. When the whole area is thus divided, giving to 
the small areas any values whatever, a certain value is found 
for S'ay’. If, now, the small areas are subdivided into smaller 
areas, a different value will be found for ay’. If the small 
areas are again subdivided, a new value will be found for 
Say’. As the areas are made smaller 
and smaller, the values of 3'a,y’ ap- 
proach nearer and nearer a fixed value 
depending on the form of the 
figure B C and on the location of the 
axis X’ X. This fixed value is called 
the rectangular moment of 
inertia of the area & C with respect 
to the axis X’ X. 


3. If the distances of the small Bies2 
areas a,,a., etc., Fig. 2, from a line (represented in the figure 
by its plan O) perpendicular to the plane of the area BC 
are used, and the same operations as were described before 
are performed, it will be found that, as the small areas are 


ai) 
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decreased in size, the sum 3’ ay’ approaches nearer and nearer 
a fixed quantity, which is called the polar moment of iner- 
tia of the area BC with respect to the axis O. 

When the term moment of inertia is used with reference to 
a plane area, the rectangular moment is generally meant. 


4. Formulas for the moments of inertia of plane areas 
cannot be derived without the use of advanced mathematics. 
A clear idea of the character of this quantity, however, may 
be obtained from the following illustration: 

Let BC, Fig. 3, be a square whose side is d, and let X’ X, 
coinciding with one of the sides of the square, be an axis 
about which the moment of 
inertia is required. Let the 
square be divided into pg 
twenty-five equal squares, 
as shown. The side and 
area of each of these small 
squares are, respectively, 
2d and—04d’. For each 
small square, the value of y 
will be taken as the distance 
of the center of the square | 
from the axis. This dis-* Axis 
tance is .1d for the squares Fie. 3 
in the lower tier, .3d for those in the next tier, etc. The 
product, area X square of distance, for each little square in 
the lower tier is 


0477 «x C.1d)* = .0004 d* 
For each of the squares in the successive tiers, the 
products are, respectively, 


a eo) s...0036 0° 
04d? X (.5d)* = .0100d* 
4d Soi a) = ,0196:d* 


04d? x (.9d)*? = .0324 a* 
Since there are five squares in each tier, the sum of the 


products for all the little squares is, 
May’? = 5(.0004 + .0036 + .0100 + (0196 4=,,0324) d* = .33.d* 
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Now, .33d* is not the exact value of the moment of inertia 
sought, but is an approximate value. A closer value will 
be obtained by dividing the large square into a greater 
number of smaller squares. If computations like the above 
are made for other divisions of the large square, the follow- 
ing results are obtained: 

When the side of the small squares is: 

+d, Say’ = .3800d* 

$d, ay = .383102* 

+d, Dag = 7.30100" 

td, Say’ = .8820a* 

$d, ay = .3323a* 

id, Say? = .33825a* 
eA KOH 

From this series of results, it is seen that the differences 
between successive values of Say? become continually 
smaller down the column; and, although the value of Say’ 
increases, the increments become smaller and smaller. It is 
shown by means of the calculus that, however great the 
number of small squares may be, »'ay’* can never become 


as great as ; although, by making the number of squares 
sufficiently large, the value of S'ay’ can be made to differ 
from . by as little as desired. This is expressed in mathe- 


matical language by saying that, as the number of small 


: : d Ass ‘ 
squares increases, Lay’ approaches 3 as a limit. This 


Bl etrant? oat 5 ; ; 
limit 3 is the moment of inertia of the square with respect 
to the.axis WAX. 


5. Moment of Inertia of Common Areas.—Table I 
contains, in the column marked /,, the rectangular moments 
of inertia of the figures commonly used in practice. The 
axis in each case passes through the center of gravity, and 
is designated neutral axis in the table for reasons that will 
be explained further on. The square may be regarded as a 
particular case of a rectangle whose base 6 and altitude d 
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are equal. The value of the area 4 is given in the third 
column. The distance c, given in the fifth column, is the 
distance of the most remote part of the figure from the 
neutral axis. The radius of gyration, the character of which 
will be explained in a subsequent article, is given in the 
last column. For convenience, a line passing through the 
center of gravity of a figure will be here called a central 
line or central axis. 


6. Reduction Formula.—Let 4 denote the area of any 
figure, 7, its moment of inertia with respect to an axis 
through its center of gravity, / its moment of inertia with 
respect to any other axis parallel to the former, and / the 
distance between the axes. It can be proved that 

teed AA p* 

That is, the moment of inertia of a tigure with respect to any 
axts equals the moment of inertia of the figure with respect to a 
parallel central axis plus the product of the area and the square 
ot the distance between the two axes. 

EXAMPLE 1.—To determine the moment of inertia of a triangle with 
respect to its base. See No. 6 in Table I. 


SoLuTION.—The distance between the base and the central line 
parallel to the base is 4d, the area is }bd,and J, = y#g4d*. Then, by 
the preceding principle or formula, 

RL EE ee 


— pets 3 Ee 1 2 yt 
l=7bad* +4 b6adxX (Gd) = 36 + 18 om Ans. 


EXAMPLE 2.—To find the moment of inertia of a rectangle about 
its side d (No. 1 in Table I). 
SoLuTion.—From Table I, the moment of inertia 7, about a central 


axis parallel to d is 7 d0*, the letters 6 and d being interchanged, as 
b 
here the axis is parallel to d, not to 6. Also, A = 6d, and p = 9° 


Therefore, ; ae aye 
r= +0a(5) mre =-—.. Ans. 


TE ee ae aN 


EXAMPLES FOR PRACTICE 
1. Find the moment of inertia of a square about an axis through 
one corner and parallel to the diagonal that does not pass through 
that corner (see No. 3 in Table I). Ans. 7 = 75 a 


2. Find the moment of inertia of a circle about a tangent. 
Ans. / = 4 7 @ 
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7. Least Moment of Inertia.—7Zvhe moment of inertia 
of a figure with respect to a central axis ts less than with 
respect to any other line parallel to that axis. For, according 
to the principle or formula of the preceding article, the 
moment of the figure with respect to the parallel line is 
equal to the moment of inertia with respect to the central 
line plus a positive quantity. : 


8. Principal Axes.—The moments of inertia with 
respect to different central axes are, in general, different; 
and, in general, there is one central axis for which the 
moment of inertia is less than that for any other, and one 
central axis for which the moment of inertia is greater than 
for any other central axis. These two lines are at right 
angles to each other, and are called principal axes. 

The general method of finding the principal axes of a 
figure is comparatively complicated. Many plane figures 
used in engineering have one or more axes of symmetry, 
and it is a general principle that every axis of symmetry ts a 
princtpal axis, the other principal axis being a central line 
perpendicular to the axis of symmetry. Thus, for a rectangle, 
the principal axes pass through the center of the figure and 
are parallel to the sides. 


9. Moment of Inertia of Compound Figures or 
Areas.—Many figures may be regarded as consisting of 
simpler parts; they are called compound figures. For 
example, a hollow square consists of a large square and a 
smaller square; the angle and T shown under No. 8 in 
Table I consist of two slender rectangles, one horizontal 
and one vertical. 

The moment of tnertia of a compound figure with respect to 
any axis may be found by adding, algebraically, the moments of 
inertia, with respect to the same axis, of the component parts ot 
the figure. 


EXAMPLE 1.—To derive the value of 7, given for the hollow 
square, No. 4 in Table I. 


SoLuTIon.—The figure may be regarded as the difference between 
the large outside square and the small inside square. In Table fe 
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the side of the squares are, respectively, d and d,. According to 
No. 2 in Table I, the moments of inertia of the squares are 75 d* 
and 72 d,*; hence, the moment of inertia of the hollow square is 

1, = Tz a — is = tz (d* — d,*) 


EXAMPLE 2.—To derive the value of 7, given for the T in Table I. 


SOLUTION.—The figure may be regarded as consisting of two rect- 
angles, as shown in Fig. 4. The axis 
passes through the center of gravity of bt 
each rectangle, and is parallel to the 
base of each. Hence, according to 
No.1 in Table I, the moment of inertia 
of the vertical rectangle is 7s ¢d*, and 
the moment of inertia of the other rect- 
angle is zz 67,5. The moment of 
inertia of the entire figure is the sum of 
these; that is, 


1, = rtd +7264,° = apd 4-0 7) 
EXAMPLE 3.—To find the moment of inertia of the Z bar shown in 
Fig. 5, about the principal axis X’ X, the dimensions being as shown. 


SoLution.—The moment of inertia about X’ X will be denoted 
by Z,. The figure may 
be divided into the three 
rectangles efgh,e'f'g'h’, 
andj gig’. The moment 
of inertia of efg h about 
an axis through its center 
of gravity and parallel 
to X’X is qs a’ f°; that 
of ef! o/h’ about an axis 
through its center of 
gravity and parallel to 
X! X is also 7s a’ ¢®. The 
distance between this 
axis and the axis X/X 
is (6 — 7). The moment 
of inertia of the rect- 

Fic. 5 angle efgh and also 
of the rectangle ef’ g/h’ about the axis X’X is then, da’ht+a't 
[4 (6 —£)]?. The moment of inertia of the rectangle 7g7g’ is rt6°. 
The moment of inertia of the entire figure is, therefore, 

2{ve a! t? + a t[h (6 —2t)]*}+ ret 0 
Expanding and reducing this expression, 
ab?—a'(b—2?)° 


l, = 12 pees 
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EXAMPLE FOR PRACTICE 
Find an expression for the moment of inertia Z, of the Z bar shown 
in Fig. 5, about the other principal axis Y/Y. ! 
Ans, J, = ja l2a” +6aa?4+ 627) 


10. Units Used.—As will be seen from the formulas in 
Table I, the value of the moment of inertia always involves 
the product of four quantities (some of which may be equal) 
representing lengths. Thus, the moment of inertia of a 
rectangle involves the product 6d*, or) XdxXd Xd. When 
the value of a moment of inertia is given, it is necessary to 
specify the unit of length used, since such expressions as 
6d*,d*, etc. evidently have different values according to 
whether 4 and d are expressed in inches, feet, meters, etc. 
Generally, the dimensions of figures for which moments of 
inertia are computed are given in inches. Some writers state 
the corresponding moment of inertia as so many dzquadratic 
inches, for which they use the abbreviation zz.* Thus, if, 
when the dimensions of a figure are expressed in inches, the. 
moment of inertia is 54, these writers call this moment 
54 biquadratic inches, and write it 54 zz.*| This notation is 
convenient, and will often be used in this Course. Another 
way of expressing the same thing is to state the moment 
thus: 54, referred to the inch. 


11. Polar Moment of Inertia.—For the definition of 
the polar moment of inertia, see Art. 8. The axis with 
respect to which a polar moment is taken will here be called 
a polar axis. The polar moment of inertia is computed by 
means of the following general principle: 

The polar moment of inertia of any plane figure is equal to 
the sum of the rectangular moments of inertia of the tigure about 
two axes perpendicular to each other at the point where the polar 
axts meets the plane of the figure. 

Thus, the polar moment of inertia of a rectangle about an 
axis through its center of gravity is 


Tybd* +73d6° = °"(57 + qd?) 
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The polar moment of inertia of a circle about an axis 
through its center is 
mz a* ate Tada ae as 
64 64 32 


RADIUS OF GYRATION 
12. Definition.—The radius of gyration of a plane 
figure with respect to an axis is a quantity whose square 
multiplied by the area of the figure is equal to the moment of 
inertia of the figure with respect to the same axis. If x and 
Z denote, respectively, the radius of gyration and moment of 
inertia of a figure, and 4 the area, then, 
Arv=T (1) 


whence r= ae (2) 


The last column of Table I gives radii of gyration corre- 
sponding to the moments of inertia given in the fourth column. 


18. Computation of Radius of Gyration.—Usually, 
the radius of gyration of a figure is found directly from its 
moment of inertia by means of formula 2 of the preceding 
article. For example, the radii of gyration for Nos. 1 and 4, 
Table I, are found thus: 


Patios — Ges Abe = ba = ex 


For No. 4, 7 = Vis (d‘ — d’) + (@ — d?) = 4+B( a 4+ d,’) 
14. Reduction Formula.—Dividing both sides of the 
formula in Art. 6 by A, there results, 
If Ih 


Ph aia 


Now, & is the square of the radius of gyration of the figure 


F Lowe 
with respect to a central axis, and a is the square of the 


radius of gyration with respect to an axis parallel to and 
distant p from that axis. Denoting these radii by rv and 7, 
respectively, the preceding equation becomes 

r = ibe +p’ 
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That is, the square of the radius of gyration of a figure with 
respect to any axis equals the square of the radius of gyration of 
the figure with respect to a parallel central axis plus the square 
of the distance between the two axes. 


EXAMPLE.—What is the radius of gyration of a square with respect 
to an axis coinciding with a side? 


SoLurion.—Call the desired radius of gyration ». From Table I, 


te = ee also, p = g Then, by the above formula, 


1G 2° 
oon ante es ja _ “48 Ans 
i Chia? oan 3) andr =\o = 


STRESSES IN A BEAM 


15. Stresses at Any Cross-Section.—Let #& D, 
Fig. 6 (a), be a part of a beam cut by a plane PQ. 


B q 
(©) 
Fie. 6 


According to the principles of statics, the part B D may be 
treated as a free body kept in equilibrium by the external 
forces actually applied to the beam on the left of PO; 
and by forces acting in the section fg, equal to the forces 
exerted on BD by the part of the beam on the right of PQ. 
These last forces are the stresses existing in the beam at 
the section PQ. Let V be the external shear at pg, that is, 
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the resultant of the vertical forces acting on the left of pg. 
It is obvious that the external forces have a tendency to 
bend the beam, which will assume such a form as is repre- 
sented, very much exaggerated, in Fig. 6 (c). By this bend- 
ing, the fibers (see Art. 21) near g will be stretched, and 
those near ~ will be compressed. Evidently, there will be a 
line between g and / where the fibers are neither stretched 
nor compressed. This line, represented in Fig. 6 (a) and 
(c) by 0, and in (4) by o’0”, is called the neutral axis of 
the section fg, or p/ g/g" p”, and a plane through it and the 
axis of the beam is called the neutral surface of the beam. 
The neutral surface is represented in Fig. 6 (a) by zo. 

In the present case, the fibers below the neutral surface 
are in tension; those above the neutral surface are in com- 
pression. Let the resultants of these tensions and compres- 
sions be denoted by 7 and C, respectively, as shown in 
Fig. 6 (a). These forces, representing normal stresses, are 
parallel to the axis 20 of the beam. 


16. If the end BZ, Fig. 6 (a), is simply supported, the 
reaction at that end is vertical, and VY represents the resultant 
of all the forces, including that reaction, acting on the left 
of the section fg. This is true whether the other end of 
the beam is fixed or is simply supported. If the end A is 
the free end of a cantilever, V is likewise the resultant of 
all the vertical forces on the left of fg. In either case, the 
part BD of the beam is held in equilibrium by the vertical 
force V and the forces acting in the section pg. According 
to the principles of statics, the algebraic sum of all the 
vertical forces acting on B D must be equal to zero; there- 
fore, there must be at fg a vertical force V, numerically 
equal to V, but acting in the opposite direction. This force, 
being a tangential force exerted on BD by the part of the 
beam on the right of PQ, represents a shearing stress. It 
is thus seen that there is, at every section of the beam, a 
shearing stress numerically equal to the external shear on 
the left of that section. This shearing stress is called the 


resisting shear. 
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17. Since the only horizontal forces acting on the body 
BD are T and C, their algebraic sum must be equal to zero. 
That is, the resultant tension in any section is equal to 
the resultant compression. The tension 7 and the com- 
pression C form a couple, sometimes called the stress 
couple. It should be understood that 7 and C are resultant 
forces: the tension and the compression are not uniformly 
distributed over of and og, respectively; that is, their 
intensities are not the same at all points of the areas in 
which they act. How they are distributed will be explained 
further on. 


18. Finally, the conditions of equilibrium require that 
the algebraic sum of the moments, about any axis, of all the 
forces acting on the body BD shall be zero. If moments 


V are taken about the neutral 
haga axis 0, the moment of the 
x forces on the left of pg will 
(a) be the bending moment // 
x ats the siectionmey o-s the 
| moment of the forces acting 

pees | : ; ae Ee 
Y in the section fg is simply 
(6) the moment of the stress 

Fic. 7 


couple, since the moment 
of V, is zero. The moment of the stress couple is called 
the resisting moment at the section fg. Therefore, the 
resisting moment at any section is numerically equal to the 
bending moment at that section. 

It is evident that, if the bending moment at a section, as 
computed from the forces on the left, is positive, the beam 
at that section bends downwards, or is concave upwards, as 
shown in Fig. 7 (a). If the bending moment is negative, 
the beam bends upwards, or is concave downwards, as shown 
in Fig. 7 (4). In each of these figures, the numerical value 
of the bending moment is Vx. 


19. The foregoing conditions, which follow directly 
from the fundamental principles of statics, are made to 
apply, by the use of certain assumptions that are very nearly 
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true, to beams fixed at both ends. A complete theory of 
such beams is, however, beyond the scope of this work. 


20. Position of the Neutral Axis.—It can be shown 
by the use of advanced mathematics that the neutral axis of 
any section of a beam passes through the center of gravity of the 
section. Thus, in Fig. 6 (4), the neutral axis 0/0 passes 
through the center of gravity o/” of the cross-section 
b'q' qb"; in Fig. 6 (a), the cross-section p’ g/g" p”, and its 
center of gravity o’’”, are represented by their projections 
2g and a, respectively. 


21. Distribution of the Normal Forces.—Let PY 
Fig. 8 (a), be a cross-section of a beam; a side view is 
shown at p’o'g/o”, Fig. 8 (6). The neutral axis is 0-0/0”. 
The material of a beam is imagined as consisting of threads, 
or fibers, parallel to the axis. The fiber passing through /, 
which is the farthest 
point from the neutral 
axis, is called the ex- 
treme fiber, or 
most remote fiber. 
The distance of this 
fiber from the neutral 
axis is denoted by ¢, 
as shown in Fig. 8 (0). 
Values of ¢ for differ- (a) 
ent forms of cross- 
section are given in the fifth column of Table I. The inten- 
sity of stress in any fiber is called fiber stress. 

As already explained, the tension 7 and the compression C, 
which are the normal stresses at the section fg, are the 
resultants of non-uniform stresses. From the results of 
experiments, it is assumed that ¢he intensity of tension or 
compression at any point of the cross-section ts proportional to 
the distance of that point trom the neutral axis; and that the 
intensity of tension and compression at points equidistant trom 
the neutral axis are equal. It follows that the greatest 
intensity of stress occurs in the most remote fiber. Let that 


Fic. 8 (0) 
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intensity be denoted by ¢. Then, since the distance of that 
fiber from the neutral axis isc, the intensity at unit’s distance 


from the neutral axis is a and the intensity at any distance y 
c 


from the neutral axis is Soe 
c 


22. Moment of Stress Couple, or Resisting 
Moment.—The resisting moment, or the algebraic sum of 
the moments of 7 and C, Fig. 8, about the neutral axis, will 
be denoted by JZ, and is determined as follows: 

Let a, be any small area distant y, from the axis, as shown 
in Fig. 8 (6). According to the principle of the preceding 
article, the intensity of stress at the distance y, from the 


ap gies Dah , ‘ 
neutral axis is -y,. Therefore, the total stress in a, is 
c 


this SK ae The moment of this stress about 0/0!’ is 
c 


(«. x ‘y,) Xx Wa = oy Qe 
CG (B 


Similarly, the moments of such other small areas as a, 


and a, are 
ie 


=X G5 Ve, { DOT sD) x9 Che, 
c c 
The sum of these moments is 
i 2 ; : : 
Ka + a. Ve + Ass + . . e )=f2y 
C 
denoting by S'ay’ the sum in the parenthesis. It has been 
explained that, by increasing the number of small areas a, 
and making them smaller and smaller, the value of S'ay’ 
finally becomes the moment of inertia 7 of the cross-section 
about the neutral axis. Therefore, finally, 
Mee eh 
Cc 
As explained in Art. 18, the resisting moment is aumeri- 
cally equal to the bending moment /%; therefore, 
f 
of = M7 (2) 
23. Section Modulus.—The section modulus of a 
cross-section of a beam is the quotient obtained by dividing 
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the moment of inertia of the cross-section with respect to 
its neutral axis by the distance of the most remote fiber of 
the section from that axis. It will be denoted by Q. Then, 
oe 1) 
C 
Since / isexpressed in biquadratic units and ¢ in lengtt: 
units, Qis incubic units. By this is meant that QO is expressed 
in terms of the product of three lengths, although the value 
of this quantity has nothing to do with volume. Thus, if.the 
dimensions of the cross-section are expressed in inches, and 
the numerical value of the section modulus is 28, it will be 
referred to as 28 cubic inches, and expressed as 28 in.° 
Formula 2 of the preceding article may now be written 
LO = (2) 
This formula is useful when a table of values of Q is avail- 
able. Such tables are given in many structural handbooks. 


EXAMPLE.—What is the section modulus of a beam in which the 
cross-section is a rectangle, whose breadth is 6 and depth is ad? 


SoLuTION.—From No.1 in Table I, 7 = 7; 6d’; and, since the 
neutral axis passes through the center of gravity of the cross-section, 


c= i hence, by formula 1 BF 
ape bd? 
= zi sar 
2 
If 6 = 2:in. and d = 12 in., 
H2 
= 22eN za OR iba? AAG 


24, Problem.—/7he loading on a beam being given, tt ts 
required to determine the maximum fiber stress in the beam. 

The fiber stress is a maximum at the most remote fiber of 
some section. If the beam is of constant cross-section, 
then / and c are constant for all sections. Formula 2 of 


Art. 22 gives 
pa Me 
v4 
It follows from this formula that / is greatest in the 
outermost fiber of the cross-section at which the bending 
moment is greatest. Hence, to compute the maximum fiber 


I LT 399-6 
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stress, the maximum bending moment must be determined 
first. Substituting the value of this moment and the values 
of c and / in the preceding formula, the value of / is found. 
In the application of this formula, the same unit of length 
should be used for the different quantities. Thus, if ¢ is in 
inches, I should be in biquadratic zzches; M in inch-pounds, 
inch-tons, etc.; and f in pounds, tons, etc. per square zuch. 
EXAMPLE 1.—To determine the maximum fiber stress in a beam in 
which the maximum bending moment is 50,000 foot-pounds, assuming 


the beam to have a rectangular cross-section 9 inches deep (vertical 
dimension) and 4 inches wide. 


SoLution.—In this case, 6 = 4, d = 9, and, from Table I, 
4x9 9 
The maximum bending moment in the beam is 50,000 ft.-lb., or 
600,000 in.-lb. Therefore, by the formula, 
Pom 600,000 x 4.5 
243 
Since the bending moment is positive, the beam bends downwards 


‘ae at the point of maximum bending 
Y 
Y 


UY I=4.30tn* moment. The lowest extreme fiber is 
WE SURE Y ached eae EXAMPLE 2.—Assuming the section 


= 11,110 lb. persq.in. Ans. 


A=2.90 sq.tm. in tension, and the highest in com- 
pression. 


g of a beam to be as represented in Fig. 9 
at) ’ 
§ gi Wl it is required to determine the maximum 


Fic. 9 tensile and compressive fiber stresses, 
when the maximum bending moment is 30,000 inch-pounds. 


SoLuTION.—When it is required to determine separately the greatest 
compression and the greatest tension in the section, as in this case, two 
values of c must be used, one for the most remote fiber in tension and 
one for the most remote fiber in compression. In the present case, the 
lower fibers are in tension, and the upperin compression. Denoting 
by # and f, the maximum fiber stresses for tension and compression, 
respectively, and substituting known values in the formula of this 
article, we have, 


30,000 « 1.2 
i ee = 8,370 lb. per sq. in. Ans, 
30,000 X 2.8 
f, = = A=" = 19,530 Ib. per sq. in. 
Or, more simply, 
fa epee 8,370 = 19,530 i 
L456 2= 3X 3/0 = 19, lb. persq. in. Ans, 
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EXAMPLES FOR PRACTICE 


1, What is the maximum fiber stress in an 8-inch simple I beam 
20 feet long, whose moment of inertia is 68, if the total load, including 
the weight of the beam, is 9,000 pounds, uniformly distributed? 

Ans. 15,900 lb. per sq. in. 


2. Asimple T beam 10 feet long and 4 inches deep supports a load of 
168 pounds per foot. If the moment of inertia of the section is 
4.54 in.* and the neutral axis is 1.12 inches from the compression 
flange, what is the fiber stress: (@) in tension? (6) in compression? 


(a) 16,000 lb. per sq. in. 
Ans.4 (3) 6,200 Ib. per sq. in. 


STRENGTH OF BEAMS 


25. Modulus of Rupture.—The modulus of rupture 
of a material is the greatest fiber stress that a piece made 
of the material can stand when subjected to bending. The 

TABLE II 
MODULI OF RUPTURE 


Modulus of Modulus of 

é Rupture sz : Rupture sz 

Material Peaude per Material Pounds per 

Square Inch Square Inch 
ING yan 8,000 Chestnuti-.—- 4,500 
Hemlock. 2 3,500 SyOIQUKey . 695 5 3,000 
White oak .. 6,000 StONC Mees 6. 1,200 
Brick". 262. 0. 800 Gastaronr 30,000 
White pine . . 4,000 Wrought iron . 45,000 
Yellow pine. . 7,000 UCC S wre: 65,000 


modulus of rupture is also called the ultimate strength 
of flexure. It might be inferred from the foregoing 
articles that the ultimate strength of a beam depends simply 
on the compressive and the tensile strength of the material, 
and that every material has two moduli of rupture, corre- 
sponding to the ultimate strengths of tension and compres- 
sion. Experience, however, shows that this is not the case: 
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a beam breaks when the greatest fiber stress, whether com- 
pression or tension, has a value intermediate between the 
ultimate tensile and compressive strengths of the material. 
Table II gives average values of the modulus of rupture sz 
for different materials. The subscript 4 is used as it is the 
initial letter of ‘“‘bending.’’ The values given express pounds 
per square inch. 


26. Ultimate Resisting Moment.—Let s, be the modu- 
lus of rupture of the material of a beam. ‘Then, the greatest 
bending moment that the beam can resist at any section is 
obtained by writing s, for f in formula 2 of Art. 22. This 
moment is called the ultimate resisting moment of the 
section considered, or of the beam, if the beam is of uniform 
cross-section. By making the substitution just indicated, we 
have, 


as (1) 


In terms of the section modulus (see Art. 28), 
M, = sO (2) 


When the beam is loaded to its utmost capacity, the bend- 
ing moment of the external forces is equal to the ultimate 
resisting moment; that is, 

Ne ea) 
Cc 
In terms of the section modulus, 


No 5 XO) (4) 


This is the formula used for the design of beams; but, in 
the application of the formula, s, is taken as the working 
strength of flexure, which is the modulus of rupture divided 
by a suitable factor of safety. 

EXAMPLE 1.—A simple beam 20 feet long and having the cross- 
section shown in Fig. 9 is to support a weight W (pounds) placed in 
the middle of the beam. How heavy can the load be, the weight of 


the beam being neglected, assuming the working flexure stress of the 
material to be 20,000 pounds per square inch? 


SoLution.—For the maximum bending moment we have (Strength 
of Materials, Part 1), 
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W x 20 
ASS = (5 W) ft-lb, = (60 W) inl 


Here:s; = 20,000; 7= 43, and. c= 2.8. Substituting these values in 
formula 3, 


M= 


Raps DUO X48. 
20 Late ip ha 
,000 x 4.3 : 
whence W= Cog 512 lb., nearly. Ans. 


EXAMPLE 2.—What must be the section modulus of the cross-section 
of a simple beam 10 feet long, that the beam may carry a uniform load 
of 250 pounds per foot, distributed over the whole length of the beam, 
in addition to a central load of 2,000 pounds, the working flexure 
strength being 15,000 pounds per square inch? 


SoLuTION.—The maximum bending moment evidently occurs at the 
middle of the beam, and is equal to the sum of the bending moments 
due to the uniform load and the central load; that is (Stvength of 
Materials, Part 1), expressing moments in inch-pounds, 

_ 2,000 X 10 x a ales 10 x (10 X 12) 


M Z 8 = 97,500 in.-lb. 
From formula 4, Oe et 
6 


or, since here 17 = 97,500, and s, = 15,000, 
QO = 97,500 + 15,000 = 6.5 in.* Ans. 

EXAMPLE 3.—A timber cantilever 5 feet long and of square cross- 
section is to carry a weight of 1 ton at its end. What must be the side 
of the cross-section, assuming the working flexure stress to be 800 pounds 
per square inch? 


SoLutTIon.—The maximum bending moment is 
M = 2,000 X (5 X 12) = 120,000 in.-lb. 
Let a be the required side of the square cross-section. From Table I, 


ea Ge 
COETN at 
US Se 
whence Q= eae: 
Substituting in formula 4, 
arr 60028. 


120,000 = 800 x Gia Sa 


whence x = 1900 = 9.65 in. Ans. 


EXAMPLES FOR PRACTICE 


1. If, in example 3, the cantilever is made 12 inches wide (horizontal 


dimension), what should be its depth (vertical dimension) ? 
Ans. 8.66 in. 
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2. Asimple beam of steel 30 feet long has the form and dimensions 
shown in Fig. 10. What load, uniformly distributed, can the beam 
carry, taking the working fiber stress as 15,000 pounds per square inch? 


Ans. 628 lb. per it. 


3. A white-pine cantilever is 8 feet long and its cross-section is as 
shown in Fig. 11. Find the factor of safety of the cantilever if it is 


pa See | 


l 
| 


—/p2— — 
io) 


ip 


a 


SASS Bey 
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loaded with: (a) a load of 10,000 pounds at the end; (4) a uniform 
load of 5,000 pounds per foot. (a) 5 
Ans.\ (5). 2h 


27. Shearing Strength.—In what precedes, the strength 
of a beam is considered with regard to bending alone. As 
explained in Art. 16, there is at every section a shearing 
stress numerically equal to the external shear. If the 
external shear is denoted by lV’, and the area of the cross- 
section by A, the average intensity of shearing stress in the 


section is z This shearing stress is not uniformly distrib- 


uted, and it can be shown that, in beams of rectangular 
cross-section, the maximum intensity of shearing stress is 
30 
oA, 
this value will not exceed the working shearing strength of 
the material. In metallic beams with thin webs (plate 
girders), the shearing stress may be considered as uniformly 
distributed over the cross-section of the web. There is, 


Hence, a rectangular beam must be so designed that 
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also, at every horizontal or longitudinal section of the beam, 
a horizontal shearing stress the intensity of which at any 
point is equal to the intensity of the vertical shearing stress 
at that point. 

Although the maximum intensity of shearing stress, both 
horizontal and vertical, in wooden beams is usually small, 
the shearing strength of wood along the grain is also small. 
As the horizontal external shear usually acts along the grain, 
the safe load for a wooden beam may depend on its shearing 
strength and not on its bending strength. For instance, the 
safe load for a beam 4 in. x 12 in. and 4 feet long is 11,200 
pounds, uniformly distributed, when based on a fiber strength 


of 700 pounds per square inch. Such a load will produce a 


A : 5 
shearing stress per unit area equal to oe = 175 pounds 
per square inch, which exceeds the working shearing stress for 


the wood along the grain by about 100 pounds per square inch. 


STIFFNESS OF BEAMS 

28. Definition.—The stiffness of a beam is the resist- 
ance of the beam to deflection in the direction of the external 
forces acting on the beam. ‘This property is of importance 
in certain kinds of construction. Thus, most machine parts 
must be stiff, as their excessive ‘giving’? or yielding may 
destroy their adjustment. Floor joists and ceilings sustain- 
ing a floor with a plastered ceiling below must not deflect too 
much, or they will crack the plastering. 


29. Deflection Formulas.——The theory of the deflec- 
tion of beams is rather complicated, and the formulas for 
deflection cannot be readily derived without the use of the 
calculus. Formulas for the most usual cases are given here. 
In all these formulas, the length of the beam, in inches, is 
denoted by /; the moment of inertia of the cross-section, 
in biquadratic inches, by 7; Young’s modulus of elasticity of 
the material, in pounds per square inch, by £; and the maxi- 
mum deflection, in inches, by y. A single load at the middle 
of the beam is denoted by W (pounds); and a load uniformly 
distributed over the whole beam, by w/ (pounds), w denoting 
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the load per inch. The form assumed by the beam when 
loaded is very much exaggerated in the figures. 
1. Simple beam, AB, Fig. 12, supported at 4 and 8B. 
Single load W in the middle: 
Wl 
Ales 1 
2 4Rey 2) 


t-— —-—_. -_- —_] —_ ~- —-—__— 


Fic. 12 
Uniformly distributed load: 
yi bee 
ey (2) 


2. Cantilever A B, Fig. 18, fixed at A. Single load W at 
end B&B: 
W 3 
yas (3) 


Fic. 13 B 
Uniformly distributed load: 
Ba BOG 
9) ) 


3. Beam fixed at one end A, Fig. 14, and simply supported 
at the other. For single load Win the middle (2 C= Z ‘5): 
5 : 


pe ee ee 


Fic. 14 


*= 99 BT me 
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4. Beam fixed at both ends A and B, Fig. 15. Single 
load W in the middle: 


ad WE : 
eentoae 7 (7) 
Uniformly distributed load: 
es 
a= Sake 7- nel 


Fic. 15 


EXAMPLE 1.—A timber simple beam 10 feet long, and having a 
width of 4 inches and a depth of 12 inches, carries a uniform load of 
400 pounds per foot. What is the deflection? 

SoLuTIon.—To apply formula 2, we have w = 422; 7 = 10 x 12 
= 120; & = 1,500,000; and 7 = yy X 4 X 12° = 576. Substituting in 
the formula, 

a 5 & 400 X 120* ~ 
Y * 384 x 12 x 1,500,000 X 576 

EXAMPLE 2.—To determine the deflection of the beam considered in 
No. 2 of the Examples for Practice following Art. 26, when the beam 
is loaded to its utmost (working) capacity. 

SoLuTion.—Here w = $38; 7 = 30 X 12 = 360; E = 30,000,000; and 
7 = 424. Substituting in formula 2, 

3d X 628 X 360+ z 
¥ ~ 384 x 12 X 30,000,000 x 424 ~ 


lin. Ans. 


SOnine | ANS. 


BEAMS UNDER INCLINED FORCES 


380. Extended Meaning of the Term Beam.— 
Although the term 
beam usually denotes 
a horizontal piece 
acted on by vertical 
forces, it is often ex- 
tended to mean any 
elongated piece 
having a straight axis 
containing the centers of gravity of all cross-sections (a cross- 
section being a section cut by a plane perpendicular to the 


Fic. 16 lo 


26 STRENGTH OF MATERIALS § 35 


axis) and acted on by any system of coplanar forces con- 
taining the axis. In Fig. 16, CD is a part of a beam of 
which fg is a cross-section cut by the plane PQ: on, which 
contains the centers of gravity of all sections perpendicular 
to it, is the axis of the beam, and /, any force intersecting 
the axis at an angle 7%,. 


31. General Method of Treatment.—The force /; 
may be resolved into two components X, and Y,, the former 
along the axis, the latter perpendicular to the axis. The 
same method of resolution may be applied to all other forces 
acting on the beam. The beam may then be considered as 
acted on by two independent systems of forces. The forces 
perpendicular to the axis, which will be called the system Y, 
cause shearing and bending stresses in the section fg; these 
stresses can be computed exactly as for any ordinary beam. 
The forces acting along the axis, which will be called the 
system X, cause direct tension or compression, and have no 
effect on the shearing stress at fg perpendicular to the axis. 
Both the compressive and the tensile fiber stresses are com- 
puted from the forces Y by the methods already explained, 

\P and are then com- 
bined by algebraic 
addition with the 
stress produced by 
the system X, to ob- 
tain the total tensile 
and compressive 
stresses. 


“SL 5P p58 


EXAMPLE.—Forces of 
3,000 and 10,000 pounds, respectively, act on a beam CD, Fig. i7, on 
the left of the section # @, the inclinations and distances being as shown. 
The moment of inertia of the section is 12 in.*, and the area is 4.5 
square inches. To find the stresses in the section pg. 


SoLuTion.—Let the components of the forces along the axis be X, 
and X,, and those perpendicular to the axis Y, and Y,, as shown. 
Then, considering forces to the right and upward forces as positive, 
X, = 3,000 cos 45° = + 2,120 lb. X, = 10,000 cos 30° = + 8,660 Ib. 
Y, = — 3,000 sin 45° = — 2,1201b. —Y¥, = 10,000 sin 30° = + 5,000 Ib. 
X = X,+ X, = + 10,780 lb. Y= ¥,4+ ¥, = + 2,880 Ib. 
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Since Y is the external shear on the left of pg, the shearing stress in 
the section is 2,880 lb. The force X, being directed toward the right, 
produces a compressive stress whose intensity is 

Eee LON780 
4.5 4.5 

The bending moment abouto is, in inch-pounds (here the sign of Y, 
is disregarded), 

VEG 12) x (8 12) — 2 800lint lb, 

Since this moment is positive, the beam bends downwards; there- 
fore, the upper fibers of the section fg are in compression, and the 
lower in tension. The maximum intensity of stress in the upper fiber 
is (see formula in Art. 24, and example 2 of that article) 

112,800 X 2.5 


= 2,400 lb. per sq. in. 


i 1D = 23,500 lb. per sq. in. 
and that in the lower fiber, 
2 
= is ee 2 = 14,100 lb. per sq. in. 
Combining with these stresses the direct compression ae found 


4.5 
above, we have, finally: 


Total compressive stress = 23,500 + 2,400 = 25,900 lb. per sq. in 
Ans. 
Total tensile stress = 14,100 — 2,400 = 11,700 lb. per sq. in. Ans. 


COLUMNS 


382. Definition.—As stated in Strength of Materials, 
Part 1, the strength of a compression piece or member 
depends on its length, and a 


; ‘ Wy ff 
piece so long that it bends Z Z Ly 
perceptibly before failure is 
called a column. 

383. Classification of 
Columns.—Columns are clas- 
sified as follows, according to 
the conditions of the ends: Yj YY 

1. Columns with fixed ends, © @ ij oO (¢ 
Fig. 18 (a). The fixing of the Braet 


ends is so rigid that bending does not change the direction 


of the column at its ends. 
2. Columns with pivot ends (also called round-ended col- 
umns), Fig. 18 (6), in which the ends can slide freely. 
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3. Columns pivoted at one end and fixed at the other,Fig.18(c). 

4. Columns with flat ends (wooden posts, cast-iron and 
some steel columns in buildings, etc.), Fig. 18 (d). 

5. Columns with pin ends (posts in pin-connected trusses, 
etc.), Fig. 18 (e). 

6. Columns with one end tlat and the other pinned, Fig. 18 (f). 

The first three classes are practically ideal, there being 
no columns in use exactly fitting the descriptions. Thus, a 
column that is bolted to its foundation will yield at the base, 
and, strictly speaking, the end is not fixed. However, these 
are the only columns for which theoretical or rational 
formulas have been deduced. These formulas are modified 
by empirical constants so as to make them applicable to flat- 
end and pin-end columns (classes 4, 5, 6), which are the 
only ones used in practice. Usually, a flat-end column is 
referred to as a fixed-end column. 

Any restraint to bending applied to a column evidently 
strengthens it; thus, a column of the first class is stronger 
than one of the fourth class. It is evident, and it has been 
proved by experiment, that the strengths of six columns 
differing only in class are in the order in which the columns 
are represented in Fig. 18; that is, in the order (a), (d), (/), 
(c), (e), (6). 

A column may be regarded as belonging to more than one 
class. Thus, a post in a pin-connected truss, or the connect- 
ing-rod of an engine, has pin ends, and, as regards bending 
in a plane perpendicular to the pins, it acts as a pin-ended 
column; but, as regards bending in the plane of the pins, it 
approximates a column with fixed ends. To determine the 
strength of such a column, its strength as a member of each 
class should be computed, and the smaller strength taken as 
the actual strength of the column. 


34. Cross-Sections of Columns.—Wooden columns 
are usually solid, and square, rectangular, or circular in 
cross-section; sometimes they are made hollow. Cast-iron 
columns are usually hollow, circular, or rectangular in cross- 
section. The steel columns used in bridges and buildings 
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are usually made of shafes, and their cross-sections may have 
a great variety of forms. 


35. Direction of Bending.—If the restraint due to the 
end conditions of a column is the same in all directions, the 
column will bend in a plane perpendicular to that central 
axis of the cross-section for which the moment of inertia (and 
hence the radius of gyration) is least. Thus, forarectangular 
cross-section, the radius of gyration is least for the central 
axis that is parallel to the long side, and the plane of bending 
is perpendicular to that axis, or parallel to the short side. 
For circles or squares, the radii of gyration are the same for 
all central axes; hence, for columns of such cross-sections, the 
plane of bending is indefinite. 

In all the formulas to be given presently, the length of a 
column will be denoted by / and the least radius of gyration 


of the cross-section by ». In those formulas, the ratio U 
r 


occurs; it is understood that, in this ratio, / and 7 are 
expressed in the same unit—that is, both in feet, inches, etc. 


It is immaterial what the units are, since the ratio g is 
7 


an abstract number, independent of the units adopted, pro- 
vided that the same unit is adopted for both terms. Thus, 
if 7 = 240 inches and x = 3 inches, Sag = =- 80; also, 
5: 


Z = 20 feet and xy = ¢ foot, and ah == toll 


4 
86. Euler’s Formula.—The following formula was 
first given by Euler, a celebrated mathematician of the 
18th century, and is hence known as Euler’s formula. It 
applies only to the ideal classes; however, slight modifica- 
tions fit it very well to actual columns in which the value of 


t is large. The formula is as follows: 
Bs 


if nm’ E 


oa 
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in which £ = Young’s modulus of elasticity of the material, 
in pounds per square inch; 
A = area ofcross-section of column, in square inches; 
P=maximum load, in pounds, that the column 
can support. 
nm is a number depending on the end condition, and has 
the following values: 
n = 1 for columns with both ends pivoted; 
2+ for columns with one end pivoted and one fixed; 
nm = 4 for columns with both ends fixed. 
Fig. 19 shows the graph of Euler’s formula plotted by 


2 
I 


; if 
taking values of — as ab- 
v 
scissas and the corre- 
: je 
sponding values of rin 


ordinates. The latter 

should mot exceed the 
y bending working stress 
Pre. 19 of the material. 


07. Euler’s formula is derived from the assumption that 
the column will fail by bending due to the moment produced 
by lateral deflection of the column. This deflection will occur 


l SU adie 
only when the value of - exceeds a certain limit below which 


the column will fail by crushing. For the minimum value 


Lee ogae : ‘ ; : 
of Bey is maximum. Assuming this maximum to be the 


elastic limit of the material Z, and substituting it for A in 


; : 

nia l n Ls 
Euler’s formula, Z = —\>; whence, - = ee 
7 be 


() 
(2 
In Fig. 19 O46 represents the elastic limit Z, and Oa the 


; l 
corresponding value of The part of the curve to the left 


of ac does not apply, as for values of : less than Oa the 


column would fail by direct compression. 
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38. Straight-Line and Parabola Formulas.—These 
are not rational formulas, but rough generalizations from 
experiments on the failure of columns, and were devised for 
convenience of practical application. They are as follows: 

Straight-line tormula, 


ESS ee ae 
A r 


in which s, = ultimate compressive strength of material; 
ky constant depending on material and on con- 
ditions of ends of column. 
Parabola formula, 


Fak- z.(4)’ (2) 


in which Z = elastic limit of material; 
Ro constant depending on material and on con- 
dition of ends. 

The values of s,,Z,4,, and & are given in Table III. 
Each of these formulas is used only within the limits of the 
value of 7: 7 there given. Beyond these limits Euler’s for- 
mula or Rankine’s formula, to be treated later, should be 
applied. The values of zz’ given in Table III are for use 
in connection with Euler’s formula. They were computed 
for xz* = 16 and 25, respectively, the values of 2 given in 
Art. 86 being only theoretical and holding good for ideal 
columns, where the ends are either perfectly fixed or per- 
fectly free toturn. The letter m in the table means millions. 


I 


I 


39. In formulas for wooden columns it is convenient 
to introduce the least width instead of the radius of gyration 
of the cross-section. The following are parabola formulas, 
for columns with flat ends when / + d is less than 60: 


White pine 2.500 — .6 (4) (1) 


Short-leaved yellow pine 


Il 
oo 
co 
=) 
Sy 
xy 


Long-leaved yellow pine 


White oak . 


Aloo Alto ALD ALO 

I 

oe) 

oO 

Ss 

S 

| 

oo 
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EXAMPLE 1.—What is the safe load for a white-pine column 
12 in. X 12 in. in cross-section and 16 feet long? 


SOLUTION.—Since c= oe = 16, formula 1 may be used; 
therefore, P = 144 (2,500 — .6 X 16?) = 338,000 lb. 

This is the probable breaking load; the safe load depends on the 
factor of safety, which, for a steady load, may be taken as 6, making 


the safe load 56,300 lb. Ans. 


EXAMPLE 2.—What is the safe load for a hollow circular cast-iron 
column 14 feet long, with flat ends, 8 inches cutside diameter, and 


# inch thick? Use a factor of safety of 8. 


; Z P 
SoLuTion.—First, a should be computed to ascertain whether to 


use Euler’s formula or one of the others. From No. 10 in Table J, 
y = 178? + 6.5? = 2.58 in.; 
if 14x 12 


hence, S aoe 258 = Gol 


ee: Z : : ; 
This being less than the limiting values of = for cast iron given in 


Table III, either the straight-line or the parabola formula may be used. 
The former gives, 4 being 17.08 sq. in., 
P = 17.08 (80,000 — 438 x 65. 1) = 879,400 lb., 
which is the probable breaking load. The safe load, with a factor of 
safety of 8, is 
879,400 + 8 = 109,900 lb. Ans. 
The parabola formula gives the probable breaking load as 
17.08 (60,000 — 2.25 < 65.17) = 861,900 lb. 

40. Rankine’s Formula.—The following formula, 
known as Rankine’s formula, or the Gordon-Rankine 
formula, was derived partly from theoretical considerations 
and partly from the results of actual tests. It covers a wide 


range of conditions, is applicable to all values of < and 


seems to agree with the results of experiments better than 
any other formula so far proposed. It is as follows: 
P. cr 


st ee. (‘) 
‘ 
in which s, = ultimate strength; 


kz constant depending on material and class of 
column. 


ll 


TE 399-7, 
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Many values of s, and #, are in use; in a large steel com- 
pany’s handbook, these are given: 

For mild steel, flat ends, s, = 50,000, 4: = se00s. 

For cast iron, flat ends, s, = 80,000, &s = tov. 

In many specifications, especially in those for bridges, s., 
is taken as the working stress of the material, in which case 
the value of P obtained by Rankine’s formula (and the same 
applies to other formulas in which a similar notation is used) 
is the safe load that the column can support, no factor of 
safety being necessary. 

EXAMPLE 1.—To compute the breaking load, by Rankine’s formula, 
for a hollow circular cast-iron column with flat ends, the column 
being 14 feet long, 8 inches outside diameter, and $ inch thick. 


Nore.—This is the same as the second example of Art. 39. 


SoLutTion.—From the solution in Art. 39, = Oomleanded—wlieOSes 


Making s, = 80,000, 4; = s@oo, and substituting in Rankine’s for- 
mula, we have 


aoe 17.08 X 80,000 


= 822,140 lb. Ans. 
6,400 b 


EXAMPLE 2.—To compute by Rankine’s formula the factor of safety 
of a mild-steel column with flat ends, 40 feet long, area of cross-section 
11.3 square inches, and least radius of gyration of the cross-section 
2.47 inches, when the column sustains a load of 70,000 pounds. 


L 40x12 


SoLuTIon.—Here pan ag we = 194; 4 =11.3. Making, = 50,000, 
k; = gzeo00, and substituting in the formula, 
Pan eeu 
Ses 
36,000 


This is the breaking load. When the column sustains a load of 
70,000 pounds, the factor of safety is 
276,200 = 70,000 = 4, nearly. Ans. 


EXAMPLES FOR PRACTICE 


1. What is the breaking load for a steel column with flat ends, the 
length of the column being 30 feet, area of cross-section 41 square 
inches, and the least radius of gyration 2.5 inches? Use the straight- 
line formula. Ans. 1,095,700 Ib. 
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2. What is the breaking load for a pin-end steel column 40 feet 


long, area of cross-section 41 square inches, and radius of gyration 
3.4 inches? Use the parabola formula. Ans. 929,350 lb. 


3. Determine by Rankine’s formula the safe load for a flat-end 
steel column 18 feet long, area of cross-section 8 square inches, and 
radius of gyration 3 inches. Use a factor of safety of 4. 

Ans. 87,400 lb. 


4. A hollow cast-iron column 10 inches outside diameter, 1 inch 
thick, and 20 feet long, sustains a load of 164,000 pounds. Consider- 
ing that the column has flat ends, determine the factor of safety by 
Rankine’s formula. Ans. 7.3 


Al. Design of Columns.—By the design of columns 
is not meant the selection of form of cross-section, spacing 
of rivets in built-up metal columns, etc., but simply the 
determination of the dimensions of the cross-section. The 
choice of form depends on conditions a discussion of which 
does not fall within the scope of this Section. 

The dimensions of the cross-section can be determined by 
means of the preceding formulas; but the determination, 
except in special cases, cannot be made directly, because 
there are two unknown quantities in each formula; namely, 
A, and vy or d. Usually, it is easiest to solve by the “‘trial 
method,’’ as will be illustrated in connection with bridge 
design. The special cases in which a direct solution is pos- 
sible are those where a relation between A and + or d is 
known, as in square, circular, and a few other sections. Such 
cases are illustrated in the following two examples. 


EXAMPLE 1.—A square white-oak column 10 feet long is to sustain 
a load of 70,000 pounds with a factor of safety of 6. What must be 
the side of the cross-section? 

SoLuTion.—With a factor of safety of 6, the breaking load would be 
70,000 x 6 = 420,000 lb. Also, 4 = da’, and / = 120 in.; hence, from 
formula 4 of Art. 39, 


420,000 _ 120\ ?, 
Z = 3,500 - 8x (“) 5 
whence 3,500 ad? = 420,000 + .8 x 14,400 
and, solving for d, = VERT ine Ans: 
Since Pua aa = 11, which is below the limit given in Art. 39, 


the use of the parabola formula is justified. 
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EXAMPLE 2.—What size of round wrought-iron column with flat 
ends is needed to sustain a load of 30,000 pounds, the length of the 
column being 8 feet? Use a factor of safety of 4. 


SoLuTION.—With a factor of safety of 4, the breaking load is 
120,000 Ib; d =47@;r= é. and/=8xX12= 96in. Hence, sub- 


stituting in the parabola formula, 


120,000 _ 96 
7 = 34,000 — .43 7 
—s 4 


Clearing of fractions, and solving for @’, 
_ 480,000 + 199,197. 


a 2.2) ieee ATS, 
dt = Ss aie aL 
Now, c = x at = 152. This value is less than the limit given in 


Table III; hence, it was proper to use the parabola formula. 


TORSION 


42, Twisting Moment.—A shaft, when in use, is sub- 
jected to forces that twist and bend it; and it is also some- 
times compressed. For the present, only the twisting effect 
is considered. 

By twisting moment at a section of a shaft is meant the 
algebraic sum of the moments, about the axis of the shaft, 
of all the forces applied to the shaft on either side of the 
section. No particular rule for signs is used, except that 
moments in opposite directions are given opposite signs. 
It can be proved that the twisting moment at any section of 
a shaft at rest or rotating at constant speed, whether com- 
puted from the forces on the right or from those on the left, 
is the same numerically. 

It is customary to express twisting moments in inch- 
pounds. It may be convenient to compute the moments 
of the forces in foot-pounds, and then reduce their sum to 


inch-pounds. The letter 7 will be used to denote twisting 
moment. 


EXAMPLE.—Suppose that the moments of the belt tensions repre- 
sented in Fig. 20 about the shaft axis are, respectively, 4,000, —500, 
— 600, —6,800, —1,000, —700, and —400 foot-pounds, beginning from 
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the left. Each moment is obtained by multiplying the corresponding 
force by the distance of its line of action from the axis. It is assumed 
that all forces, although acting at the surface of the shaft or pulleys, 


Fic. 20 
are perpendicular to the axis. What is the value of the twisting 
moment at any section of the shaft? 


SoLution.—The forces on either side of a section consist of the 
belt pulls, the weight of the shafting and pulleys on that side, and 
the reactions of the bearings. The weights have no moment about 
the axis of the shaft. If the shaft is turning, the frictional parts of the 
reactions have moments, but these are small and negligible. Hence, 
the pulls only are considered in computing twisting moment. At any 
section between the first and second pulleys, 7 = 4,000 ft.-lb.; between - 
the second and third pulleys, 7 = 4,000 — 500 = 3,500 ft.-lb.; between 
the third and fourth pulleys, 7 = 4,000 — 500 — 600 = 2,900 ft.-lb., etc. 


43. Torsional Stress.—When two cylinders placed end 
to end are pressed together, and then subjected to twisting 
forces in opposite directions, there is a tendency to slip, 
which, if the pressure is large enough, is prevented by the 
friction between the cylinders. Just so in a solid cylinder: 
when it is twisted, there is a ten- 
dency for the parts on each side of 
a cross-section to slip or slide on 
each other, and the slipping is 
prevented by the stresses at the 
section. 

If the cylinder is circular in 
eross-section, solid or hollow, and 
the applied forces tend only to 
twist it, the stress in each cross- 
section is a shear. This shear, ages 2) 
which is called torsional or twisting stress, is not uni- 
formly distributed, but ¢¢s zwtenstty varies as the distance from 
the axts of the shatt. 
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44, Twisting Resisting Moment.—By the twisting 
resisting moment at a section is meant the sum of the 
moments of the shearing stresses on all the small parts of 
the section about the axis of the shaft. 

Let ai, a2, a, etc., Fig. 21, be small areas in the section of 
a shaft; 2,, 22, 2, etc., the distances of these areas from the 
axiS; 5,, 52, Sa, etc., the intensities of stress at these distances; 
S,,.S:, S3, etc., the total stresses at the small areas; and f, the 
intensity of stress in the outermost fiber, whose distance 


from the center is 4 denoting the diameter of the shaft by d. 


Then, according to the principle stated in the last article, 
the intensity of stress at unit’s distance from the axis is 


d hie 
f+-— = —, and 
9 an 
So atx Cay Sa atx 24; Sa = atx 23; CLC: 
Also, 
S= as = atx Cr ai atx Cision hie 


The moments of these stresses about the axis are, 


respectively, 


Sia = atx On? Spey = atx One etC. 


and their sum is 

Phe 2 2 2 ui 

—< (ai2; a Ob, ae US ae . ee ee Seat 

a d 

As the areas a are made smaller and smaller, or their num- 

ber increased, +'az’ finally becomes the polar moment of 
inertia of the section about the axis (see Art. 11), and 
hie ee ata ee 
ee becomes the twisting resisting moment of the 


section. Denoting the polar moment by J, the resisting 


aye é a A 
moment is a: x J; and, since this is equal to the twisting 


moment 7 of the external forces, the following fundamental 
formula is obtained 


x J (1) 
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If for fis substituted the ultimate shearing stress s, of the 
material, formula 1 gives the torsional strength of the 
shaft; namely, 


i pee 25s, x v5 (2) 
a 
45. Fora solid circular shatt, 
mz d* TSO 
pp ee: eee Pe eE 
BG! and’ 7 As (1) 


For a hollow circular shaft, in which d, and d, denote, 

respectively, the outside and the inside diameter, 
Fe nd T= EMSS) (9) 
32 16d, 

46. For a square shaft, the law of variation of the shear- 
ing stress is not so simple as for circular shafts. The 
greatest value of the intensity of shearing stress occurs at 
the middle of the sides of the square. ‘The strength of the 
shaft is given by the following formula, in which d denotes 
one side of the cross-section: 

Te Sd. 
9) 

EXxAMPLE.—A hollow shaft whose inner and outer diameters are 
4 and 10 inches, respectively, is subjected to a twisting moment of 
250,000 foot-pounds. What is the value of the maximum shearing 
stress? 


SoLuTION.—From formula 2 of Art. 45, 
ee ln, 

near (a — as) 

Here, 7 = 250,000 x 12 = 3,000,000 in.-lb.; d, = 10; d, = 4. Sub- 

stituting in the foregoing equation, 

a 16 X 3,000,000 K 10 _ 

Serer state (104 = 44). (0 > 


15,680 lb. per sq. in. Ans. 


47. Torsional Stiffness: Angle of Torsion.—When 
a shaft is transmitting power, it is twisted, and the pulleys 
on it turn slightly with respect to each other. The amount 
of this twisting depends on the stiffness or rigidity, and not 
on the strength of the material. Large amounts of twist in 
a shaft are objectionable; hence, stiffness rather than strength 
may determine the size of the shaft. Rules for designing 
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are based on experience rather than on theory, and do not 
fall within the scope of this Course. 


48. In any shaft in which the twisting moment is con- 
stant, a line on its surface, as mm, Fig. 22, which is parallel 
to the axis before twisting, takes a form such as mx 
after twisting. The line s/n is a helix if the stress does 
not exceed the elastic limit. If a piece of tracing paper 
were wrapped about the cylinder, and the lines m2 and m’ 
traced on it, they would be found to be straight whén the 
paper is laid out flat. The angle between the two lines is 
called the helix angle, and that between the two lines om 
and om’ is called the angle of torsion. Fora solid circular 
shaft, the angle of torsion a (degrees), Fig. 22, for any section 


L l LS 
Fic. 22 
distant / from the end x of the shaft is given by the formula 
a = 02160 Te 
To Fea 


in which & is the shearing modulus of elasticity. 


Nore.—The last formula is the basis of the method for determining 
the shearing modulus of elasticity of any material. A specimen of 
the material is twisted, and the angle of torsion and the twisting 
moment are measured. ‘These values and those of / and d are next 
substituted in the formula, which is then solved for 4. 

EXAMPLE.—What is the angle of torsion for a 20-foot length of a 
wrought-iron shaft whose diameter is 3 inches, when it is subjected 
to a twisting moment of 17,500 inch-pounds? 

SoLution.—Here 7 = 17,500; / = 20 xX 12 = 240; # = 10,000,000 
(Strength of Materials, Part 1); and d= 3. Substituting in the 
formula, 

pogo 5,760 < 17,500 « 240 
3.1416? & 10,000,000 x 3* 


49. Bending of Shafts.—The foregoing formulas do 
not take into account the bending of the shaft; hence, for 
long shafts carrying loads, such as pulleys between sup- 
ports, they should not be used. Where shafts are subjected 
to bending only, they are treated as beams, although they 


= a ACs 


§ 35 STRENGTH OF MATERIALS 41 


may rotate. The formulas for beams apply directly to such 
cases, but not to cases in which there is combined bending and 
torsion. In the latter case, an equivalent twisting moment 
may be found, by the use of advanced mathematics, that will 
take the place of the twisting and bending moments combined. 
Let M = bending moment for any section; 
7 = twisting moment for same section; 
7, = equivalent twisting moment. 


Then, RAMAN ST 


EXAMPLES FOR PRACTICE 


1. If the twisting moment in a solid circular wrought-iron shaft 
is 2,500 foot-pounds, what should be its diameter? Use a factor of 
safety of 10. Ans. 33 in. 


2. What is the angle of torsion for a 12-foot length of wrought-iron 
shaft whose diameter is 6 inches, when it is subjected to a.twisting 
moment of 18,000 foot-pounds? Ans. 1.4° 


3. A hollow cast-iron shaft has an outside diameter of 8 inches 
and a thickness of 1 inch. If the twisting moment that the shaft can 
safely sustain is 80,000 inch-pounds, what is the factor of safety? 

Ans? 


STRENGTH OF ROPES AND CHAINS 


ROPES 

50. Hempand Manila Ropes.—The strength of hemp 
and manila ropes varies greatly, depending not so much 
on the material and area of cross-section as on the method of 
manufacture and the amount of twisting. 

Hemp ropes are about 25 to 30 per cent. stronger than 
manila ropes or tarred hemp ropes. Ropes laid with tar 
wear better than those laid without tar, but their strength 
and flexibility are greatly reduced. For most purposes, the 
following formula may be used for the safe working load of 
any of the three ropes mentioned above: 


P = 100C’ (1) 
in which P = working load, in pounds; 
C = circumference of the rope, in inches. 
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This formula gives a factor of safety of from 72 for manila 
or tarred hemp rope to about 11 for the best three-strand 
hemp rope. 

When the load P is given, the circumference is obtained 
by the formula = 

P 
Oa: (2) 

When excessive wear is likely to occur, it is better to 
make the circumference of the rope considerably larger 
than that given by formula 2. 


51. Wire Ropes.—Wire rope is made by twisting a 
number of wires (usually nineteen) together into a strand, 
and then twisting several strands (usually seven) together 
to form the rope. Wire rope is very much stronger than 
hemp rope, and may be much smaller in size to carry the 
same load. 

For iron-wire rope of seven strands, nineteen wires to the 
strand, the following formula may be used, the letters having 
the same meaning as in the formula in the preceding article: 

P= 2600IG- Gy) 

Steel-wire ropes should be made of the best quality of 
steel wire; when so made, they are superior to the best iron- 
wire ropes. If made from an inferior quality of steel wire, 
the ropes are not so good as the better class of iron-wire 
ropés. When substituting steel for iron ropes, the object in 
view should be to gain an increase of wear rather than to 
reduce the size. The following formula may be used in 
computing the size or working strength of the best steel- 
wire rope, seven strands, nineteen wires to the strand: 


P= eh OOO (2) 


Formulas 1 and 2 are based on a factor of safety of 6. 


52. Long Ropes.—When using ropes for the purpose of 
raising loads to a considerable height, the weight of the rope 
itself must also be considered and added to the load. The 
weight of the rope per running foot, for different sizes, may 
be obtained from the manufacturer’s catalog. 
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EXAMPLE 1.—What should be the allowable working load of an 
iron-wire rope whose circumference is 6% inches? The weight of the 
rope is not to be considered. 


SoLutTion.—Using formula 1 of Art. 51, 
JE = EON) (GA = ZEISS Ne, Aas, 


EXAMPLE 2.—The working load, including the weight, of a hemp 
rope is to be 900 pounds. What should be its circumference? 


SoLuTIon.—Using formula 2 of Art. 50, 


Ome SATIS: 


53. Size of Ropes.—In measuring ropes, the circum- 
ference is used instead of the diameter, because the ropes are 
not round and the circumference is not equal to 8.1416 times 
the diameter. For three strands, the circumference is about 
2.86 d; for seven strands, it is about 3 d, d being the diameter. 


CHAINS 


54. The size of a chain is always specified by giving 
the diameter of the iron from which the links are made. 
The two kinds of chain most 
generally used are the open- 
link chain and the stud-link 
chain. The former is shown in 
Fig. 23 (a), and the latter in 
Fig. 23 (6). The stud prevents 
the two sides of a link from 
coming together when under a 
heavy pull, and thus strengthens 
the chain. 

It is good practice to anneal 
old chains that have become 
brittle by overstraining. This (a) i 
renders them less liable to snap Po 
from sudden jerks. The annealing process reduces their 
tensile strength, but increases their toughness and ductility 
—two qualities that are sometimes more important than 


mere strength. 
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Let P = safe load, in pounds; 
d = diameter of link, in inches. 
Then, for open-link chains, made from a good. quality of 
wrought iron, 
PS 2,000 (1) 
and, for stud-link chains, 
P = 18,000 @ (2) 
EXAMPLE 1.—What load will be safely sustained by a 3-inch open- 
link chain? 


SoLution.—Using formula 1, 
2 
P= 120007 = 2.0005 < ({) = 6,750 lb. Ans. 
EXAMPLE 2.—What must be the diameter of a stud-link chain to 
carry a load of 28,125 pounds? 


SOLUTION.—Solving formula 2 for d, 


: (ee eee 
a View = Vis.000 = lz in. Ans. 


HYDRAULICS 


(PART) 


FLOW OF WATER THROUGH ORIFICES 
AND TUBES 


FUNDAMENTAL FACTS AND PRINCIPLES 


1. Introduction.—In hydrostatics, the principles 
deduced for perfect liquids apply with very little error to 
liquids that are more or less imperfect. Thus, the laws 
relating to pressure on surfaces are scarcely affected by the 
viscosity of the liquid; and, so long as the liquid is at rest or 
moving very slowly, internal friction, or viscosity, may be 
neglected. But in dealing with the flow of liquids, which 
is the province of hydraulics, the viscosity becomes of great 
importance. Formulas derived for the flow of ideally per- 
fect liquids must be modified to take account of the internal 
friction due to eddies, cross-currents, friction between the 
liquid and the walls of the enclosing pipe or conduit, etc. 

In the study of hydraulics, therefore, the following method 
is adopted: (1) Formulas for flow are deduced on the 
‘assumption that the liquid is perfect. These formulas are 
called rational formulas. (2) In order to obtain results 
that will apply to imperfect liquids, and take into account all 
the conditions of actual flow, rational formulas are modified 
by introducing into them certain numbers determined by 
experiment. Such numbers are called empirical constants, 
and the resulting modified formulas are called empirical 


formulas. 
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As hydraulics is thus largely a matter of empirical con- 
stants, it is not to be expected that problems on the flow of 
water can be solved with the same accuracy as problems in 
interest or mensuration. The calculated result of the flow 
through an orifice or over a weir is likely to be in error by 
from 1 to 8 per cent.; that for the flow in a long pipe, by 
5 per cent.; and that for the flow in a channel or conduit, 
perhaps by 5 to 10 per cent. 


2. Discharge, Velocity, and Cross-Section. 
Assume water to flow through a pipe, and the pipe to be 
full. Let / denote the area of a cross-section of the pipe, 
and Q the volume of water flowing past this cross-section 
in a second. The volume or quantity QO is called the dis- 
charge of the pipe. If all the particles move past the sec- 
tion / with the same velocity v, it is evident that the quantity 
passing in 1 second is equal to the volume of a prism or 
cylinder whose base is “ and whose length is v; hence, 

QD = It 

In this and subsequent formulas given in this Section, 
F will express the area, in square feet; v, the velocity, in 
feet per second; Q, the discharge, in cubic feet per second; 
and f#, the height, or head, in feet. 

Actually, the particles of water passing through any sec- 
tion will have different velocities, those near the walls 


Fic. 1 


of the pipe moving more slowly than those near the center. 
The formula just given may, however, be used, with the 
understanding that v signifies the mean velocity of the flow. 
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3. If the area of the pipe varies, as shown in Fig. 1, the 
mean velocities at different sections will vary. Since water 
is practically incompressible, the same quantity must flow 
through each section per unit of time; hence, denoting the 
areas of the cross-sections at 4, B, and C by /,, F&, and F., 
respectively, we must have 

Ot I 70, OO = Lui O £705 
whence Lp Dig dy U5 Sem Te O 
ee. Weeds Oh Ei) Use, 


Dee Le Ey Oe 8 FR 
These last equations show that fhe velocities at any two cross- 
sections are inversely as the areas of those cross-sections. This is 
a fundamental principle, and should be memorized. 


4, Energy of Water.—As explained in Kinematics and 
Kinetics, a body has energy when it is capable of doing 
work, and energy may be either kinetic or potential. 

A mass of liquid may possess a store of energy due either 
to its motion, its position, or the pressure to which it is sub- 
jected. If it is in motion, as in a stream or river, it has 
kinetic energy; if it is in motion and at the same time under 
pressure, as in a waterworks pipe line, it has, in addition to 
the kinetic energy due to its velocity, a certain potential 
energy due to the pressure and called pressure energy. 
Finally, if the liquid is at a certain elevation above a level 
that it eventually reaches, it has another form of potential 
energy, called energy of position; water in a stand pipe 
is an example. 


5. The relation between the different kinds of energy may 
be explained with the aid of Fig.2. The tank mm is filled with 
water to the level a, which is “ feet above the reference 
level 6. Let any intermediate level, as c, be chosen at ran- 
dom. With the leg 2 two cylinders are connected, one at the 
level 6 and the other atc. Assume the water to be entirely 
at rest. A weight consisting of W pounds of water lying at 
the upper level a has energy of position, the amount of 
which is easily found. In descending to the reference level 4, 
the weight W acts through a distance #; hence, its capacity 
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for work, referred to the level 4, is Wh. This weight W at 
the upper level has no pressure energy, since the gauge 
pressure at the surface is zero (the atmospheric pressure is 
neglected), and it has no kinetic energy, since it is at rest. 
Consider, now, a mass of water of weight W at the refer- 
ence level 6in the leg x. This water has no energy of posi- 
tion, for it is already at the lower level, and can fall no 
farther. It is, however, subjected to a pressure due to the 
head #, and, because of that pressure, may be made to do 
work. Suppose a valve to be opened into the cylinder e; 
then, the water will enter the cylinder, and, because of its 


—_—Wh— 


(6) 


Bre, 2 


pressure, will overcome a resistance P, and push the piston x 
to the right. When the weight W has entered the cylinder, 
let the valve be closed and let a second valve opening to 
the atmosphere be opened. The gauge pressure in the 
cylinder is now zero, the velocity is zero, and the distance 
of the mass of water above the level 6 is zero; hence, its 
total energy is zero, and the energy it had before entering 
the cylinder is precisely equal to the work done on the piston. 
This work is calculated as follows: The volume of the 


weight W that enters the cylinder is seg cubic feet, taking 
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the weight of 1 cubic foot of water as 62.5 pounds. Let 4 
denote the piston area, in square inches, and Z the distance, 
in feet, traveled by the piston; then, the volume swept 


through by the piston is (4 x ) cubic feet; and, since 


144 
this is also the volume of the entering water, 
oils ey VU, 
144 62.5’ 
144 age 62.5 
h ade ee ——=, 
whence x 62.5 “434 since 144 434 


The pressure # at the level J is .484 4 pounds per square 
inch (see Aydrostatics). The total pressure on the piston 
is f A, and the work done by this force 64 pounds acting 
through the distance Z feet is 

PAL = AB4/hX a = Wh foot-pounds 

It appears, therefore, that the energy of W pounds at the 
level 6 due to the pressure is the same as that of W pounds 
at the level a due to position. 

It is more convenient in subsequent formulas to express 
the pressure energy in terms of the intensity of pressure. 
As shown in Aydrostatics, the intensity of pressure / due to 
a head of f# feet is equal to wh pounds per square inch, 
where w( = .484 pound) is the weight of 12 cubic inches of 
water. Therefore, 

py 


w 
and i= W x © 
Hence, to find the pressure energy, in foot-pounds, of a 
given weight of liquid, multiply the weight, in pounds, by 
the pressure, in pounds per square inch, and divide the 
result by the weight of 12 cubic inches of the liquid. 
Take, now, a mass of water at the intermediate level c. 
If the liquid is allowed to enter the cylinder /, it will do work 
on the piston because of its pressure; and, as just shown, the 
amount of this pressure energy is WA, foot-pounds. But, 
on leaving the cylinder /, the water can still do the work 
W hz in falling to the level 4; that is, it has energy of 


elaei goo 8 
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position equal to WA, foot-pounds. The sum of the two 
is Wh, + Wh, or W(A, + A,); that is, Wh foot-pounds. 

It appears, then, that, if the water is at rest, the energy of 
a given mass with reference to the level 4 is the same at 
all levels. At the upper level a, the energy is all due to 
position; passing downwards from a to @, the energy of the 
position decreases and the pressure energy increases, until 
at the level 6 the entire energy is pressure energy. 


6. The change from one form of energy to another may 
be represented graphically as in Fig. 2 (4). The rectangle 
ABCD is drawn with AB in the level a and CD in the 
level 4. The constant width represents the constant energy 
Wh. The diagonal BD is drawn; then, the horizontal inter- 
cepts between 4 D and BD represent the energy of position 
at different levels, while those between &D and AC repre- 
sent the corresponding pressure energy. ‘Thus, for the levelc, 

EF = energy of position = Wh, 
FG = pressure energy = Wh, 

Similarly, for the level d, HK and AZ represent, respect- 

ively, the energy of position and the pressure energy. 


7. In case of a stream of freely falling water, there isa 
similar change from energy of position to kinetic energy. 
In Fig. 2, 17.V shows such a stream. At MW, the weight W 
of a mass of liquid about to fall has a potential energy of 
Wh foot-pounds, with reference to the level 6. The same 
mass at VV has no longer any energy of position, but has 
acquired kinetic energy, due to the velocity of its fall. 
Now, it was shown in AZznematics and Kinetics that a body 
weighing W pounds and moving with a velocity of v feet. 


per second has a kinetic energy a also, that the velocity v 
v4 


of a body falling freely through a distance # is equal to 


\2e¢h, and, therefore, v7? = 2gh. Let K represent the 
kinetic energy of the body after it has fallen through the 
Gistance h. Then, 
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At the intermediate level c, the velocity of the falling 
water is V2¢h,, and the kinetic energy is WA,. The energy 
of positionis Wh,. The totalenergy is Wh,+ Wh, = Wh. 
Fig. 2 (6) represents also this change from energy of posi- 
tion to kinetic energy. The decreasing intercepts between 
4Dand &D give the decreasing energies due to position; 
while the increasing intercepts between & D and B&C repre- 


sent the increasing kinetic energy. 


BERNOULLI?S LAW FOR FRICTIONLESS FLOW 


8. Statement of Bernoulli’s Law.—The energy 
possessed by a mass of liquid may be expended in two ways: 
(1) useful work may be done by the liquid, as exemplified in 
waterwheels and hydraulic engines; (2) work may be done 
in overcoming various frictional resistances. In either case, 
the loss of energy is 
equivalent to the 222222 
work done. SS 

In the-Case of a 
liquid merely flowing 
in a pipe or channel, 
there is no work done 
on other bodies—no 
wheels turned, no ( 
pistons moved—and, 
if it is assumed that | 
the liquid is friction- | 
less, no energy is | 
expended in friction. 2 
It follows that during 
the flow the amount of energy remains constant, and at every 
cross-section the energy of a given mass of liquid is the 
same. This statement is Bernoull2’s law, without friction. 

In Fig. 3, water flows from a tank through a pipe of 
varying cross-section. The level 6 through the end of the 
pipe is taken as the reference level or datum plane. Consider 
any section 4 of the pipe, and assume the velocity at that 


yh 
CAMTALH 


Yy 


8 HYDRAULICS § 36 


section to be v,; denote the mean height of this section above 
the reference level by 4,,-and let /, indicate the gauge 
pressure. At this section, a mass of water of weight W has 
energies as follows: 


Energy of position = Wh, 

res Si Wo, 

Kinetic energy = —— 
22 

Pressure energy = WP: 


The total energy # at this section is, therefore, 


B= Wh+ Wx dis Wxb = Who +2) 
2g w 22. eae 


Similarly, at section B, 
jo wh Lie +?s); 
22 w 
According to Bernoulli’s law, the energy at B is the same 
as at 4; hence, 


wn fee ) = Wh ees é); 
w £ Ww 


22 2 
whence yy, Sees Rs pi Bae iis Ease Pp» 
22 w 2¢ w 


9. Velocity Head and Pressure Head.—In the fore- 
going equation, #, and #, are heads or distances; f, is the 
distance of section 4A above the level 6, and h, that of sec- 
tion B above the same level. It is convenient to give toa 
height above the reference level, as #, or h., the name 


> represents the height that a 
ay 


potential head. The term 


body must fall from rest in order to attain the velocity v,; 
this height is called the velocity head. The term Pr repre- 
w 

sents the head necessary to produce the pressure of J, pounds 
per square inch (see Art. 5); hence, this term is known as 
the pressure head. 

Bernoulli’s law may now be stated as follows: 

In the flow of a constant quantity of water through a pipe or 
channel, with friction disregarded, the sum of the potential head, 
velocity head, and pressure head ts the same at all sections. 
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It will be observed that each of the heads here defined, 
when multiplied by the weight W, gives energy in one form 
or another. Thus, 

W X potential head = energy of position 
W X velocity head = kinetic energy 
W X pressure head = pressure energy 

The constant sum of the three heads is readily determined 
for acase like that shown in Fig. 8, in which the liquid surface 
has a free surface. At the level a, v = 0, and p = 0; hence, 
the velocity and pressure heads are both equal to zero, and 
the sum of the three heads is merely the head /, the height 
of the level a above the reference level. This head % is 
called the hydrostatic head, or, more commonly, the static 
head; hence, for any section the sum of the three heads is 
equal to the static head, with reference to the datum level 3d. 


EXAMPLE.—In Fig. 3, 4 = 40 feet, 2, = 12 feet, and 4, = 8 feet. 
The area of the section C through which the water is discharging is 
36 square inches, and the areas of the sections 4 and B are, respect- 
ively, 60 square inches and 180 square inches. The flow is uniform, 
and is assumed to be frictionless. Required the quantity discharged 
and the velocity and pressure heads at sections 4 and BZ. 


SoLutrion.—The tank is so large, compared with the pipe, that it 
may be assumed without any appreciable error that the water at the 
level a has no velocity; hence, at a the velocity head is zero; the pres- 
sure head is also zero, and the potential head, with reference to the 
level c, is #. At c, the pressure head is zero, since the water dis- 
charges freely into the atmosphere; the potential head, with reference 


, as. F 
to the level c, is also zero; and the velocity head is ra According to 


Bernoulli’s law, the sum of the heads at a must be equal to the sum 
of the heads at c; that is, 2 
poet 
22” 
whence 


v, =VW2eh = V2 X 32.16 X 40 = 50.7 ft. per sec. 
From the formula in Art. 2, 
O = F.v, = & X 50.7 = 12.7 cu. ft. per sec., nearly. Ans. 
The velocities along the pipe vary inversely as the areas of the 
sections (Art. 3); hgnce, 


vi = Us) x -s = 50.7 X #8 = 30.42 ft. per sec. 
UE Ter a aS 
and UV, = Us X = = 50.7 X Yeo = 10.14 ft. per sec. 
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The corresponding velocity heads are 


2 ‘ 492 
al ge SO SEE Tie eee 
2E¢ 2S 3216 
U» 10145 ee 

and oe — 2x 39.16 > IEG ett ens: 


The sum of the three heads for all sections is 40 ft. Hence, at 
section A, the pressure head is 


Cae 


10S 4)= 5 = 40 12° 144s = 1316 ft.) Ans; 
2g 


and at section B# it is 
40 — 8 — 1.6 = 30-4 ft. Ans. 


10. Piezometric Measurements.—In Fig. 4, which 
is a reproduction of Fig. 1, is shown a horizontal pipe 


discharging into the atmosphere. Taking the axis of 
the pipe as the reference level, the potential heads at that 
level are all zero, and, therefore, the last equation of 
Art. 8 becomes 

the Ps = ET —h 

De 2 Ie ane, 

That is, the sum of the velocity head and pressure head is 
equal to the static head at the level of the axis of the pipe. 
At the sections 4, B, and C, tubes a, 6, and ¢ are inserted in 
the pipe. If the end of the pipe is stopped so that there is 
no flow, the water will rise in the tubes until it reaches the 
level of the water in the tank. As soon, however, as the 
pipe is opened and flow begins, the water falls in the tubes. 

Let “./ be the height of the water in the tube a above 
the reference level. This is evidently the pressure head at 
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section 4. If the velocity at this section is denoted by z,, 
the last equation of Art. 8 gives 


h =— Va" Py 
2g a4 
whence ee Pe pet 


denoting by /,’’ the velocity head at 4. 

The same reasoning applies to the other tubes. In each 
case, the height of the water in the tube measures the pres- 
sure head for the section, and the difference between the 
level in the tube and the level in the reservoir or tank 
measures the velocity head. 

Where the cross-section has the greatest area the velocity 
of flow is least, and in consequence the velocity head is least 
and the pressure head is greatest; and, vice versa, at the 
smallest section the velocity and velocity head are greatest 
and the pressure head is therefore least. 


11. A gauge or tube inserted in a pipe to show the pres- 
sure of the water is called a piezometer. When a piez- 
ometer is to be placed in a pipe through which water is 
flowing, the tube should always be so inserted as to be at 
right angles to the current in the pipe, as shown at a, Fig. 5. 


Fie. 5 


For, if the tube is so inclined that the current flows against 
the end, as shown at 3, the action of the current will force 
the water into the tube, and cause it to rise higher than the 
head due to the pressure; and, if inclined in the opposite 
direction, as at c, the action of the current will reduce the 
indicated pressure. The end of the tube should be made 
smooth and flush with the inner surface of the pipe. While 
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it is usual to tap the tube into the top of the pipe, it is 
advisable for accurate measurements to connect tubes with 
the sides and bottom also. Results obtained from piez- 
ometer measurements are liable to some uncertainty. 
EXAMPLE.—The velocities va, Ys, and v7, Fig. 4, being, respectively, 


30, 5, and 16 feet per second, and the static head /, 20 feet, required 
the velocity head and height of water in the tube at each section. 


SoLution.—The three velocity heads are 


ee 30? 
h,!' = OE Ge 3016s 14 ft. Ans. 
7 

hh,’ = 2x 39.16 =, o0 fte vAnS. 
hf! = — es = 9.98 ft. Ans 
i QXGO2 PLO : ; ‘ 

In tube a, hh, =) 20) — 14 =)6 ft2) Ans: 
In tube 6, ii! = 20 —.89) = 10615 ft Ans: 
In tube c, hk/ = 20.— 3.98 = 16.02 ft. Ans. 


12. Remarks on Bernoulli’s Law.—-Bernoulli’s law 
without friction is the basis of all the formulas for the flow 
of water through orifices, weirs, and short tubes. In these 
cases, the friction between the liquid and the enclosing 
surfaces is very small in comparison with the other quan- 
tities that enter the calculation. 

In the case of flow in lony pipes, channels, streams, etc., 
the friction becomes a very important factor, and Bernoulli’s 
law must be modified accordingly. This modified form will 
be taken up with the flow of water in long pipes, channels, 
and streams. 


FLOW OF WATER THROUGH ORIFICES 


THEORETICAL VELOCITY AND DISCHARGE 


15. Flow Through a Small Orifice Into the Atmos- 
phere.—In Fig. 6, it is assumed that the vessel is kept full 
to the level a. Openings, or orifices, are made at the 
levels m, 6, and c. These orifices are supposed to be so 
small, compared with their distances below the surface, that 
their dimensions may be neglected. The head on any of 
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them may, therefore, be taken as the distance of any part of 
it from the surface. 

If the level of any orifice whose head is 4 is taken as a 
plane of reference, and the water is assumed to discharge 
freely into the atmosphere with a velocity v, both the poten- 
tial and the pressure head are 
equal to zero; and, therefore, 


the velocity head ’ must be 
2g 


equal to the static head h 
(Art. 9); that is, 


whence A am 
Ta V2 2h (1) 

This value of wv is called the # 
theoretical velocity of efflux 
through the orifice. Owing to 
friction and other resistances, 
the actual velocity is a little 
less than the theoretical, as will be explained in another place. 
It will be observed that the theoretical velocity of efflux 
through a small orifice is the same as the velocity of a body 
falling freely in a vacuum through a distance equal to the 
head on the orifice. KS 

Using the value 32.16 for g, or 8.02 for v2¢, formula 1 
may be written 


Fic. 6 


v = 8.02Vz (2) 
Also, the head / necessary to produce a velocity v is given 
by the formula 


eo ae 565%" (8B) 
2g 2X 32.16 


14. Flow Under Pressure.—In Fig. 7, the water at 
the upper level a is loaded with a weight W, which produces 
a pressure on the surface of the liquid. The water flows 
through the orifice v into a second vessel, in which the liquid 
level c is #, feet above the orifice. To determine the 
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theoretical velocity of discharge through the orifice, the level 6 

is taken as the reference level, and, applying Bernoulli’s law, 

it is found that, at the level a, the potential head is #,, the 
/ 

velocity head is zero, and the pressure head is ee where 7 

denotes the pressure per square inch on the water surface 

due to the weight W. If Fis the area of the liquid sur- 


face, p’ is equal to = For 


the jet emerging from the 
orifice, the potential head is 
zero, the velocity head is 
ae and the pressure head 
2g 

is #,. From the last equa- 
tion of Art. 8, 


/ 2 
EUS Ae! Bayt 
w 29 
whence 
vu p' 
Fic. 7 Oe = ~ Se hy = h, 


Let /’ denote the head that gives the pressure f’; then, 


OOS A pea ee 
2g 


< 


and vy = V2¢(h! +h.) = 8.02 vil + hy ‘oy 
If the jet discharges into the atmosphere, as in Fig. 6, 
1 ge Ray He 
and, therefore, vy = 8.02 VA + h, (2) 

On the other hand, if there is no extra pressure on the 
surface at a, and the jet still discharges into the atmosphere, 
ht BOL ha = nh = 

and v = 8.02 Vh,, 
wnich is the same as formula 2, Art. 138. 


EXAMPLE.—Let the area of the liquid surface at a, Fig. 7, be 
5 square feet, and let W equal 2 tons. The orifice o is 20 feet below 
the level a and 8 feet below the level c. (a) Find the velocity of flow 
through the orifice. (4) Find the velocity of flow at the level 4, the 
discharge being into the atmosphere. 
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SoLutTion.—(qa) The external pressure is 

2,000 x 2 

5X 144 

and from the equation in Hydrostatics, h = 2.304 p, the corresponding 

head’ 7 isi2-304 x 0.06\— 12:8 ft; 2; = 20, 2. = 8) and fs = 20 — 8 = 12. 
From formula 1, 


v = 8.02VA' +h. = 8.02V12.8 + 12 = 39.94 ft. per sec. Ans. 
(6) From formula 2, 


v = 8.02VA’ + h, = 8.02 V12.8 + 20 = 45.93 ft. per sec. Ans. 


15. Large Orifice in Bottom of Vessel.—If the 
dimensions of the orifice are large compared with those of 
the enclosing vessel, the formula for the theoretical velocity 
of efflux is obtained as follows: Let a denote the area of the 
orifice, and 4 the area of the liquid surface at the upper 
level (see Fig. 8). Further, let wv denote the velocity 
through the orifice, and wv, the velocity with 
which the water at the upper surface . 
descends. According to Art. 3, the veloci- 
ties are inversely as the areas; that is, 


= 6.56 lb. per sq. in. 


owe Las, 

Vv i 

a 

whence Uo — 
A 


The velocity head at the upper level is, 
therefore, 


ae 
as a de eS tall 

5g  2Be = Bee 

As in the example in Art. 9, the pressure heads are both 
zero, and the potential head at the orifice is zero, while at 
the surface it is 2. The last equation of Art. 8 becomes, 


therefore, 


2 


pe = Oa + 0, 


2g 2g 
penal Bet 
Se a 294° 2¢g 
h 
whence pee 8.02 
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2 
If A is more than twenty times a, the factor a in the 


formula just given may be neglected, and the formula 
v= V2 gh may be used. 


EXxAMPLE.—A vessel has a rectangular cross-section, 11 in. X14 in., 
and the upper surface of the water is 14 feet above the bottom. If an 
orifice 4 inches square is made in the bottom of the vessel, what is the 
velocity of efflux? 

SoLUTION.—The area of the cross-section is 14X11=154 sq. in. The 
area of the orifice is 4X4=16 sq. in. Since 154+16=93, the area of 
the base is less than twenty times the area of the orifice; hence, using the 


formula 


y=8.02/-—"4, ), = 30.17 ft. per sec, Ans. 


16. Large Orifice in Side of Vessel.—When the 
dimensions of the orifice are large, and the orifice is in the 
side of the vessel, as shown in Fig. 9, the head is different 
for different parts of 
the orifice, and conse- 
quently the theoretical 
velocity varies at 


—__— 


SS=S=7- 
z 


MMU 


TLL 


——— EGA ZN . . 
== Z 2 different parts of the ori- 
SSS “ WAN RN fice. Thus, at the top, 

SSS \ » rae 


ine wh ANN Se yal 
\ il iN \ a= V2 gM, while at 
A ea the bottom, Vs = V2 g he. 
\ \ If the mean head h is 
meee j more than about four 
times the vertical 
dimension e, formula 1, Art. 13, gives the mean velocity 
with sufficient exactness, and the discharge is given by the 
combination of the formula in Art. 2 and formula 1, Art. 13; 
thus, 
Q=Fo=FV2gh=8.02FVh (1) 
For a circular orifice, F =} 7 e?, and for a rectangular orifice, 
F=be, denoting the width of the orifice by b. 
When h is less than 4e, a more exact formula for a rect- 
angular orifice is the following: 


Q=2bV2¢(hi—h) (2) 
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17. Let the top of the orifice be at or above the liquid 
level, and let the head on the lower edge be denoted by H, 
as shown in Fig.10. Then, 2, = 0,4, = A, and formula 2, 
Art. 16, becomes 


0 =#62¢H' 


= $6H\2¢H, 
or, since 6Hf = area 
F of orifice, 


O=3F\2¢H 
EXAMPLE 1.—Com- 
pute the theoretical dis- 
charge from a vertical 
circular orifice 6 inches Fic. 10 
in diameter whose center is 9 feet below the water level. 


SoLtuTion.— F = 42d? = .7854 x (7%)? = .19635 sq. ft.; 2 = 9. 


Substituting in formula 1, Art. 16, 
O = 8.02 X .19635 x V9 = 4.72 cu. ft. per sec. Ans. 
EXAMPLE 2.—What is the theoretical discharge for a rectangular 


orifice whose length is 4.5 feet and whose height is 9 inches, the top 
edge being at the level of the water? 


CULL LLL LLL LLL LLL LL 


eae 


SoLuTIon.—To apply the formula, we have / = 4.5 & 3%; = 3.375 sq. 
ft.; HW = 5% = 2 ft. Substituting in the formula, 


1 
O = = xX 3.875 x V2 x 32.16 x 2 = 15.63 cu. ft. per sec. Ans, 


EXAMPLES FOR PRACTICE 

1. The velocities in three parts of a horizontal pipe with varying 
cross-section are 3, 8, and 11 feet per second, respectively. If piezo- 
metric tubes are placed at these three points, determine the height 

of the water in the tubes, assuming that the static head is 26 feet. 
[200 Gs 
Ans. 4 24.00 ft. 
23.12 ft. 
2. A weight of 12.2 tons is placed on the surface of the water con- 
tained in a rectangular box whose cross-section is 10.2 square feet. 
Calculate the velocity of flow through an orifice 9 feet below the surface 
and 1 square inch in cross-section. Ans. 55.15 ft. per sec. 
8. The area of an orifice in the bottom of a rectangular tank is 
2.5 inches square. The surface of the water is 12.5 feet above the 
orifice and the area of the cross-section of the tank is 125 square inches, 
Calculate the velocity of efflux. Ans. 28.39 ft. per sec. 
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4. A 2-inch circular hole is tapped in the side of a stand pipe 
20 feet in diameter and 100 feet high. If the water level is 81.5 feet 
above the orifice, determine the velocity of efflux. 

Ans. 72.4 ft. per sec. 


ACTUAL DISCHARGE THROUGH STANDARD ORIFICES 


18. Standard Orifices.—An orifice is called a stand- 
ard orifice when the flow through it takes place in such a 
manner that the jet touches the 
opening on the inside edge only. 
A hole in a thin plate, as shown in 
Fig. 11, is such an orifice, as is also 
a square-edged hole in the side of 
the vessel, as in Fig. 12, when the 
side is so thin that the jet does 
not touch it beyond the inner edge. 
If the sides of the vessel are very 
thick, a standard orifice can be made by beveling the outer 
edges, as shown in Fig. 13. 

Small quantities of water can be 
measured comparatively accurately 
by means of standardorifices. These 
are usually placed in the vertical 
sides of the tank or reservoir, though 
an orifice may be placed in the 
bottom. The head on the orifice 
should preferably be greater than Bias12 
four times the vertical dimension of the orifice. If measure- 
ments are made carefully, the calcu- 
lated discharge should not vary from 
the actual discharge by more than 
1 or 2 per cent. 


Fic. 11 


19. Contraction of the Jet. 
When a jet issues from a standard 
orifice, it contracts, so that the diam- 
eter is least at a distance from the 
edge equal to about one-half the 
diameter of the orifice. Beyond this point the jet gradually 


Fic. 13 
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enlarges and becomes broken by the effect of the resistance 
of the air. 

The ratio of the area of the smallest section of the jet to 
the area of the orifice is called the coefficient of contrac- 
tion. Let /, and / denote, respectively, the area of the 
contracted section and the area of the orifice; and let c, 
denote the coefficient of contraction; then, 


[Bee 
—— 
WE 
and, therefore, TE IE 


The value of c, is almost the same for all forms of orifice 
and for all heads. The most reliable experiments indicate 
that this value lies between .60 and .64. A probable mean 
value is .62. 


20. Coefficient of Velocity.—Because of the slight 
friction at the edge of the orifice, and also because of the 
internal friction of the water due to contraction, the actual 
velocity of the jet at the smallest cross-section is slightly 
less than the theoretical velocity as calculated by formulas 1 
and 2 of Art. 13. The ratio of the actual velocity to the 
theoretical velocity is called the coefficient of velocity. 
Let this coefficient be denoted by c.; then, if vw, denotes the 
actual and v the theoretical velocity, 


Vv 
a =, 
v 
and, therefore, by irae 


It is found that ¢, is greater for high heads than for low, 
and values ranging from .975 to nearly 1 have been obtained 
by different experimenters. An average value usually taken 
is .98, which means that the actual velocity is but 98 per cent. 
of the theoretical velocity. 


21. Coefficient of Discharge.—The actual discharge 
through an orifice is much less than the theoretical discharge, 
because of the contraction of the jet and also because of 
the diminution of the theoretical velocity. The ratio of the 
actual to the theoretical discharge is called the coefficient 
of discharge. 
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O = theoretical discharge, in cubic feet per second; 
Q, = actual discharge; 
¢; = coefficient of discharge. 
0. 
nein, — ou OO. = 62 


The coettictent of discharge ts equal to the product of the 
coctticient of velocity and the coetticient of contraction. For we 
have (Art. 2) 


Let 


(i = fir, Vo 
or, substituting the values of /, and v, (Arts. 19 and 20), 
ORG PSOE Ser oe 
or, since /'v is equal to the theoretical discharge Q, 


OF Gs S20; 
O07 


whence Ee a Tae IS, Ge (ARCH 


Using for c, and c, the mean values .62 and .98, respectively, 
the last equation becomes 
é, = .62)<".95 = 61 nearly 


22. Formulas for Actual Discharge.—The formulas 
of Arts. 16 and 17 give the theoretical discharge Q for 
vertical orifices. For the actual discharge Q,, it is necessary 
to introduce the coefficient c; in the second member. Pro- 
vided the head is at least four times the vertical dimension 
of the orifice, we have - 

OQ, = 8.02 c,F VA : (1) 

For a circular orifice of diameter d feet, / = .7854 a’, 

and, therefore, EM 
QO. = 8.02 X .7854¢,d?Vh = 6.299 c,d? Vh (2) 
If the orifice is a square whose side is d feet, F = d’, and 


QO. = 8.02 c,d? Vh (3) 
For a rectangular orifice of width 6 and depth d, F = dd, 
and Q. = 8.02c,bdVh (4) 


If the head on the rectangular orifice is less than four 
times the dimension d, the discharge is found by introducing 
c, in the more exact formula 2, Art. 163 that is, 


On= bbe =) 
or Ox SE 9.30 bCs (x,* — n,3) (5) 
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The head 4 in formulas 1, 2, 3, and 4 is measured to the 
center of the orifice, and & and all orifice dimensions are to 
be taken in feet. The quantity Q, will then be given in 
cubic feet per second. The values of c, are to be taken from 
Tables I, II, and III. Experiments show that c, varies with 
the head #, with the kind of orifice, and with the vertical 


TABLE I 
COEFFICIENTS OF DISCHARGE FOR CIRCULAR VERTICAL 
ORIFICES 
Diameter of Orifice, in Feet 
Head 4 
Feet 
.02 .04 <Ove ais aD, 6 I 
4 B62 7a BO24 ale Ors 
6 POSS OZ O MmeOnSa O13 ae OO1e 4508 
8 .648 | .626 155) OLOMr00T | 2594 1.590 
1.0 644.) ...623-4.612' | .608 | .600 | SSO)S || sso 
itis S627 O1Se 608"). 60561 .6008 | 556 1+ 2693 
2.0 6320). .614 i .609+|'-.6046).5001; 507 ‘T6058 
255 FOZ OMe OL 2 aee OOS 00s ee-5OOml 506 145500 
Ba6 O27 mlecO taal O04 003 92.5098 505 \ 2507. 
4.0 502 Gua OOOMIEOO3 1. 002 a es5 00a 507 it 500 
6.0 POLS Me OO aul sOO2 m= .0008) =, 5OS8al=.6O701"1.500 
8.0 IG UAS ee OO5ey. OOM es O00) 925067 |-.506.11 590 
10.0 [OTe W003 | -599 BSOCmess OaneeSOO0 | e505 
20.0 FOI SOOmIE SOM SOON e.500 Im500 | 504 
50.0 596 | .595 | -594 | -594 | -594 | .594 | .593 
100.0 SOG M SOLE e502 =e 5O2ME. 5028 502 | .502 


dimension of the orifice. The tables, which are taken from 
high authorities on hydraulics, apply only to standard orifices. 

In the table of coefficients for rectangular orifices, it will 
be observed that values apply only to an orifice 1 foot wide. 
Experiments show that c, increases somewhat with the 
‘breadth, so that for a breadth much in excess of 1 foot it is 
advisable to increase the tabular value. 

IL T .399—9 
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For approximate calculations, the value of ¢c, in formulas Le 
3, and 4 may be taken as .615. The calculated discharge 
will not vary by more than 3 or 4 per cent. from the actual 
discharge, provided the orifice has a height of not more than 
18 inches nor less than 1 inch, and that the head lies between 
1 foot and 30 feet. 

In the solution of problems, it is entirely permissible to use 
the value of c,; that most nearly fits the given conditions. 


TABLE II 
COEFFICIENTS OF DISCHARGE FOR SQUARE VERTICAL 
ORIFICES 
Side of Square, in Feet 
Head hace 
Feet | 
.02 .04 .07 ok oy sO I 
4 AVS || OS | oa 
6 1660, |) .6363).023f 20a OO hms OS 
8 6525) 62 tN O20— 07 O15mn OOS mrOOOmImNS O77 
1.0 648, |) 2628) |) 61.55) (O02 mil OOSml mE OOT MES OO 
1.5 .641 O22 ai) .O140)) -OUOnln OO Sum OO2 mE OOM 
2.0 .637. | 619 |..6T2) .608-) Gost God Gee Ooe 
2S 634 | .61751...610 |, .607-)) “GORMily. God Menoo2 
3.0 -632 | .61G)) 2609 |||. .607-4))\.605 2.6045) 602 
4:0 | 628.) .6174 |. 608-1) .606.)) 56055) (603 jae o02 
6.0 Revsey || money || Aloxoyy/ || Aol || Acxezi || soe | Gow 
8.0 -619 | .610, | .606.|, 605.) (6048) Gog aeoe2 
10.0 -616 | .608 | .605. | 604) .603. 1) 602. 601 
20.0 .606 | .604 | .602 | .602 | .602 | .601 .600 
50.0 602 | .601 | .601 | .600-| .600 |. .590 | .500 
100.0 -599 | .598 | .598 | .598 | .598 | .598 | .5098 


It is useless refinement to keep more than three significant 
figures in expressing its value, and no more than four figures 
of the final result should be used. 


EXAMPLE 1.—What is the discharge from a circular orifice 14 inches 
in diameter, if the head is 7 feet? 
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TABLE III 


COEFFICIENTS OF DISCHARGE FOR RECTANGULAR 
ORIFICES 1 FOOT WIDE 


Jane Depth of Orifice, in Feet 
of Orifice 
Feet BrZs5 225 35 -75 I 1.5 2 
4 1634" 1.6323 | .622 
6) 7653-4 693-1 <610. |~.674 
8 P0s%. | .693") 618 "| [612 1.608 
1.0 gz eye.OS2ule.0L5 1-602 .606 | .626 
ins .630 | .631 p 618 | “614 .605 | .626 | .628 
2.0 S62O NF 0407) «017° | sO1t | .605° |-.624-1 .630 
ZG fO20°) uo2e- | .016 Ff 611 | .605, 13616! .627 
3.0 27 | 2622 Ole | 64.0) 46051 614! .619 
4.0 FOZA MEE O2A al Olga! O00) |) .OOSe. 612 | L616 
6.0 | .615 | .615 | .609 | .604 | .602 | .606 | .610 
8.0 .609 | .607 | .603 | .602 | .601 | .602 | .604 
10.0 .606 | 26038" |) -00T 601 | .601 | .601 | .602 
20.0 | .601 .601 .601 .602 


SoLuTion.—The diameter of the orifice is .125 ft.; from Table I, the 
coefficient is found to be .600 for an orifice .1 ft. in diameter under a 
head of 6 ft., and the same for a 
head of 8 ft. In the same way, the ==== 
coefficient for a diameter of .2 ft. is 
.598 from 6 ft. to8 ft. head. Hence, 
take c, = .600, as the diameter is 
nearer tty thanw.2) ft. From 
formula 2, 

Oy = 6.299 6 21257 N77 
=), 1562'cu.ftspermsec. Ans. 


EXAMPLE 2.—A dam across a 
stream has an opening closed by a 
sluice gate (see Fig. 14) in such a 
way that the gate when opened * 
forms a standard orifice of rect- 
angular cross-section. The width of 
the opening is 1 foot, and it is found that the water keeps flush with 
the top of the dam when the gate is opened 9 inches. What is the rate 


Fic. 14 
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of flow of the stream, if the center of the opening is 6 feet below 
the surface of the water in the dam? 


SoLurion.—From Table III, the value of c, for an orifice 1 ft. wide 
and .75 ft. deep is found to be .604 when the head is 6 ft. Since the 
head is more than four times the depth, formula 4 should be used. 
The substitution of known values in that formula gives 


QO. = 8.02 X .604 X 1X .75V6 = 8.9 cu. ft. per sec. Ans. 
EXAMPLE 3.—Calculate the discharge through a rectangular orifice 


2 feet deep and 3 feet wide with its upper edge 5 feet below the liquid 
level. Assume c, = .615. 


SoLutTion.—Since the mean head, 6 ft., is less than 4d, formula 5 
should be used. Heres =i) tty ose ee tet Ol Stl= 
tuting in the formula, 

Qo = 5.35 X38 X .615 (7! — 5?) = 72.45 cu. ft. per sec. Ans. 


23. Submerged Orifice.—An example of a submerged 
rectangular orifice is shown in Fig. 15. From formula 2, 
Art. 18, the theoretical 


velocity vis 8.02 Vhs hence, 
for the theoretical discharge 
we have 
O = 8.02 FVA, 
= 8.02bdvh, (0) 
Using the mean value .615 
for c,, the actual discharge is 
Fic. 15 given by the formula 
QO. = .615 X 8.02 bd VA, = 4.932 6d Vk, (2) 


24. Reduced Contraction: Rounded Orifices.—If 
the orifice is made at the side 
of the vessel, as shown at a, 
Fig. 16, or at the bottom, as 
shown at 0, the contraction 
of the stream is reduced and 
the discharge is increased. 
Experiments show the in- 
crease to be about 3.5 per 
CONEssLOr 62 sande tlomen GEtO 
12 per cent. for 6. These values have not been accurately 
determined, and where accurate measurements are to be 
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made the orifice should always be arranged as shown in 
Bros, 18° 12° and<13. 

If the inner edge of the orifice is rounded, as shown in 
Figs. 17 and 18, the coefficient of discharge is increased, and 
may be made nearly 1, if the 
edge is rounded as shown in 
Fig. 18. 


25. The Miners’ Inch. 
The miners’ inch is an arbi- 
trary unit for measuring water 
by its flow through an orifice. 
This unit is mainly used in 
measuring water for irrigation 
and mining purposes. It is the 
quantity of water flowing in a certain time through an orifice 
of specified dimensions under a specified head. Both the 
dimensions of the orifice and the head vary in different 
localities, so that the miners’ inch has not a fixed value. 
The orifice is sometimes taken as 1 inch square, the head as 
6.5 inches, and the discharge is expressed in cubic feet per 
minute or in gallons per day. For the dimensions just stated 
Table II gives .624 as the approximate value of the coefficient 
of discharge. Therefore, by formula 1, Art. 22, 


QO, = aa es =UZ50 cu. if. per see; 


Fie. 17 Fie. 18 


= 1.536 cu. ft. per min. = 16,540 gal. per day, 
which is the value of the miners’ inch for the specified 
conditions. 


EXAMPLES FOR PRACTICE 


1. What is the discharge, in cubic feet per minute, from a standard 
circular orifice whose diameter is 24 inches, if the head is 20 feet? 
Ans. 43.72 cu. ft. 
2. A square orifice in the side of a reservoir measures .2 foot on 
each side, and the head on the center is 22 feet. What is the discharge 
in cubic feet per second? Ans. .9058 cu. ft. 
3. What is the discharge from a rectangular orifice 1 foot wide, if 
the head on the upper edge is 25 feet and the depth of the orifice is 
103 inches? Ans. 7.309 cu. ft. per sec. 
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4. What is the approximate discharge from a rectangular gate in 
the side of a dam when the breadth is 15 inches, the depth 6 inches, 
and the head on the upper edge 4} feet? Use the approximate 
coefficient of discharge .615. Ans. 6.719) ct. fts per sec. 


5. What is the discharge from a submerged rectangular orifice 
12 feet wide and 1 foot deep, if the difference in the level of the water 
on the two sides of the orifice is 3} feet? Ans. 13.84 cu. ft. per sec. 


FLOW THROUGH SHORT TUBES 


26. Efflux From a Standard Tube.—The manner in 
which water flows through a short tube in the side of a reser- 
voir is shown in Fig. 19. The jet 
at first contracts to a section 
smaller than that of the tube, but 
afterwards expands again and fills 
the tube as it emerges into the 
atmosphere. That this result may 
be obtained, several conditions are 
required: (1) The tube must be 
standard, that is, the inner corners 
must be sharp and the length must 
not be less than about 23 times 

Fic. 19 the diameter. (2) The head must 
not be more than about 40 or 50 feet. (8) The interior of 
the tube must be wetted by 
the water; that is, it must 
not be greasy. 

The pressure at the 
section z at the end of the 
tube is that of the atmos- 
phere. Since the velocity at 
the contracted section m 
must be greater than at the 
section 7, it follows that the 
pressure at #z must be less 
than that at x. Hence, the Fie. 20 
pressure at m is less than that of the atmosphere. This 
fact may be shown experimentally as in Fig. 20. If a 
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small branch tube 6 is carried down into a cup of mercury a, 
it will be observed that the mercury rises in the tube to a 
height #. This shows that the pressure of the air on the 
mercury in the cup a is greater than the pressure in the 
tube 4, and the excess of atmospheric pressure over 
the pressure in the tube at the contracted jet is measured by 
the height /. 

If Bernoulli’s law is applied, the theoretical velocity, as in 
the case of an orifice, is given by the formula 

vy =.velocity at-2 = V2 eh 
The actual velocity v, is given by the formula 
Ce thy = oh V2 eh 
in which c¢,’ is the coefficient of velocity. 

The values of c,/ vary slightly with the head, but a meas 
is .815 or .82. For low heads it rises to .83, and for high 
heads it drops to .80. 

Since the issuing jet has the same area as the tube, the 
coefficient of contraction is 1, and, therefore, the coefficient 
of discharge is the same as the coefficient of velocity. 


27. Conical Tubes and Nozzles.—For a conical 
tube, as shown in Fig. 21, the coefficient of discharge 


Fie. 21 Fic. 22 


reaches a maximum value of .946 when the angle a of the 
cone is about 133°. The coefficient of velocity increases 
with the angle of the cone until it becomes about the same 
as the coefficient for a standard orifice. If the inner edge of 
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the tube is well rounded, as shown in Fig. 22, the coefficient 
of discharge is still further increased and may be made 


nearly 1. 


28. A nozzle is a kind of conical tube with a cylindrical 
tip. Nozzles are used when it is desired to deliver water 
with a high velocity for any purpose. Their most common 
application is in connection with hose for fire purposes, etc. 
By means of nozzles, a very high coefficient of velocity is 
obtained, and a large percentage of the energy of the jet is 
thereby utilized. The theoretical height to which a stream 
from a nozzle can be thrown is equal to the head that would 
produce the velocity with which the jet flows from the nozzle. 


If v is this velocity, the theoretical height is ae The 
g 


resistance of the air always reduces this height. Under low 
heads, the coefficient of velocity for a nozzle as ordinarily 
constructed is about .98. 


29. With the aid of 
Bernoulli’s law, the 
velocity of the jet issuing 
from a nozzle can be 
found when the pressure 
of the water entering the 
MOZZAleM as katona lem 
Fig. 23, let p be the pressure at the section m as determined 
by a gauge, and let IV’ be the velocity at this section. At 
the end 2 the pressure is zero (on the gauge), and the 
velocity is denoted by vw. 


Total head atm = 2 a oe 
Wa 2g 

Total head at x = ws 
2g 

If friction is neglected, Bernoulli’s law gives 
Uv 2) [xe 

2 w i. 22g 


g 
whence Y= y22(2 a e 
w Ww 


. 
d 
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This is the theoretical velocity. For the actual velocity, 
we have (Art. 26) 


0 = loo 2.804 *) ) 
aly) e( Dios (1) 


Let D andd denote, respectively, the diameters at sections 
m and m; then, since the velocities V and v are inversely as 
the areas at m and z (Art. 3), we have 


aie 1 “ 
VG aE 


2 ah ks a’ 
whence hy and Ps Us Ce 
1 x dD an Uo xX D 
From equation (1), 
U a Wee v 2 d* 
——"__ = 2.304/ + — = 2.304 > ae 
PASE (Fl P 22 i hens fp 
Transposing, 


Uo 1 GL 
Z (4 
22 - ( £) eae 
from which 


ee 4 eu ABtt at 


ip Pi: Wee Ac 
ee fe REM | eS 
(oe DA Ne ‘a (5) 


EXAMPLE.—The pressure on a nozzle is 70 pounds per square inch, 
the large diameter is 13 inches, and the diameter of the tip is $ inch. 
(a) Find the velocity of the jet with c,’/ = .98. (6) To what height 
will the jet rise, neglecting the resistance of the air? 


SoLuTIon.—(a) From the above formula, 


I = ees 98 X VI0_ = 100.4 ft. per sec. Ans. 


5 2 m2 sit 
yi — .98? x (7) 


(6) h= = 156.7 4t, Ans. 


30. Diverging and Compound Tubes.—In Fig. 24 is 
shown a conical diverging tube with sharp inner corners. 
The tubes shown in Figs. 25 and 26 are compound; the tube 
beyond the smallest section a is divergent, while the part 
leading to the minimum section is either a rounded conver- 
ging entrance, as shown in Fig. 25, or a conical converging 
tube, as shown in Fig. 26, The tube shown in Fig. 26 is 
called a Venturi tube. 
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It is found by experiment that the discharge through a 
tube of the form shown in Fig. 25 is much in excess of the 
discharge through an orifice or a 
straight tube of the same minimum 
diameter. In fact, the discharge is 
greater than the theoretical discharge 
due to the head; that is, the coefficient 
of discharge c, exceeds 1. Experiments 
by Eytelwein on a Venturi tube 8 inches 
long and with maximum and minimum 
diameters of 1.8 inches and 1 inch, 

HE i respectively, gave c, = 1.55. With a 
compound tube of different form, Francis obtained the high 
value c, = 2.48. 

Let Va = velocity of jet at section a; 

vs = velocity at section 4; 
pa = pressure at section @; 
ps = pressure at section 6. 


WW 
\ 
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Evidently, 4, is the pressure of the atmosphere. Also, let 
kh = head on axis of tube. Applying Bernoulli’s law to 
sections a and 4, 

Page Paci re 

2g w 22 w 

Using gauge pressures, f, = 0; whence 
Pi Sa 


w 22 
If /, and /;, denote the areas of the sections a and 6, 
3 IE. ; i 
respectively, then Bh sy, Since 7, is smaller than /,, 


ae FP; 
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Up — Ua’. 
: * is neg: 


evidently v, is less than v,, and the fraction 


ative. This indicates that Pa is negative, or that the pressure 
w 


at section a is less than atmospheric pressure. 
If, now, Bernoulli’s law is applied to the surface and to 
section a, we have 


whence a Ben ye V2 2h! 
w 


where hh’ = h — Pa As Pa is negative, it is clear that h/ is 
w w 


greater than #, and therefore v, is greater than the velocity 
due to the head #. It is this fact—that is, that the pressure 
at the minimum section is less than atmospheric pressure— 
that accounts for the coefficients of velocity and discharge 
being greater than 1. 

A numerical example will make this point clear. Let the 
areas /, and /; be 1 and 3 square inches, respectively, and 
let A = 4 feet. The theoretical velocity at section 6 is 

Vv, = V2eh = 16.04 feet per second 

Assume the coefficient of velocity to be .5 at this section; 
then, the actual velocity is 16.04 x .56 = 8.02 feet per second. 
Since v,:vs = /y: Ff, we have v,: 8.02 = 3:1; hence, the 
velocity at section a is 8.02 x 3 = 24.06 feet per second. 
Therefore, 


Bed OZ TAO Ro ckee 
w 2 X 82.16 
The corresponding pressure is — 8 & .484 = — 3.47 pounds 


per square inch. The negative sign indicates that the pres- 
sure at section a is 3.47 pounds less than the atmospheric 
pressure, which is 14.7 pounds per square inch. Hence, the 
absolute pressure at a is 14.7 — 3.47 = 11.23 pounds per 
square inch. The effective head producing the flow is 


h=h— Lae 4—(— 8) = 12 feet; hence, the theoretical 
w 


velocity at section a is vz = 8.02 V12 = 28 feet per second, 
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nearly, whereas if the tube were cut off at section a, the 
theoretical velocity would be only 8.02 V4 = 16.04 feet per 
second. 

Using the same data, let us assume the flow to be entirely 
frictionless. We shall then have 


¥¢ 2160409 eSOOnN ereene 
ba _ 16. RAO ea 
iy = OSD AC ae 


— 4—(— 32) = 36 feet; and v, = 8.02 V36 = 48.12 
Without the diverging part of the tube, v, = 8.02 v4 
= 16.04; hence, the coefficient of velocity for the section a 
is 48.12 + 16.04 = 3, which is the ratio /; : 7, of the sectional 
areas. 
31. Inward Projecting Tubes.—When a tube projects 
into a vessel, as shown in Fig. 27 (a) and (4), the contrac- 


(a) | | 
| 
Fic. 27 


tion is increased and the discharge greatly reduced. The 
coefficient of discharge for the arrangement shown at (a) is 
about .5, and for the tube shown at (4), about .72. 


HYDRAULICS 


(PART 2) 


FLOW OF WATER IN PIPES 
RESISTANCES TO FLOW IN PIPES 


BERNOULLIV’S LAW FOR ANY FLOW 


1. Statement of the Law.—In the case of frictionless 
flow, Bernoulli’s law asserts that the total energy contained 
in a given mass of liquid at any section is the same as the 
energy of the same mass at any other section. It has been 
shown, however, that perfectly frictionless flow is never 
attained, and that, as the flow proceeds, the energy of the 
mass of liquid gradually decreases. The energy that is 
apparently lost is merely transformed into heat, but it loses 
its availability for doing mechanical work. 

Let # and 2 be two sections anywhere in a system con- 
taining flowing water, and suppose that the flow is from m 
toward x. The weight of 1 cubic foot of water will, as 
usual, be denoted by w. If the height of the section m above 
the reference level is #,,, and the velocity of flow and the 
pressure at m are v,, and p,, respectively, the total energy 
of W pounds of water at that section is 

Wh, (energy of position) 


+Wx ™ (kinetic energy) 
2g 


+Wx - (pressure energy) 
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The same expressions, with the subscript 2, give the three 
parts of the total energy at z. If there is no energy lost 
between the two sections, then, 


Win + WX em 4 Wx OH = Wi + Wx Phe Wx Oe 
22 w 22 w 


Suppose, however, that work is done in overcoming vari- 
ous frictional resistances between m and z, and let the 
energy expended in doing this work be denoted by Zyn. 
This energy is taken from the stock of energy the water has 
at section m; hence, when the water reaches section 2, its 
energy is less by the amount 4&,,,. Or, to state the matter 
in another way: Zhe energy at m ts equal to the energy at n 
plus the energy that has been expended between m and n tn over- 
' coming frictional resistances. This statement is Bernoulli’s 
law, with friction, and may be expressed algebraically by 
the equation 


W lim + WX Om Wx Be 


22 w 


2g w 


2. Loss of Head.—Each term in the preceding equation, 
except the last, is the product of the weight Wand a head. 
If both members are divided by VW, the resulting equation is 
v 


fix: 
tm To 


Ps Pm _ p Oe Be: Fp ig 
pe ie. totem LATE: 


and the last term Sat is also a head that may be expressed 


in féet, like 4,, or 22. Evidently, this head — 2 enone 
2g WwW 


ence between the total available head at section m and that at 
section 2; in other words, it is the loss of head between m 
and z due to friction and other resistances. 


The symbol 7 will be used to denote generally a loss of 


head, and Z,, = va will denote the loss between the two 


sections m and x. The lost head will in general be made 
up of several parts, due, respectively, to skin friction between 
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water and pipe, sudden enlargements or contractions in the 
pipe, bends and elbows, and valves or other obstructions 
in the pipe. The magnitudes of the losses due to these 
various causes will now be discussed. 


COEFFICIENTS OF HYDRAULIC RESISTANCE 


3. Friction in Pipes.—When water flows through a 
pipe, it meets with resistances due to the friction of the 
particles on the sides of the pipe and on each other. These 
resistances absorb energy, and cause a loss in head, which 
will be denoted by Z; This loss is called the friction head. 

Experiments have shown that the friction of water flowing 
through a pipe follows, approximately, the following laws: 


1. The loss in triction ts proportional to the length of the pipe. 
It varies nearly as the square of the velocity. 

It varies inversely as the diameter of the pipe. 

It increases with the roughness of the pipe. 

It ts independent of the pressure tn the pipe. 


Ste ee te, 


In accordance with these laws, the friction head Z; is 


expressed by the equation 
1 Vv" 
Vi eS ay ee 
f x 1 x ee 


in which’ / = length of pipe; 


d = diameter of pipe; 
vy = mean velocity of flow; 
f = a coefficient depending on the roughness of 


pipe. 
It is customary to express every loss of head as the 
product of a fractional factor, called a coefficient of 


hydraulic resistance, and the velocity head We 


It has been found that /f varies with the diameter of the 
pipe and the velocity of flow. Table I at the end of this 
Section gives values of f for clean cast-iron pipes well laid. 

EXAMPLE.—What is the loss of head due to friction in a pipe 
10 inches ( = .8333 ft.) in diameter and 1,000 feet long, if the mean 
velocity of flow is 8 feet per second? 
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SoLuTion.—From Table I, the coefficient f for a pipe 10 in. in 
diameter is found to be .0213, when the velocity of flow is 8 ft. per 
sec.; therefore, substituting in the formula, 


bee = 25.434 ft. Ans. 


— iy 8 = 
Zr = 0213 X “Gag3 X 930.16 


4, Sudden Enlargement of Pipe.—When the cross- 
section of a pipe suddenly changes, as shown in Fig. 1, and 
the flow is from the smaller to 
the larger part, there is a loss 
of energy due to the forma- 
tion of eddies. Consequently, 
there is a loss of head, the 
magnitude of which may be 
calculated by the following formula: 

Let 7Z, = loss of head due to change of cross-section; 

F, = area of cross-section of smaller part; 
Fy, = area of cross-section of larger part; 
ie 


er ratio of two areas; 
v = velocity in larger part. 
Then, Z, = (Poy 


2g 


EXAMPLE.—A pipe | foot in diameter discharges into one 2 feet in 
diameter, and the velocity.in the larger pipe is 3 feet per second. 
Calculate the loss of head due to the enlargement. 


| Eee es 


S he A == Se a 
OLUTION ease: igi i a 
Hence, by the formula, 
Z ; 3° 81 
is Sms (ame VW) = 1.26 ft. Ans. 


258216 64:82 
5. Sudden Contraction of Pipe.—When the section 
of the pipe is suddenly made smaller, as shown in Fig. 2, 


Fic. 2 Bicas 


there is likewise a loss of head, though this loss is small 


§ 37 EYDRAULICS 5 


cempared with the loss due to an enlargement. As in the 
case of the standard tube, the jet is contracted as it enters 
the smaller pipe, but at once expands and fills it. 


Let /, = minimum area of contracted jet; 
/ = area of cross-section of smaller pipe; 
— “a = coefficient of contraction; 
v = velocity in smaller pipe; 
Z», = loss of head due to contraction. 
Then, oe & = 1) Ste 
Cs 22 


The loss of head due either to an enlargement or to a con- 
traction may be made so small that it may be neglected if 
the change in section is made gradual, as shown in Figs. 3 


and 4. In practice, a change in section is made by a 
reducer, as shown in Fig. 5, 


6. Loss of Head at Entrance.—When water flows 
from a reservoir into a pipe, it meets with resistances, due 
to friction, contraction, etc., that absorb part of its energy, 


Fic. 6 


and this causes a loss of head similar to the loss when water 
flows through an orifice or a short tube. Such resistances 


yt. 39910 
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are called resistance at entrance, and the correspond- 
ing loss of head is called loss of head at entrance. 
The lost head depends on the form of the end of the pipe 
where it enters the reservoir, and can be expressed by 
Za) Se 
2g 
in which Z. = head lost at entrance. 
The value of m for different cases are shown in Figs. 6 to 9. 


Fic. 8 Fic. 9 


7. Elbows and Bends.—Where the pipe has sudden 
bends, as shown in Figs. 10 and 11, there will occur a loss 


Fic. 10 


of head-due to shocks and eddies, contraction, and partial 
increase in velocity. For a sharp bend, the loss of head is 


Ae fee (1) 
2g 
in which &, is a coefficient depending on the angle a, Fig. 10, 


and whose values are given in Table II. For a curved 
bend, the loss of head is, according to Weisbach, 


Za = be X 795 X o5 (2) 
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where a is the angle of bend in degrees and &, is found from 
the empirical formula 


-\ ¥ 
Po Sel 3 1847 3 
+ (7) (3) 


where ¢ is the radius of the pipe and A is the radius of the 
bend, Fig. 11. According to formula 8, & decreases rapidly 
as the ratio of x to R decreases, until this ratio becomes 1 : 10. 
More recent experiments, however, tend to show that no 
advantage can be gained from making # greater than 5,. 
Table III gives the values of &. for different values of r: R 
as calculated by formula 8. 


8. Valves and Obstructions.—If a pipe is partly 
closed by a valve, or if it contains any other obstruction, a 


Fie. 11 Fie. 12 


loss of head occurs at every obstruction. The loss due to 
this cause may be denoted by Z., and, as usual, 
Fi U 
Z.=]%X oe 
The value of 7 depends on the amount of opening and on the 
nature of the obstruction. For a gate valve (see Fig. 12), 
the experiments of Weisbach show values of 7 as follows for 
varying values of the ratio 6: d: 
bea = +0 3 q 2 2 ze 3 
eo), One OF POO 265 abl 2.15.17 | ..98 
In the case of an obstruction, it may be assumed that the 
cross-section of the pipe is reduced from its original area / to 
some smaller area 7’. Then, as in Art. 5, the loss of head is 


21, =(F=1)'x25 eave, = (5-1) 


1 3 7 


5 
8 


ja 9 vm 
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From this formula it is seen that, when /” is small com- 
pared with /, the coefficient 7 becomes large. 


9. Total Loss of Head.—The entire loss of head Z 
between two given sections is made up of the various losses 
enumerated in the preceding articles; that is, 

Le Zt Lit lipt Let 4a Lae 2e Se 

With a pipe carefully designed and laid, some of these 
partial losses become negligible in comparison with Z;, the 
friction head. If the pipe is of uniform size, Z, and Z, are 
both zero; if it has few bends and these are of long radius, 
Zz and Z’,are small; if the valves are open wide and there 
are no accidental obstructions, Z. and Z’, are zero. Fre- 
quently, the losses reduce to Z, the friction head, and Z., the 
loss at entrance; if the pipe is very long, the latter is very 
small compared with the former, and may be neglected. 

EXAMPLE.—A water main of clean cast-iron pipe is 6,000 feet long 
and 6 inches in diameter, and is laid in practically a horizontal plane. 
It has four 90° bends of 23 feet radius, and two sharp bends with angle 
a=40°. The entrance arrangement is similar to that shown in Fig. 9. 


Calculate the total loss of head with a mean velocity of flow of 2} feet 
per second. 


SoLuTIon.—From Table I, the value of f for a pipe 6 inches in 
diameter is .0259 for v = 2 ft. per sec., and .0249 for v = 3 ft. per sec. 
The difference in the value of f for a difference in velocity of 2.25 — 2 
=) 208k. perisee. is 

(.0259 — .0249) x .25 = .0003 
The value of f for a velocity of 2.25 ft. per sec. is, therefore, 
.0259 — .0003 = .0256 
Substituting in the formula of Art. 3, 
6,000 2.257 


Zp = 
i 0256 x rs x x 32.16 24.18 ft. 
From the formula in Art. 6, the loss at entrance is found to be 
2.257 
Lie RS ; 
> Xoyeai6 ee 


From Table II, the coefficient for each sharp bend is found to 
be .139. The loss of head due to sharp bends is, then, by formula 1 
iba awn. P(x 
2.207 


4a Ti X 188 XK Ga epee 


.022 ft. 


i 
For curved bends, ee 35 = .1. From Table III, the coefficient for 


each curved bend is found to be .131. 
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The loss of head due to curved bends is 
90 2.208 
VE SSS os 
a= SX 99 * 9 58.16 
The total lost head is, therefore, 
Z = 24.18 + .039 + .022 + .021 = 24.26 ft. Ans. 


Note.—This example shows the insignificance of the losses due to entrance and 
bends compared with the loss due to friction. 


= 021 £5 


GENERAL FORMULAS FOR THE FLOW OF WATER 
IN PIPES 


10. Application of Bernoulli’s Law.—In the con- 


sideration of flow through pipes, it is assumed that there 
is full flow; that is, that the pipe is filled from end to end. 


The pipe is fed from a reservoir, as shown in Figs. 13 and 14, 
and the discharge may be into the atmosphere, as in Fig. 13, 
or into a second reservoir, as in Fig. 14. The length of the 
pipe is measured along its axis. 

The fundamental formula for the velocity in the pipe is 
obtained with the aid of Bernoulli’s law. In Fig. 18, con- 
sider a mass of water at m (the level in the reservoir) and 
an equal mass at x. The reservoir is so large that the 
velocity at m is inappreciable; hence, the kinetic energy 


Wax s = 0. The gauge pressure at the surface is zero, 
& 


and therefore the pressure energy W xX a == (0), Ibe ave 


level 6 through the end of the tube is taken as a reference 
levei, the energy of position of the mass at m is Wh, where h 
is the potential head, or the height of the level a above the 
level 6. The mass emerges from the end x with a velocity v, 


and has therefore the kinetic energy W X Be The pressure 
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energy at 6 is zero, and the energy of position is likewise 
Zero. 

Let & denote the energy expended in overcoming fric- 
tional resistances, the resistance at entrance, etc. Then, by 
Bernoulli’s law, 

energy at m = energy atz+ £&£; 


that is, Wh=Wx +8; 
2g 
whence 
iT E 
joe es 
: 2¢ as W 


The quotient a as in Art. 2, is the lost head between the 


sections m and 2, and is denoted by Z; hence, 
hey 
2g 
that is, the hydrostatic head on the end n ts equal to the velocity 
head plus the loss of head. 


11. When the discharge is into a reservoir, as shown in 
Fig. 14, the reference level is taken, as before, at the level 


of the discharging end 2. In this case, the mass at z has a 
pressure energy Wh, due to the head h, on x, in addition to 


the kinetic energy Wx ce Hence, the equation for this 


2g 
case is 
Wh, = Wx wh 2. 
2g 
whence i os +h,+Z 


2g 
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and, by transposition, 
Re et Se 
22 
The difference 4, — h, is clearly the distance between the 
levels a and 4, and this is the effective head that produces 
the flow. Denoting this head by %, we have, as in the 
first case, 


U 


2g 


h= 


+Z 


12. Formula for Velocity.—The head Z is made up of 


several terms, each of which is the product of 5 and a 
os 


coefficient of resistance. The leading term being the friction 


head 5 ee Ra we may write 
d ~2g 
if v ie 
ie hae C= 
(SESS Gea > 


in which c is the sum of all the coefficients for losses due 
to entrance, bends, valves, sudden enlargements, etc. Sub- 
stituting this value of Z, the value of # given in the last 
article becomes 


2 '" vy Vv 
pea et I ye 
Fa ig Bio 
Solving for v, 
Me 2g 4. = 8.02 = (1) 


Table I gives the mean values of f that may be used for 
clean iron pipes, either smooth or coated with coal tar. 
Since f depends on v, which is unknown, it is first necessary 
to take from the table a mean value of f depending on the 
diameter of the pipe, and then solve for v. This gives an 
approximate value for v from which to find a new value of /, 
and solve again for v. If the last value of f is nearly the 
same as would be given in the table for the value of v last 
found, the result is satisfactory. If not, the last value of v 
must be taken as an approximation from which a new value 
of fis to be found, and the process repeated. 
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If m has the value .5 given in Fig. 9 for the common case 
of a pipe with a bell end, and there are no sharp bends or 


EXAMPLE.—A pipe 12 inches in diameter, 900 feet long, with a belli 
end, enters the reservoir in such a way that the coefficient # may be 
taken as .5. The pipe has two 45° bends, each with a radius of 2 feet. 
If the head on the discharge end of the pipe is 35 feet, what will be the 
velocity of flow? 


SoLuTion.—The loss of head from the bends depends on the ratio 
between the radius of the pipe and the radius of the bend. This ratio 


is a = .25. From Table III, the coefficient £, for a ratio of .2 is .138, 
and for the ratio .5, & = .158; therefore, for .25 the coefficient is 


eas ae = .148: hence, c = .5+2X .148 x = = .674. Assuming 


.0223 as an approximate value for f for use in this case, and substi- 
tuting the values of the coefficients in formula 1, we have 
wil GY aaa 
vu = 8.02 Sa 
Vj + 0223 x 299 4 574 
From Table I, the value of f for a velocity of 10.20 ft. per sec. is 
.0203. Using this value of f, the velocity becomes 


TES = 
De oO | ————- = 10.65 ft. per sec: 
1+ .0203 x 2924 574 is 
From Table I, the difference in the value of f tor a difference in 
velocity of 10.65 — 10 = .65 ft. per sec. is 
.0203 — .02! 
: ee x .65 = .0001 
The value of f corresponding to v = 10.65 ft. per sec. is, therefore, 
0203 — .0001 = .0202. This is very nearly equal to .0203; therefore, 
10.65 ft. per sec. is practically the required velocity. Ans. 


= 10.20 ft. per sec. 


13. Long Pipes.—Pipes in which the length / is greater 
than about 1,000 d are called long pipes. In them, the 
velocity head and loss of head at entrance become so small 
in comparison with the loss due to friction that they may be 
neglected, and the formula for velocity may be written 


y =. P&A2 — 809 ee ae 
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For d in inches, formula 2, Art. 12, becomes 


ha 
SO 31h ee 
< APPA (2) 


and instead of formula 1 we have 


&: hd 
v= 2.315 | (3) 


EXAMPLE 1.—A pipe 10 inches in diameter and 8,000 feet long is so 
laid that there is practically no loss of head from bends or valves. 
If the head is 150 feet, what is the mean velocity of flow? 


SOLUTION.—Since the length is more than 1,000 times the diameter, 
formula 1 may be used. Taking .0230 as a mean value of f, the 
approximate velocity of flow is 

ix 45 
= 8.02, /—_.._——_ = 6. ; : 
v = 8.0 Re X 8,000 6.61 ft. per sec 

From Table I, the difference in the value of f corresponding to a 

difference in velocity of 6.61 — 6.00 = .61 ft. per sec. is 


if =n? 
ee ey = 000) 


2 
The value of f corresponding to a velocity of 6.61 ft. per sec. 
is, therefore, .0219 — .0002 = .0217. Substituting this value in the 
formula for v, cL oom 
150 X 45 
= PON er dO ; see, 
v = 8.0 = xX 8,000 6.81 ft. per sec 
Interpolating from Table I as before, the value of f corresponding 
to a velocity of 6.81 ft. per sec. is found to be .0217. Since this is the 
same as the assumed value of /, 6.81 ft. per sec. is the required 
velocity. Ans. 


EXAMPLE 2.—What would have been the value of v in example 1, 
if formula 2, Art. 12, had been used? 


SoLvuTion.—Substituting in the formula, 


v = 8.02 rated 3000 > 6.73 ft. per sec. Ans. 
1 dy O20, << 


190 
12 


By comparing tnese two examples, it is seen that for long pipes the 
effect of resistances at entrance may be neglected without affecting 
the practical accuracy of the result. 


14. Head Required to Produce a Given Velocity. 
A formula for the head required to produce a given velocity 
of flow v can be found from the formulas given in Art. 12 
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by solving for 4. Thus, from formula 1, Art. 12, the value 

of the head is 

(1 Tyee ee c) 

h=- g (1) 
64.32 

For a straight cylindrical pipe, in which the effect of 


bends disappears and ¢ is taken equal to .5, the preceding 
formula becomes 
LLO DIED, 
h= 0238-27 = .07 2 | ——— 2 
= eag7 iC d +4) _ 
Formulas 1 and 2 apply when d is in feet; for d in inches, 
formula 2 becomes 


flv? 2.664 f1 
- 0233 v? = .07 v 3 
Neale vf (2 rae ') ce 


EXAMPLE.—A pipe 8 inches in diameter and 2,500 feet long has 
three 75° bends, the radius of each being the same as the diameter of 
the pipe. If the coefficient for loss at entrance is m = .5, and 
f = .0220, what must be the head to produce a velocity of flow of 


7 feet per second? 


SoLutTion.—The ratio between the radius of the pipe and the radius 


of the bend is 4 = .5; therefore, from Table III, the coefficient &, is 
.294,and¢c = .56+3 X .294 X = .868, 
burch in formula 1, 
m(1 + .022 x - z ul + 868) 
h = ——_—_ oe ———’ = 64.27 ft. Ans. 


15. Formulas for Discharge.—The formulas just 
given are made use of in ascertaining the quantity of water 
that will be discharged from a pipe in a given time, with a 
given head. This is readily found by the formula QO = Fv, 
where / is the area of the cross-section of the pipe and v is 
the mean velocity, as determined by the preceding formulas. 

When the diameter is given in feet, the discharge, in cubic 
feet per second, is 


O = 18540" 9% (1) 
When d is in inches, 
_ 1854 d* v 


——- = 6 54A ‘ 
g ae 00544 a? v (2) 
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Since 1 cubic foot contains 7.48 gallons, the discharge, 
in gallons per second, when d is in feet, is 
O = .7854d*v X 7.48 = 5.875d?v (3) 
and when d is in inches, 


OQ = .0408 d?v (4) 


EXAMPLE 1.—What is the discharge, in gallons per minute, from a 
pipe 6 inches in diameter, if the mean velocity of efflux is 5.6 feet 
per second? 


SOLUTION.—Substituting in formula 4, 
Q = .0408 X 36 X 5.6 = 8.225 gal. per sec. 
8.225 X 60 = 493.5 gal. per min. Ans. 


EXAMPLE 2.—The length of a pipe is 6,270 feet, its diameter is 
8 inches, and the total head at the point of discharge is 215 feet. 
How many gallons are discharged per minute? 


SOLUTION.—First find the approximate value of v from formula 3, 
Art. 13, taking the value of f = .0235. Substituting in the formula, 
~ . |ed 2 4 215 X 8 5 
= 2.31% — = 2. ——————_—___~ = 7.§ ‘ : 
ra) 315 Ne 315 0235 x 6,270 7.91 ft. per sec., nearly 
From Table I, the value of ffor a pipe 8 in. in diameter and a 
velocity of 7.91 ft. per sec. is 
ee re 


With this value for fused in formula 3, Art. 13, the velocity is 


le 2215 5a8 te s 
U2 ole “0218 X 6,270 =e Oeil wits per sec. 


From Table I, the value of f for a velocity of 8.21 ft. per sec. is found 
to be .0217. This is so near the assumed value for f thatv = 8.21 ft. 
per sec. may be considered correct. Substituting in formula 4, 

OQ = 0408 X 8? X 8.21 = 21.438 gal. per sec. 
21.438 X 60 = 1,286.28 gal. per min. Ans. 


16. Formulas for Diameter.—With 4, /, and d in feet 


and the quantity Q in cubic feet per second, the formula for 
the diameter of a pipe without sharp bends is 


O° t 
ge ara[ (5d + 10S | (1) 


The derivation of this formula is as follows: From 
formula 2, Art. 12, 
ae. 2gh _ 2*ghd 


15 +4x5 Lod +f/ 
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and from formula 1, Art. 15, 


a Oe 
0 TB54 a 
Hence, equating the two values of v’, 
2 eae (Op 


1ibd + Pies 
»_ O(15d+ fl) 
(18547 xX 2eh 
Extracting the fifth root, 
1 4 0 + 
oS Geax x Ta . [(15@+ 40) | 
21% 
= 479| (1.5.4 + ry] 
In using this formula, take the approximate value of / 
as .0200, and compute an approximate value for d, neglecting 
the term 1.5 d in the second member of the formula. With 
this value of d, find the value of vw from the formula 


and, therefore, ad 


val 


.e 


and find the corresponding value of / from 


eae Ke 

1804 a 
Table I. 

Repeat the computation for d by placing the approximate 
values of d and f just found in the second member of the 
formula. One or two repetitions of this process will give a 
close approximation to d from which to select the pipe from 
the standard market sizes. 

For pipes in which the length is more than 1,000 times the 
diameter, the following formula may be used: 


pes ao(H2) (2) 


EXAMPLE 1.—What must be the diameter of a pipe to discharge 
1,000,000 gallons of water per 24 hours, if the length is 1,250 feet, and 
the head 75 feet? / 


SoLuTIon.—The discharge, in cubic feet per second, is 
1,000,000. > 
86,400 x 7.48 — 1:5474 
The approximate diameter of the pipe, by formula 2, is 
_. gna [02% 1250 ba ee 
d 479 — 


75 


t 
) = .458 ft. 
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The velocity corresponding to this value of d@ is (formula 1, Art. 15) 
1.5474 
= "Taba. 26g: 
From Table I, the value of f for a pipe 6 in. (=.5 ft.) in diameter, 
and a velocity of flow of 10 ft. per sec., is .0220. Substituting this 
value of fand the approximate value of din formula 1, 


v 


AD + 
i= 79] (1.5 x 458 + .022 x 1,250) ete | = .469 ft. 


The next higher commercial size is a 6-in. pipe; hence, that size 
may be taken. Ans. 

EXAMPLE 2.—A water main 17,320 feet long must supply a city 
with 10,000,000 gallons of water per 24 hours under a steady flow. If 
the head is 120 feet, what must be the diameter of the pipe? 

SOLUTION.—The discharge, in cubic feet per second, is 

10,000,000 __ 
ao eee ae 
The approximate vaiue of d is, therefore, 


2 32 474°) * 
ee A 1771 tt. 
120 
The velocity of flow corresponding to this diameter is 
v eee 1,20) i taper SeGs 


= Tax LITE 

From Table I, the coefficient f for a pipe 20 in. in diameter, anda 
velocity of 6 ft. per sec., is .0193. Since the length of the pipe is 
more than 1,000 times the approximate diameter, formula 2 may be 


used; hence, 
.0193 & 17,320 « 15.474? 
Ge (en 120 - 


The next higher available market size may be used. Ans. 


$ 
) = 1.759 ft. 


17. Commercial Sizes of Cast-Iron Pipes.—The 
diameters, in inches, of cast-iron pipe commonly found in the 
market are as follows: 

3 8 16 30 54 
4 10 18 36 60 
5 12 20 42 72 
6 14 24 48 84 

It should be stated, however, that pipes larger than the 
48-inch are not made by all manufacturers. Pipes smaller 
than 4 inches in diameter are also seldom made. 

In determining the size of a pipe, it is wiser to select a 
commercial size larger than the computed size rather than 
smaller. For example, suppose the computation to give 
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d = 30.3 inches. The market size lower is 30 inches, and 
would probably do when the pipe is new and clean, but if 
the next larger size, 36 inches, is taken, the pipe is sure to 
give the required discharge when it becomes tuberculated or 
somewhat foul. 


EXAMPLES FOR PRACTICE 


1. What is the loss of head due to friction in a 16-inch pipe 
2,150 feet long with a velocity of flow of 3 feet per second? 
Ans. 4.85 ft. 


2. Determine the velocity, in feet per second, in a 12-inch water 
main 1,720 feet long with a head of 90 feet. Ans. 13 ft. per sec. 


3. Acity requires a supply of water amounting to 2,000,000 gallons 
per 24 hours; the reservoir is located 21,400 feet from the city, and has 
an elevation of 312 feet. Determine the commercial diameter of the 
pipe necessary to give this discharge. Ans. 10 in. 


18. Flow Under Pressure.—In Fig. 15 is represented 
a long pipe Z discharging under pressure. If 4, represents 
the total head and /, the depth of the reservoir &, the effect- 


=) 


Lf 
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ive head is the difference between these two, or #. In prob- 
lems where the pipe is discharging against some resistance 
or pressure, as in the case of a water motor or hydraulic 
engine, this pressure or resistance must be converted into 
the equivalent head, by the formula 4, = 2.304 f, in which p 
represents the pressure and h, is the equivalent head. 
EXAMPLE 1.—Calculate the diameter of a pipe 21,000 feet long and 
laid on a grade of 1 foot in 300 feet that will deliver 1,000,000 gallons 


per 24 hours to a turbine at a working pressure of 20 pounds per 
square inch. 


SoLutTion.—The grade of 1 in 300 for the distance 21,000 ft. makes 
the total head 21,000 + 300 = 70 ft. = h,. The pressure p = 20 Ib., 
the equivalent head 4, of which is 2.304 x 20 = 46.08 ft.; h = 2, —A, 
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= 70 — 46.08 = 23.92 ft., effective head. This value of 4 substituted 
in formula 2, Art. 16, gives, for the approximate diameter, 


mq (02 X 21,000 X 1.5474") # 
=, 9 = = 
d = 47 ( aie ) 1.012 ft. 
The velocity corresponding to this value of d is 
1.5474 


— 


"7854 x 1.012? = 1.92 ft. per sec. 

It is found from the table that the value of f is .0237 for a 1-ft. pipe 
with a velocity of 2 ft. per sec. Using the approximate value of d in 
formula 1, Art. 16, we have 

e, 1.5474? 

d= A479 [as < 1.012 + .0237 < 21,000) x “93 99 

The nearest commercial size to this diameter is a 12-in. pipe. 
Hence, this may be taken. 


yt 
| —lQoRttar Ans, 


FLOW THROUGH VERY SHORT PIPES 


19. A standard tube is one whose length is not over 
23 times its diameter. A very short pipe is one whose 
length does not exceed 60 times its diameter. A short pipe 
is one whose length is less than 1,000 times its diameter, 
and a long pipe is one whose length is greater than 1,000 
times its diameter. 

From the experiments of Eytelwein and others, a few 
coefficients of velocity have been obtained for very short pipes 
with small diameters and low heads. For larger pipes the 
values are too high. The formulas for velocity correspond- 
ing to these coefficients are as follows: 


For? = 3d, v= 82V2 ch 
For / = 124, v= 17V2¢h 
For / = 24d, vy = .13V2¢h 
For / = 36d, vy = 682 eh 
For / = 484d, vy = 68\2¢h 
For / = 60d, v= 60V2¢h 


EXAMPLE 1.—Calculate the discharge from a pipe 4 inches in 
diameter and 15 feet long with a head of 7 feet. 
SoLutron.—Here, the lengthis 45d. Taking the nearest coefficient, 
v = 63vV2 gh = .63V2 x 32.16 X7 = 13.37 ft. per sec. 
The area of a 4-in. pipe is .0873 sq. ft.; hence, from the formula 


Q = JD, 
Q = .0873 X 13.37.= 1.17 cu. ft. per sec. Ans. 
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EXAMPLE 2.—A reservoir is tapped through its masonry dam by a 
horizontal pipe 24 inches in diameter, 20 feet long, and whose center 
lies 20 feet below the surface of the water in the reservoir. Required 
the discharge. 

SoLution.—The length in this instance is 10 times the diameter. 
Using the nearest coefficient, 

v = .77V2 gh = .77V2 X 32.16 X 20 = 27.6 ft. per sec. 

The area of the pipe is 3.1416 sq. ft.; hence, 

OO 27.6 3 1A 1GR=s86n Cuan tty Pek SEC mm aAnice 

This result is probably 10 per cent. too high, owing to lack of 
data for pipes of this size. Problems such as this are, fortunately, 
seldom met with in practice, 


THE HYDRAULIC GRADE LINE 


20. The hydraulic grade line, or hydraulic gradi- 
ent, is a line drawn through a series of points to which 
water would rise in piezometer tubes attached to a pipe 
through which water flows. With a smooth pipe of uniform 


“LL fs 
= el bre 
— - = =) SS 
———— Gi, vy ~ P | Ee A 
Z Yy | | 
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cross-section and without bends or other obstructions to 
flow, the hydraulic grade line is a straight line extending 
from the reservoir to the end of the pipe. 

In Fig. 16 is shown a horizontal pipe that may be assumed 
to have an indefinite length, leading from a reservoir to a 
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stop-valve S. When the valve is open so that water from 
the pipe discharges freely into the atmosphere, the hydraulic 
grade lineisthelineadfg. The distance of the point a below 
the surface of the water in the reservoir represents the head 
absorbed in overcoming the resistances of entrance to the 
pipe, and in producing the velocity with which the water 
flows. In the same way, the difference in the height to 
which the water rises in any two piezometer tubes represents 
the head absorbed in overcoming the resistance to flow in the 
pipe between the points at which the tubes are inserted. 


21. The flow of water through the pipe P would be the 
same whether the pipe were horizontal, as shown in the 
figure, or whether it were laid along the grade line adfg. 
The flow would also be the same if the reservoir were 
deepened and the pipe laid along the line a’a’f’. The pres- 
sures in the pipe, however, would vary greatly with the 
different positions. If the pipe were laid along the linead/fg, 
there would be little or no pressure in any part of it, and if 
it were perforated at the top, little or no water would flow 
from the perforations. In the horizontal position, however, 
and still more in the position a/ ad’ /’, there would be pressure 
at all points, the pressure for any point in the pipe being 
equivalent to the head represented by the vertical distance 
from that point to the hydraulic grade line, and, if the pipe 
were perforated anywhere, water would issue from the 
perforations. 


22. Position of Hydraulic Grade Line.—In laying a 
line of pipe to connect two points lying at different levels, it 
is of the utmost importance to ascertain the position of the 
hydraulic grade line. Let 4 and B&, Fig. 17, represent two 
reservoirs, connected by a pipe line of uniform diameter, 
through which the water flows by gravity from the upper to 
the lower level. The hydraulic grade line is the straight 
line connecting the two reservoirs; in order to cover the 
most unfavorable conditions, it is usually drawn between 
the two ends of the pipe line, and not from surface to sur- 
face of the water in the two reservoirs, as the level of these 
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surfaces may vary. The slope of the grade line will be 
represented by 4, 

In order that the pipe may flow full, no part of it should 
rise above the hydraulic grade line E/. The following 
considerations will make this point clear: 

Assume the pipe to be laid above the hydraulic gradient, 
along the broken line HDF. From the fundamental formula 
Q = .7854d’v, it follows that the discharge Q varies with 
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the velocity. It has also been demonstrated that, other 
things being equal, the velocity increases with the ratio *. 
or the sine of the angle of inclination of the pipe to the hori- 
zon. It follows that the line A Y, whose inclination is less 
than that of DF, cannot deliver as much water as DF can 
carry. Consequently, 0 F cannot run full, but acts merely as 
a trough or open channel. In order that the line D / may 
flow full, it must have a smaller diameter than /# D; and, 
where conditions exist that make this form of construction 
unavoidable, a smaller diameter is selected for )) /, which 
diameter is determined by methods that will be explained later. 


23. The Siphon.—The part of a pipe that rises above 
the hydraulic gradient is calleda siphon. The principles on 
which the action of a siphon depends are explained in Preu- 
matics. If the siphon is kept filled, the flow through it will 
take place in accordance with the laws given for pipes laid 
below the hydraulic gradient, and the same formulas apply. 
' The total head producing the flow in a siphon is the ver- 
tical distance from the discharge end of the pipe to the level 
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of the water in the reservoir. If the siphon is of uniform 
section, without sharp bends or obstructions, the hydraulic 
gradient will be a straight line AF, Fig. 17, from the reser- 
voir to the discharge end /, and the pressure in all parts of 
the pipe that rise above the line will be less than the atmos- 
pheric pressure. Air always tends to collect in the highest 
point of a siphon, and means must be provided for its 
removal, in order to keep up the flow. This is effected by 
means of an air pump or air valve, as will be explained else- 
where. Such means of removing the air should be provided 
for whenever circumstances make it unavoidable to place part 
of a pipe above the hydraulic gradient. 


HYDRAULIC TABLE FOR LONG PIPES 


24. In the preceding articles have been given all the 
rules and formulas necessary to solve any practical problems 
that may arise. A little ingenuity will sometimes be needed 
in their application, and both care and good judgment must 
be exercised in the selection of the proper coefficient in cases 
where great accuracy is required. 

In the design of water pipes, fractional diameters are 
usually found. The commercial sizes of pipe are cast in 
even inches, and only pipes of a certain size are commonly 
manufactured. When the calculation calls for some frac- 
tional diameter, the next larger size of even inches should 
be taken. One is then perfectly sure that all losses of head 
and frictional resistances are provided for. ‘The interior 
and varying conditions of pipes and the lack of sufficiently 
extended experimental data permit errors of from 2 to 10 per 
cent. to affect the most careful calculations. Every effort 
should be made to avoid errors, but, for the reasons just given, 
small errors are practically unimportant in solving problems 
relating to the flow of water in pipes. 

Table IV at the end of this Section greatly facilitates the 
solution of all practical problems likely to occur. It is very 
conveniently arranged, and will save much time. and labor. 
It comprises every commercial size of cast-iron water pipe, 
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and is equally applicable to wrought-iron and steel pipe, not 
riveted. 

It must be borne in mind that the projecting rivet heads 
in a steel riveted pipe reduce its carrying capacity very much 
more than by the decrease of the diameter caused by the 
annular ring of rivets. For instance, a 42-inch riveted steel 
pipe with a row of rivet heads projecting into the interior, 
1 inch in depth, will not have the same discharge as a 40-inch 
smooth pipe. Costly and embarrassing mistakes have been 
committed by neglecting this fact. 


25. The quantities given in Table IV are: 
d = diameter, both in inches and in feet (the value used in 
the formulas is always in feet, unless otherwise stated). 


Vv velocity of flow, in feet per second. 

So : = slope, or head per unit of length of pipe, or sine 
of the average inclination of the pipe to the horizontal (here, 
4 is the total head, and / is the length of the pipe). 


sm = 5,280 2 
i 


l| 


= head, in feet, per mile of pipe. 


GE ; = grade = length of pipe for which the head, or rise, 
Z 


is 1. If/andh are in feet, G is in fect, and indicates the 
number of feet of pipe in which the rise is 1 foot. Thus, if 
G = 7050 feet, the grade is 1 foot in 750 feet. 

O = discharge, for clean or tar-coated pipes, in either 
cubic feet per second, gallons per minute, or gallons per day 
of 24 hours. 


(Bee corresponding quantities for extremely foul pipes. 


The head / and length / are easily found when either the 
slope or the grade is given, since 4 = s/, and/ = GA. 
The table has been constructed from the formulas (Arts. 18 


and 15) 
— (28rd _ fagd yh 
v pes ee (1) 


Q(cu. ft.) = neu (2) 
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Assuming values for v and d, values of f have been found 
from a table similar to Table I, but more complete. Having 


v,d, and f, the slope ; has been computed from equation (1), 


which gives 
fh. 162; 
fo 2ed 

The values of f here used are for clean pipes, either smooth 
or coated with coal-tar varnish. For extremely rough or 
foul pipes, the value of f has been taken as twice that for 
clean pipes. If the velocity in a rough pipe is denoted by v’, 


and 2/f is used instead of /, equation (1) becomes 


od 
/ — Surat tee iss 
i De at 
Therefore, i oo 
o ted yh 
ue aay 


and, as the discharges are proportional to the velocities, 
oe ae \2; whence, QO! = LL 
Sale v2 
In determining the diameter of a pipe, it is always advis- 
able to determine it for both of the extreme conditions, that 
is, both assuming it perfectly clean and assuming it extremely 
foul or rough. Also, when the diameter of a pipe is known, 
the values of Q and @ show the extreme limits between 
which the discharge may vary. 
EXAMPLE 1.—What is the discharge, in cubic feet per second, of a 
14-inch pipe in which the velocity is 3.2 feet per second? 
SoLtuTion.—Find, in Table IV, under diameter 14 inches, 3.2 in the 
column headed v. Opposite this value and in column headed Cubic 


Feet per Second, the discharge is found to be 3.4208 cu. ft. per sec, 
Ans, 


EXAMPLE 2.—Determine the velocity, in feet per second, in a 
16-inch water main 1,500 feet long, with a head of 54 feet. 


SoLuTION.— The ratio : is a. or 27.778. Looking in the table, 


in the column headed G, under the diameter 16 in., it is seen that the 
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value 27.778 falls between that corresponding to a velocity of 12.5 ft. 
per sec. and that corresponding to a velocity of 18 ft. per sec. The dif- 
ference in the value of v for a difference in G of 28.782 — 26.681 =2.101 is 
13.0—12.5=.5 ft. per sec. For a difference in G of 28.782 — 27.778 = 1.004, 
the difference in v is 


Therefore, the velocity is 
12.5+.24=12.74 ft. per sec. Ans. 


EXAMPLE 3.—What is the loss of head due to friction in a 10-inch pipe 
2,000 feet long, with a velocity of flow of 2.8 feet per second? 
Be if, eves oe. 
Since -= 5 Byayel << is the friction head (formula 
1 2ed a 12g ( 
of Art. 3), the quantity given in the second column multiplied by the 
length of the pipe will give the loss of head due to friction. From the 


SOLUTION. 


h 
table, 1 corresponding to a diameter of 10 in. and a velocity of 2.8 ft. per 


sec., is .0034446. Then, 
Zs = .0034446 X 2,000 =6.89 ft. Ans. 
By the formula of Art. 3, 


2,000 2.8 =a oe 
19 “64.32 : 


By a comparison of these two solutions, it is seen that a great deal of 
calculation is saved by the use of the table. 


Zy = .0236X 


EXAMPLE 4.—Required, the diameter of pipe necessary to deliver 700,000 
gallons per day of 24 hours, if the reservoir is situated 90 feet above the 
city and at a distance of 15,300 feet. 

SoLuTIOoN.—Here, =e = 170. Looking for the number 700,000 
in the column headed Gallons per Day, under diameter 6 inches, it is seen 
that the next higher, 761,360, requires a grade (column G) of 1 ft. in 
38.374 ft. Since the available grade is only 1 ft. in 170 ft., look in the 
same column under the diameter 8 in. The next higher vaiue is 721,890, 
and the required grade (column G) is 1 ft. in 175.36 ft. Therefore, an 
8-in. pipe could be used, but the discharge would be somewhat greater 
than 721,890 gal. per day. Ans. 


EXAMPLE 5.—It is required to deliver 2,500,000 gallons per day of 
24 hours with a 20-inch pipe. If the reservoir is 9 miles from the city: 
(a2) what must be the head? (b) what is the velocity in the pipe? 


SOLUTION. 


(a) Looking in Table IV, under diameter 20 in., in 
the column headed Gallons per Day, the vaiue 2,537,900 is found. 
Opposite this value in the column headed sm, the quantity 3.4086 is 
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found. This is the head per mile of length; therefore, the required 
head is 
3.4086 X 9 = 30.6774 ft. Ans. 
(6) Opposite 2,537,900, in the column headed v, the value 1.8 is 
found. Therefore, v = 1.8 ft. per sec. Ans. 


EXAMPLES FOR PRACTICE 


1. Check, by Table IV, the values found in examples 1 and 2 
Of Ant Lo. 


2. Check, by Table IV, example 1 of Art. 16. 


3. What is the loss of head due to friction in a pipe 20 inches in 
diameter, 5 miles long, if the velocity of flow is 3.5 feet per second? 
Ans. 60.6 ft. 


4. Required, (a) the diameter of pipe necessary to deliver 3,500,000 
gallons per day, if the length of pipe is 8,000 feet, and the head is 
30 feet; (6) the velocity in the pipe. ee a 16.in. 

"| (6) 3.9 ft. per sec. 

5. The velocity of flow in a 30-inch pipe, 8.3 miles long, is 3.2 feet 
per second. If the head is 50 feet, calculate the discharge in million 
gallons per day. Ans. 10 million gal. 


6. Required the diameter of pipe necessary to deliver 5,000,000 
gallons per day, with a velocity not higher than 4 feet per second, and 
a grade not less than 1 in 500. Ans. 20 in. 


7. The total head for a 24-inch pipe line was 40 feet; the quantity 
discharged was 5.07 million gallons per day. Determine the length of 
the line. Ans. 41,840 ft. 
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TABLE II 
COEFFICIENTS FOR ANGULAR BENDS 
a = angle of bend in degrees 
ET Os 207 a0" 60° | 80° | g0° | 100° |’ 110° | 120° | 130° | 140° | 150° 
| | | — 
A. | pon7| ene 139. 364 -74 | PS aie 1.86|2.16|2.43/2.81 
| | i) ioe | 
TABLE III 
COEFFICIENTS FOR CIRCULAR BENDS 
r = radius of pipe. R = radius of bend 
eek | | 
8 9 1.0 
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HYDRAULICS 


(PART 8) 


FLOW OF WATER IN CONDUITS AND 
CHANNELS 


DEFINITIONS 


1. The term channel is applied in hydraulics to the bed 
of any long body of water flowing under the action of gravity, 
not, as in water-supply pipes, under pressure. An artificial 
channel dug in the ground for the conveyance of water, and 
whose bed is formed by the natural soil, is called a canal. 
A canal of small dimensions is usually called a ditch. 


2. A conduit differs from a canal in having an artificial 
bed. Flumes and sewer pipes are examples of conduits. 


3. The slope of a channel is the ratio of the fall to the 
length in which the fall occurs. If s is the slope, / the fall, 
and / the length in which the fall # occurs, then, 

A 
SiS 
l 

EXAMPLE.—If a canal has a fall of 2} inches in 500 feet, what is 

the slope? 


SoLutTion.—The fall 23 in. = .177 ft.; hence, 
stirs = 
a7 tae .000354. Ans. 


4, The wetted perimeter of the cross-section of a 
channel is the part of the boundary in contact with the 
water. If, for example, a circular conduit whose diameter 
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is 4 feet is half full, its wetted perimeter is equal to one-half 
its circumference, or 3 X 3.1416 x 4 = 6.2832 feet. 


5. The hydraulic radius of a channel is the ratio of 
the area of the cross-section of the water in the channel to 
the wetted perimeter. If the wetted perimeter is denoted 
by ~, the area of cross-section by /, and the hydraulic radius 
by 7, we have 

Pape Se 
p 

The hydraulic radius is sometimes called the hydraulic 
mean depth. 

EXAMPLE.—What is the hydraulic radius of a circular conduit 
4 feet in diameter and half full of water? 

SoLutTion.—Here / = 4 X .7854 X 4? = 6.2832 sq. ft., and 

p = 4X 3.1416 x 4 = 6.2832 ft. 

Therefore, ta = SS bass = Ans: 

6. The hydraulic radius for a circular cross-section filled 
with water is + d, denoting the diameter by d. For 

F = t¢za’, and p = circumference = zd; 
hence, from the formula in Art. 5, 
po hgowca® Cope 
P 7G 

7. Permanent Flow.—When the quantity of water 
that passes through any cross-section in any and every 
interval of time is the same as that which passes through 
every other cross-section, the flow is said to be permanent 
or steady. As shown in Hydraulics, Part 1, O = Fi, 
= f,v, = fF, v3, etc.; and it was there shown that mean 
velocities at different sections are inversely as the sectional 
areas. 


d 


8. Uniform Flow.—When the channel has a uniform 
cross-section, /, = /, = F,, ete., rand 2. "0, — o ctc. 
that is, the velocity is constant. Under these conditions, the 
flow is said to be uniform. 


9. The mean velocity is the average velocity of flow 
for the whole cross-section of the water in the channel. 
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Owing to the friction along the sides and bottom, the water 
filaments next the walls move most slowly, and the velocity 
is different in the various parts of a cross-section. 


10. The discharge is the amount of water flowing 
through any section in a unit of time, and is equal to the 
product of the area of the water cross-section and the mean 
velocity at that cross-section. If Q denotes the discharge; 
f/, the area of the cross-section of the water; and v, the 
mean velocity, we have, as in the case of orifices and pipes, 

Ors iy 


VELOCITY AND DISCHARGE 


11. General Formula for Velocity.—The velocity 
depends on the inclination or slope, the form and dimen- 
sions, and the smoothness of the channel. In the design of 
channels, velocity is the key to the solution of all problems. 
When this is known for different sizes, different forms, 
different materials, and different depths of flow, it is a simple 
matter to determine the size and calculate the discharge for 
any particular case. 

Experience shows that formulas for velocities in channels 
cannot be derived solely by mathematical investigations, 
but must be based both on experiments and on mathemat- 
ical reasoning. The following general formula, known as 
Chezy’s formula, is the basis of all formulas for the flow 
of water in channels: 

v=cvrs 


in which c is a variable coefficient, depending both on the 
character and conditions of the bed and on the values of the 
hydraulic radius 7 and the slope s. 


12. Kutter’s Formula.—A general expression for the 
value of the coefficient c has been deduced from the investi- 
gations of Ganguillet and Kutter, and is known as Kutter’s 
formula. This formula is now very extensively used, 
having been experimentally proved more accurate than any 
of the many others found in hydraulic literature. It has 
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proved applicable to streams of all sizes, from sewers to 
large rivers. Kutter’s oe is as follows: 


23 +1 4, 00155 
c 
5521 + (x + 0155) n 
2 vr 


In this formula, 2 is a coefficient, called the coefficient 
of roughness, whose value depends on the character and 
condition of the bed. 

Table I, at the end of this Section, gives the values that 
may be used under the conditions most often met with in 
practice. 

EXAMPLE 1.—What is the value of ¢c for a rough plank sluice 


24 inches wide, when the depth of water in the sluice is 15 inches, and 
the fall 3 inches*in 100 feet? 


SOLUTION.—The slope s = .26 + 100 = .0025; the wetted perimeter 
p = 2+4+(2 X 1.25) = 4.5 ft.; and the area of the water cross-section 
F = 2X 1.25 = 2.6 sq. ft. The hydraulic radius is, therefore, 7 = 2.6 
+ 4.5 = .5556. From the table, the value of m for unplaned timber 
is found to be .012; therefore, 


1. .00155 
23 + “ora + 0025 
pie aS Se ibe i 114.7. Ans. 
521 + + (2 ee ) oe 
.0025 V.5556 


EXAMPLE 2.—(a) What is the velocity in example 1? (6) What is 
the discharge? 

SoLutTion.—(a@) Substituting the value found for c in the formula 
v = cvrs (Art. 11). 


v = 114.7.5556 X .0025 = 4.27 ft. per sec. Ans. 
(6) Substituting the values of Mand v in the formula QO = Fu, 
QO = 2.5 X 4.27 = 10.675 cu. ft. per sec. Ans. 


18. Thrupp’s Formula for Flow of Water.—The 
following formula, proposed by Thrupp, represents with 
fair accuracy the results of a wide range of experiments. It 
applies to uniform flow in open channels or to flow under 
pressure in pipes. 

As in previous formulas, 7 is the hydraulic radius, and s 
the slope. Thrupp’s formula is 

v=mrs’ 
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The values of m, x, and y for different conditions are given 
in Table II, at the end of this Section. 

This formula is very useful not only for finding the value 
of v directly, but for determining the values of other quanti- 
ties to be used as approximations in applying Kutter’s 
formula, as illustrated in some of the following examples: 

EXAMPLE 1.—Compute by Thrupp’s formula the velocity of flow 
in example 2 of Art. 12. 

SoLuTion.—For unplaned piank, m = 118.33, x = .615, and 
y = .50. Substituting in the formula, 

v = 118.33 X .5556°'* X .0025°°° = 4.12 ft. per sec. Ans. 

EXAMPLE 2.—A canal or ditch having the cross-section shown in 
Fig. 1 is to deliver 100 cubic feet of 
water per second. What must be the = ea 
fall per 1,000 feet of length to give this 
discharge? 


2’ 


SoLtuTIon.—The area of the water 
cross-section is 
F=4xX+4xX (6 +12) = 36 sq. ft., = 
and the mean velocity is, therefore, Fic. 1 
bh” splt a 
Can 2.778 ft. per sec. 
The wetted perimeter is = 
p=6+2 v4?+3? = 16 ft., 
and the hydraulic radius is, therefore, 


Ee 36 
First, from Thrupp’s formula, ie 5 
w= = — Phencets "= 3/2 
aad mre 
Substituting the values for earth, 
2 ae 
S=Ve1x 225" 
Ors s = .00056645 


This value of s may be taken as a first approximation. Now, using 
Kutter’s formula, with 2 = .0225, 


Be ee OO 
29 + “o995 T 00056645 
c= — oo a: Bed | 
.00155 .0225 
5521 + (23 + ——_|. — 
.00056645 2.25 
From the formula in Art. 11, 
gy? 9 2 
Coe soilless eit: 


ctr TABI X 2.25 
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The fall per 1,000 ft. is, therefore, 
000613 51,000 = 613 tt) — 73 in., nearly. Ans. 


EXAMPLE 3.—In a stream of fairly uniform cross-section, the fall is 
1 foot per 1,000 feet, the surface width is 30 feet, the wetted perimeter 
is 36 feet, and the average depth is 4 feet. The bed is somewhat 
obstructed by stones and weeds. Calculate approximately the volume 
of water flowing, both by Kutter’s and by Thrupp’s formula. 

12 
SoLuTion.— /= 30x 4 = 120sq. ft., approximately. 7 = ; = ae 
= 34 ft. s=.001. Form, the value .03 may betaken. From Kutter’s 
formula, Art. 12, 


pera mere tits 
— 108 | N00! ene 
i , 00155) i aie 
52 23 + —__— ——— 
521 + (28 + oor) Xa 


Substituting in the formula of Art. 11, 


v = 60.6 V34 x .001 = 3.5 ft. per sec. 
O= Fu = 120 X35) = 420 cu. ft per seca, Ans: 
By Thrupp’s formula, 
v= A664 K (35). 00L2 =) 3.77. Sa pensec- 
and Q = 120 X 3.77 = 450 cu. ft. per sec., nearly 
Neither result can be regarded as more than a rough approximation, 


EXAMPLE 4.—A circular brick sewer laid with a grade of 2 feet in 
1,000 is to discharge 70 cubic feet per second when running full. Find 
the diameter required for this discharge, using constants for smooth 


brickwork. 
oe & AeCEs 
So_uTion.—From the formula of Art. 10 we have, v = 7854 dg?" 


Writing .25 d instead of ry in Thrupp’s formula, we have 
OPS l(a) GS 
Placing these two values of v equal to each other, 


es Ose 
(sated Wana 
whence 7854 X (.25)" ms” a * = QO: 
and, therefore, d=2t* Q 
.7854 X (.25)” ms” 


Substituting in this equation the values of Q and s, together with 
those of x, m, and y, taken from the table, 


2+.61 70 
7 = N7854 x (25) * x 129.1 x 002" — 3-949 ft. 
Then, r = 3.945 +4 = .986 ft. 
This value is to be used asa first approximation in Kutter’s formula. 


The value of 7 is .015. 
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Substituting in Kutter’s formula, 


Page oe 0018S 
.015 002 
ad OR woke 
5521 + (28 | oa) —— 
V.986 
3 = ' 
Equating the value of v = "7854 G2 to that given by the formula of 
Art. 11, and writing .25 d instead of +, 
OQ d ol 
Cie V.25 ds 
Squaring, QO” = .25 X 18547.c? 5 d*: 
PREECE, Hist Vex Ser 25 X oe Cs 
Substituting numerical values in this equation, 
i= N as = 4.380 ft 
© N25 07804" 5/90; 25" & .002— k 


From this value of d, 
r = 4.380 + 4 = 1.095 ft. 


Using this value of y in Kutter’s formula, 


shy 1 4 00S 

C— ub = 10173 
1+ (2+ on) O15 
V1.095 


Substituting this value in the equation for d, 


: 70? 
tac As arabe x lore x 002 AOS 


EXAMPLES FOR PRACTICE 


1. A circular brick sewer 3 feet in diameter falls 3.75 feet in a 
length of 2,500 feet. What is the slope? Ans. .0015 
2. The sewer in example 1 flows half full. Calculate: (a) its 
wetted perimeter; (6) its hydraulic radius; (¢c) the value of c from 
Kutter’s formula, using the value of 2 for fouled sewers; (d) the mean 


velocity of flow; (¢@) the discharge in cubic feet per second. 
(a) 4.7124 ft. 
(6) .75 
Ans.{ (c) 80.9 
(d) 2.71 ft. per sec. 
(e) 9.58 cu. ft. per sec. 


3. A flume is 44 feet wide and of rectangular cross-section. What 
must be the slope for a discharge of 56 cubic feet per second, when the 
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depth is 2.8 feet? The walls are of unplaned plank. Use Thrupp’s 


formula. .00108, or 
Ans.{ 1 in $26 


4. Calculate, by Kutter’s formula, the diameter of a rough brick 
sewer to discharge 35 cubic feet per second with a fall of 1.2 feet per 
1,000. Use z = .017. Ans. 3.92 ft. 


GAUGING STREAMS AND RIVERS 


14. The hydraulic engineer is called on to measure 
the volume of flowing water in making tests of hydraulic 
machinery; in determining the discharge of sewers or of 
water-supply pipes; in designing water-power plants and 
irrigation works; in investigations concerning the supply 
obtainable from streams; in connection with river improve- 
ments; etc. 

The quantity of water to be measured determines the 
method of measurement. A very small stream may be 
measured, or gauged, by permitting it to flow into a tank 
of known dimensions, or into a tank resting on a set of 
scales where the water may be accurately weighed. Larger 
quantities involve the use of a Pitot tube, meter, or weir; 
while for very large streams and rivers, floats and current 
meters must be employed. 


MEASUREMENT OF DISCHARGE BY WEIRS 


DEFINITIONS AND GENERAL DESCRIPTION 


15. Weirs.—A weir is a dam or obstruction placed 
across a stream for the purpose of diverting the water and 
causing it to flow through a channel of known dimensions, 
which channel may be a notch or opening in the obstruction 
itself. When properly constructed and carefully managed, 
a weir forms one of the most convenient and accurate devices 
for measuring the discharge of streams. The notch is usually 
rectangular in form. 

Many careful experiments have been made to determine 
the quantity of water that will flow over different forms of 
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weirs under varying conditions. As the result of these 
experiments, two classes of weirs, those with and those 
without end contractions, have come into general use. 


16. Weir With End Contractions.—In a weir with 
end contractions, the notch is narrower and shallower 
than the channel through which the water flows, as shown 
in Fig. 2(a@). This causes a contraction at the bottom and 


YU iy) 
MMi, 


(d) 
Fic. 2 
at the two ends (sides) of the issuing stream. The end 
contractions of a weir are said to be complete when the 
distance from the end of the notch to the side of the channel 
at each end of the weir is not less than three times the depth 
of the water on the crest of the weir. 


17. Weir Without End Contractions.—A weir 
without end contractions is also known as a weir 
with end contractions suppressed, and is commonly 
called a suppressed weir. In a weir of this class, the 
notch is as wide as the channel leading to it, as shown in 
Fig. 2 (6), and, consequently, the issuing stream is not con- 
tracted at the sides, but at the bottom only. The sides of 
such a weir should be smooth and straight, and should pro- 
ject a slight distance beyond the crest. Means for admitting 
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air under the falling sheet of water must be made; otherwise, 
a partial vacuum is formed tending to increase the discharge. 


18. Crest of the Weir.—The edge of the notch over 
which the water flows, as shown in cross-section at a, 
Fig. 2 (c) and (d), is called the crest of the weir. In all 
weirs, the inner edge of the crest is made sharp, so that, in 
passing over it, the water touches only along a line. The 
same statement applies to the inner edge of both the top and 
the ends of the notch in weirs with end contractions. For 
very accurate work, the edges of the notch should be made 
with a thin plate of metal having a sharp inner edge, as 
shown in Fig. 2 (c); but for ordinary work the edges of the 
board in which the notch is cut may be chamfered off to an 
angle of about 30°, as shown at (d). The top edge of the 
notch must be straight and set perfectly level, and the sides 
must be set carefully at right angles to the top. 


19. Head.—The head that produces the flow over a weir 
is the vertical distance from the crest of the weir to the sur- 
face of the water, as represented by AH in Fig. 2 (c) and (d). 
It must be measured to a point in the surface of the water 
so far up-stream that the curve assumed by the flowing water 
as it approaches the weir will not affect the measurement. 
This will usually be at a distance of from 2 or 3 feet for 
small weirs to 6 or 8 feet for very large ones. 


20. Standard Dimensions.—The distance from the 
crest of the weir to the bottom of the feeding canal or reser- 
voir should be at least three times the head; and, with a 
weir having end contractions, the distance from the vertical 
edges to the sides of the canal should also be at least three 
times the head. The water must approach the weir quietly 
and with little velocity; theoretically, it should have no 
velocity. It is often necessary to place one or more sets 
of baffle boards or planks across the stream at right angles 
to the flow, and at varying depths from the surface, to 
reduce the velocity of the water as it approaches the weir. 
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MEASURING THE HEAD 


21. Approximate Method.—Fig. 3 shows a simple 
form of weir placed in a small stream at right angles to the 
flow, with its face in a vertical plane. A plank dam is con- 
structed across the stream at a convenient point, care being 
taken to prevent any leakage under or around the dam. 
The length of the notch has been calculated to provide for 
the flow with a head of between .02 and 2 feet. A stake 6 
is driven firmly into the ground at a point about 6 feet 


Fic. 3 


up-stream from the weir and near the bank, as shown. The 
stake is driven until its top is at exactly the same level as 
the crest a. The head is then the vertical distance from the 
top of this stake to the surface of the water, and may be 
measured by an ordinary square or 2-foot rule, as shown in 
the figure. This is a very simple way of measuring the 
head, but it does not give an exact measurement, owing 
to the fact that it is impossible to observe the exact height 
of the water surface on the side of the square. 


= oat 
a 4 


1 
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on 


22. The Hook Gauge.—For 
accurate weir measurements, such 
as are made in testing the efficiency 
of waterwheels, the development of 
water supply, and gauging sewers, 
the head on the crest is measured@ 
with an instrument called a hook 
gauge. In this instrument, which 
is shown in Fig. 4, a hook a is 
attached to the lower end of a sli- 
ding scale 6. The scale is graduated 
to hundredths of a foot, and is pro- 
vided with a vernier, by means of 
which it can be read to thousandths 
of afoot. The scale and hook can 
be raised or lowered slowly by 
means of the screw s. The instru- 
ment is fastened securely to some 
solid and substantial object, as a 
beam or piece cf masonry, at a 
point over the water a few feet up 
stream from the weir, and where the 
surface of the water is quiet and 
protected from wind or eddies. The 
gauge is so set that the scale will 
read zero when the point of the hook 
is at the same level as the crest of 
the weir. When the point of. the 
hook is raised to the surface of the 
water, it lifts the surface slightly 
before breaking through. To use 
the gauge, start with the hook below 
the surface of the water and raise it 
slowly until the slight elevation 
caused by the lifting of the surface 
appears over the point; the reading 
of the scale for this position of the 
hook gives the head on the crest. 
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The greatest error that is likely to occur in determining 
the head on the crest is in setting the point of the hook at 
the level of the crest, but this can be done accurately by 
means of an engineers’ level. 


23. An Improvised Hook Gauge.—When for ordinary 
water measurement it is not necessary to measure the head 
with the greatest possible accuracy, and the method described 
in Art. 21 is used, a reasonably close reading of the depth 
of the water above the stake can be obtained by means of a 
substitute for a hook gauge, improvised from a small piece 
of tin or metal, bent so as to form a slide on the square, as 
illustrated in Fig. 5. The slide, shown at (a) in the figure, 
has a V-shaped notch cut out of its upper part, so as to leave 


Water Surface 


(a) 


Fic. 5 


a point on the end of the upper edge, and is so made that 
when in position on the square its upper edge is horizontal 
when the square is vertical. In measuring the head, the 
square is held vertically on top of the stake, in the position 
shown at (6), and the height of the water surface is meas- 
ured by means of the slide used in the manner of a hook 
gauge. Having placed the slide on the square a short dis- 
tance below the surface, the observer raises it gently until 
its upper edge just reaches the surface. This will be indi- 
cated by a slight rounding up of the surface of the water 
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immediately over the point of the slide, since the point will 
always lift the surface slightly before breaking through. The 
head on the crest of the weir will then be shown by the top 
edge of the slide in contact with the square. 


DISCHARGE OF WEIRS 


24. Theoretical Discharge.—As shown in Hydraulics, 
Part 1, the theoretical discharge Q for a rectangular orifice 
with its upper edge at the liquid level is given by the fol- 
lowing general formula: 

OQ = 46V2¢H' = =x 8.026H' = 5.3475 H" (1) 

Evidently, a weir is such a rectangular orifice, and this 
formula, therefore, gives the theoretical discharge of the 
ordinary weir or rectangular notch. The actual discharge 
Q, is obtained by introducing the coefficient of discharge c, 
in the right-hand member; thus, 

QO. = +X 8.02c,6 H'; 
or, QO. = 5.847¢,6 H? (2) 

As usual, 6 denotes the width of the orifice; that is, the 
length of the weir in feet; and A, also in feet, is the head, 
as shown in Fig. 2 (c) and (da). 


25. Effective Head.—Formula 2, Art. 24, holds good 
whenever the velocity with which the water approaches the 
weir is inappreciable. 
This velocity is called the 
velocity of approach. 
If, however, this velocity 
is considerable, there is an 
appreciable velocity head 

ales, @ at the point at which 7 is 
measured, and this must be added to the head H. Let v 
denote the mean velocity with which the water moves in the 


channel, and let “ = on = .01555v* be the corresponding 
& 


velocity head; then, the velocity v may be considered as 
resulting from a fall 4, Fig. 6, and the effective head is H+h 
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instead of H alone. The theoretical discharge is, therefore, 
O=46V2¢(H+h)' = 5.3476(H+h)* (1) 

On account of the contraction of the stream due to the 
resistances of the edges of the weir and to their number, an 
empirical constant factor 2 is introduced before #, and the 
effective head is given by the expression 

Hitnh 

The final formula for the actual discharge becomes, there- 

fore, 
QO. = *c,6V2¢(H+nh)': 
or, OQ. = 5.347¢,b(H+nh)* (2) 

According to Hamilton Smith, the value of 2 is # for 
weirs with end contractions, and 1.4 for weirs without end 
contractions. 


26. Calculation of Discharge.—Formula 2, Art. 25, 
may be used when the velocity of approach is taken into 
account. If, however, that velocity is inappreciable, 2 = 0, 
and formula 2, Art. 25, reduces to formula 2, Art. 24. In 
the calculation of a discharge, first neglect v and calculate the 
discharge by formula 2, Art. 24. This approximate value 
of QO divided by the area 4 of the cross-section of the whole 
channel gives the velocity of approach approximately; that 
18 a me Knowing wv, # can be computed from the formula 
A = .01555 v?, and the effective head H+ 2h determined. 
A more exact value of Q can then be found by using for- 
mula 2, Art. 25. 

Two tables of the values ofc, for weirs are given at the 
end of this Section. Table III applies to weirs with end con- 
tractions, and Table V to weirs without end contractions. 
Values of c, for intermediate values of HW and 6 can be 
obtained by interpolation. . 

Weirs with end contractions are more often used than 
those without, though the latter are, in many cases, con- 
sidered preferable. 


27. Francis’s Formulas.—According to the theoret- 
ical investigations of Prof. James Thompson, the formula for 
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the discharge of a weir of rectangular section should have 
the following form, when there is no velocity of approach: 
O=m(b—cA) H! 
in which m and c are constants to be determined by experi- 
ment, and Q, 6, and H have the same significance as in 
the formulas of Art. 24. J. B. Francis deduced from his 
experiments at Lowell, Massachusetts, the following formula, 
which has the same form as that proposed by Professor 
Thompson, and has become standard: 
Q= 3.33(6— 7" H\ a (1) 
or, when 2 = 0, Op=s2 238 (2) 
The constant 2 denotes the number of end contractions; 
hence, 
for a weir with two end contractions, z = 2 
for a weir with one end contraction, 2 = 1 
for a weir with no end contractions, ~ = 0 
When the velocity of approach is taken into account, the 
formula becomes 
pis 3.33 (6-7 H)UH+ ms ba (3) 
in which 4 = .01558 v, as in Art. 25. 
Table IV, given at the end of this Section, is a very con- 
venient table by means of which the discharge for a given 
head can be at once obtained. 


28. Triangular Weir.—A notch of triangular form, 
Loe 7, was first proposed by Prof. James Thompson. It may 
be conveniently used 
for small flows where 
the head lies between 
the limits of .02 and 
1 foot. It has been 
proved experimentally 
that the coefficient c 
does not vary with the 
head as much as with 
rectangular weirs, and a mean value has been determined. 


RTT Mi 


UNE 


Fic. 7 
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Within the limits of H, as just stated, a right-angled tri- 
angular weir with sharp inner edges has the following 
expression for discharge in cubic feet per second, when # is 
expressed in feet: 

O = 2.54 H! 


29. Cippoletti’s Trapezoidal Weir.—A form of weir 
devised by the Italian engineer Cippoletti is shown in Fig. 8. 
The sides, instead of being 
vertical, are inclined, the ~ 
slope being 4 tol, as 
shown. It is claimed for 
this form of weir that the 
extra flow through the tri- 
angular spaces at the ends 
makes up for the end con- 
tractions for all heads 
within the range of the weir, and in consequence the coeffi- 
cient c remains constant. The formula for the discharge is 


in which 6 width of weir at crest; 
HT = head, which may be less than 4 in Fig. 8. 
EXAMPLE 1.—A weir with end contractions is 5 feet long and the 


measured head is .872 foot. Calculate the discharge on the assumption 
that the velocity of approach is negligible. 


SoLuTion.—For the given length, c, is .604 for a head of .80 ft. 
and .603 for a head of .90 ft. Hence, we may take c, = .603. Using 
formula 2, Art. 24, 

Qo = 5.347 X .603 X 5 X .872? = 13.13 cu. ft. per sec. Ans. 

EXAMPLE 2.—Calculate the discharge in example | by Francis’s 
formula. 


SOLUTION. Tht aoa ieee the given values in formula 1, Art. 27, 
O = 3.33 x (5 — #5 X .872) X .872? = 13.085 cu. ft. per sec, Ans. 


EXAMPLE 3.—In example 1, the channel leading to the weir is 8 feet 
wide, and the bottom is 2.5 feet below the crest of the weir. Calculate 
the velocity of approach and the effective head. 


SoLvuTion.—This example is solved in the manner described in 
Art. 26. The total depth of the channel is 2.5 + .872 = 3.372 ft. 
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Hence, the area of the cross-section is 3.372 X 8 = 26.976 sq. ft., and 
the mean velocity is 
v= S = ao — tS itu per Sec meats: 

The equivalent head is # = .01555 X .487? = .0037 ft. The effective 
head is .872 + .0037 = .8757 ft. Ans. 

EXAMPLE 4,—Calculate the discharge for the weir of example 1: 
(a) by formula 2, Art. 25; (6) by formula 3, Art. 27, using the 
value of # given in example 3. 

SoLuTion.—(a) Substituting the given value in formula 2, Art. 25, 
O = 5.347 x .603 X 5 X (.872 + $ X .0037)? = 13.24 cu. ft. persec. Ans. 
(6) Substituting the given values in formula 3, Art. 27, 
= 3.33 x (5 — 3 X .872) x (.8757? — .0037#) = 13.17 cu. ft. per sec. 

Ans. 


O 


Norr.—Examples 1 and 4 show that Francis’s formulas give results agreeing 
closely with those obtained from the formulas in Arts. 24 and 25. 


EXAMPLE 5.—Calculate the discharge of a triangular weir whose 
effective head is 9 inches, or .75 foot. 
SoL_ution.—Substituting the given values in the formula of Art. 28, 
O = 2.54 & .75% = 1.24 cu. ft. per sec. Ans. 


EXAMPLES FOR PRACTICE 


1. A weir with end contractions is 5 feet long, and the measured 
head is .55 foot; if the water approaches the weir with the velocity 
of 13 feet per second, what is the discharge? 

Ans. 7.49 cu. ft. per sec 

2. A weir without end contractions is 6 feet long, and the head is 
.25 foot. Calculate the discharge, neglecting the velocity of approach 

Ans. 2.54 cu. ft. per sec. 

3. Calculate the discharge in example 2 by Francis’s formula, 

Ans. 2.5 cu. ft. per sec 

4. Calculate the discharge from a right-angled triangular weir with 

a head of 8 inches. Ans. .92 cu. ft. per sec. 


5. Calculate the discharge from a trapezoidal weir 2 feet wide at 
the crest and with a head of .7 foot. Ans. 3.94 cu. ft. per sec. 


30. Determination of Dimensions.—As a practical 
illustration of the use of the preceding formulas, suppose 
that it is desired to gauge the small stream whose cross- 
section is shown in Fig. 9. Suppose that, by measuring the 
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depth of the stream at different points, such as a, 6, c,d, the 
area of the cross-section is found to be about 10.2 square feet. 
Now, if a surface float, such as a block of wood, is found 
to pass down stream a distance of 30 feet in, say, 20 seconds, 
the approximate velocity of the stream is 1.5 feet per sec- 
ond, and the discharge Q is 
10.2 x 1.5 = 15.8 cubic feet per second 


The next thing is to determine the size of the notch in a 
weir with end contractions that will permit the flow of this 
amount of water, the head on the weir not being less than 
2 nor more than 24 inches. For the purpose of determining 
the length 4 of the weir, the end contractions may be 
neglected, and formula 2, Art. 27, used. ‘his simplifies 
the operations, and gives a sufficiently close result. Solving 
that formula for 4, we have 

ren” 
3.33 H? 

Any head on the weir may now be assumed. Let it be 

1 foot; then, by substituting values in the preceding equation, 


ee ere fect 


3.33 x 1? 

Thus, the length of the notch is established, and its height 
will be 1 foot plus, say, 6 inches, to provide for an ordinary 
rise in the stream. 

Two other conditions remain to be satisfied for a weir with 
end contractions. First, the depth below the crest must be 
at least three times the head on the weir. As the head 
assumed was 1 foot, this depth must be at least 3 feet. ‘The 
second condition is, that the distance from the vertical edges 
of the notch to the sides of the stream must be equal to at 
least three times the head on the weir. This will add 
8 feet to each end of the notch, making the total length of 
the weir proper 10.6 feet. It will be seen that, by the con- 
struction of the necessary planking across the stream, the 
water level will rise above the weir until it forms a pondage 
that reduces the velocity of approach to a point where it may 
ordinarily be disregarded. 

iba Bsa 
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The hook gauge should be located some 5 or 6 feet up 
stream, out of the way of the current, and in still water. In 
all but the most accurate work, reading the gauge at this 
distance up stream will eliminate all necessity for calculating 
the velocity of approach, as the reading will be a little higher 
than the head on the weir, which-difference will closely 
approximate the value of zh. 

In Fig. 9, the fulfilled conditions for the weir in question 
are outlined in the cross-section 7mno. The weir planking 
is now extended and firmly embedded in the bottom and 


eae ELA 
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banks of the stream, making the construction perfectly tight, 
so that no water can find its way around the ends of the 
planking or under the bottom. Gauge readings may now be 
taken. 

In Fig. 9, the water level of the original stream is shown, 
as well as the constructed weir, the shaded portions showing 
where the planks are embedded in the earth. 


Ol. In cases where larger volumes of water are to be 
measured by a weir—such as in irrigation work, discharge 
of sewage into a stream, discharge of a pumping engine into 
a reservoir, and measurement of the discharge of driven or 
artesian wells—a rectangular flume is usually constructed 
50 feet or more long, with the weir placed at the end where 
the discharge is measured. The dimensions of the flume or 
channel depend on the quantity of water to be measured, 
and the length of the weir is usually the width of the flume, 
that is, the weir has no end contractions. In this class of 
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work, the head on the weir is assumed, and the width of the 
flume is determined by the formula 


puderie 


3.33 A 


For example, let it be required to determine with exact- 
ness the number of gallons of water pumped daily from a 
battery of driven wells into a reservoir. The amount is 
roughly estimated at 5,000,000 gallons. 

Now, 5,000,000 gallons per 24 hours is about 7.7 cubic feet 
per second, and if we assume a head of 1 foot on the weir 
and substitute in the foregoing equation, we have 


ee See = 2.31 feet, or, say, 2 feet 4 inches 


3.33 x 1 

As the depth below the crest must be at least three times 
the head on the weir, we have 3 feet for the height of the 
weir crest above the bottom. But to determine the height 
of the flume, we must add to this the head on the weir, 1 foot, 
and, say, 6 inches of running board, to provide for any excess 
of the estimated 5,000,000 gallons and for fluctuations in the 
water level. The height of the flume, 4 feet 6 inches, is 
thus determined. 

In flume measurements, the hook gauge is placed in a box 
about 18 inches square, outside the flume, and 3 or 4 feet 
back of the weir. A small auger hole permits the water to 
enter the box, where, the water level being quiet, the gauge 


can be read to tooo foot. 


82. General Remarks—Other Weir Formulas.—A 
carefully constructed weir of proper dimensions and favor- 
ably located gives more accurate results than any other 
measuring device now in use. When all necessary precau- 
tions are taken, the discharge given by the weir formulas 
will be within 1 per cent. of the actual discharge. 

When any formula is used for the discharge over weirs, 
care should be taken that the conditions are as nearly as 
possible identical with those from which the formula was 
deduced. This refers to length of the crest, head on the 
weir, velocity of appreach, and general dimensions. It may 
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be well to state the conditions obtaining when three of the 
most popular formulas were constructed. 

The many and careful experiments made by J. B. Francis 
in 1852, from which his standard formula was derived, were 
under the following conditions: His weir was 10 feet wide; 
the measuring tank was a canal lock, which contained 
12,138 cubic feet of water when filled to a depth of 9.5 feet. 
The head on the weir was measured by two hook gauges, 
6 feet up the stream, and the head varied between 5 and 
19 inches, with a width of channel of about 14 feet. 


33. Fteley and Stearns made some experiments in 1879 
over wéirs where the length of the crest was 5 and 19 feet 
and the head varied from .1 to 1 foot. A section of the 
Sudbury conduit was used to measure the discharge, and had 
a capacity of 300,000 cubic feet for an increase of 3 feet in 
depth. Their formula for a standard suppressed weir is as 
follows: 


Q = 3.14( 52) + 0076 


where v is the velocity of approach, and the other letters 
have the same signification as in Francis’s formula, all 
dimensions being in feet. 


84. Bazin published, in 1888, the results of his numerous 
experiments of discharge over weirs having a length of crest 
varying from 1.5 to 6 feet, and a head ranging from about 
2 to 22 inches. His formula for weirs with no end contrac- 
tions, which is here given, takes into account both the 
velocity of approach and the distance p from the bottom of 
the channel to the crest. 

00984 fi, 
oe (.405 + + = V1 a 55(_77 |owreen 
In this formula, all dimensions are supposed to be 


expressed in feet. 

EXAMPLE.—Calculate the discharge over a weir 8 feet long, if the 
head on the crest is 6 inches: (a) by Fteley and Stearns’s formula 
the velocity of approach being .5 foot per second; (6) by Bazin’s 
formula, the distance from the bottom of the channel to the crest of 
the weir being 1.5 feet. 
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SOLUTION.—(a@) In this case, H = 38; = .5 ft. Substituting the 
given values in the formula of Art. 33, 


Laat 
Q=3.31*8 X (. +1.5x es + .007 X 8 = 9.58 cu. ft. per sec. 
: Ans. 


(6) To apply the formula of Art. 34 we have p = 1.5, the other 
values being the same as in the preceding example. Substituting in 
the formula, 


00984 5 : 35 
= 4 —————— 4 5 ae Ro c2 3¢ . 
QO ( 05 + —s )x[1+ 55 X (52-3) |x 8x 5x WEBEXS 
= 9.97 cu. ft. per sec. Ans. 


EXAMPLES FOR PRACTICE 


1. A weir with end contractions is 6 feet long and the head on the 
crest is 1 foot. Assuming that the velocity of approach is negligible, 
calculate the discharge, by Francis’s formula. 

Ans. 19.3 cu. ft. per sec. 


2. A weir without end contractions is 5 feet long, and the measured 
head is 9 inches. Assuming the velocity of approach to be 1.5 feet 
per second, calculate the discharge, using Francis’s formula. 

Ans. 11.47 cu. ft. per sec. 


3. The length of a weir without end contractions is 10 feet, and 
the measured head is 1.5 feet. If the velocity of approach is 2 feet 
per second, calculate the discharge: (a) by Francis’s formula; (6) by 
Ftcley and Stearns’s formula; (c) by Bazin’s formula, the distance 
from the crest of the weir to the bottom of the channel being 5 feet. 


(a) 64.49 cu. ft. per sec. 
Ans. (6) 66.64 cu. ft. per sec. 
(c) 62.42 cu. ft. per sec. 


4. A weir without end contractions is 12 feet long and the head is 
1 foot. The velocity of approach is 1.25 feet per second, and the dis- 
tance from the crest of the weir to the bottom of the channel is 8 feet. 
Calculate the discharge: (a) by Fteley and Stearns’s formula; (4) by 
Bazin’s formula. Ans.{ {9} 42 cu. ft. per sec. 
(6) 40.19 cu. ft. per sec. 
5. A weir is 3 feet long and the head is 6 inches. The velocity of 
approach is .75 foot per second, and the distance from the crest to 
the bottom of the channel is 2 feet. Calculate the discharge: (a) by 
Fteley and Stearns’s formula; (4) by Bazin’s formula. 


(a) 3.67 cu. ft. per sec. 
Ans.{ {9} 3.69'cu. ft. per Sec. 
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MEASUREMENT OF DISCHARGE BY THE 
CURRENT METER 


DESCRIPTION OF INSTRUMENT 


35. Introduction.—The discharge of large streams and 
rivers is usually determined by first measuring the mean 
velocity at a cross-section of the flowing water, and then 
multiplying the velocity as thus determined by the area of 
that cross-section. The velocity can be ascertained either 
by means of floats, or by the use of special instruments. Of 
these instruments, the current meter, to be described pres- 
ently, is the most convenient and the one most commonly 
employed. The method by floats and by the Pitot tube will 
be explained further on. 


36. General Description of the Current Meter. 
There are several types of current meter. They all work 
on the same general plan, which consists in immersing a 
wheel in the stream whose velocity is to be determined, and 
counting, or otherwise ascertaining, the number of revolu- 
tions in a certain time. The velocity is then found from a 
previously established relation or table giving the velocity 
of flow corresponding to any number of revolutions of the 
wheel. 

The form of instrument most commonly used is that illus- 
trated in Fig. 10. Its main part is a wheel on the circum- 
ference of which are placed four or five conical buckets 4, 4, 
and whose axis, which is a vertical rod, revolves in bear- 
ings o,o’, enclosed in small air chambers or boxes. The 
end o’ of the axis is of such form that at every revolution of 
the wheel it comes in contact with a spring and closes an 
electric circuit in the wires ww, by which a current is sent to 
the box ¢, where, by means of an electromagnetic arrange- 
ment a, the number of revolutions is recorded on the dials m 
and 7. One of these dials records single revolutions, and 
the other, hundreds, somewhat like a gas meter. If m is the 
single-revolution dial, and ~ the hundred-revolution dial, the 
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number of revolutions indicated by the instrument shown in 
the figure will be ascertained as follows: The pointer on 
points to number 55, which means 5,500 revolutions; the 


Fic. 10 


pointer on m points to 86, which means 86 revolutions; 
the total number of revolutions recorded is, therefore, 
5,500 + 86, or 5,586. This assumes that the dials were 
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both at zero when the count or observations were begun. 
Usually, however, it is not necessary to set the dials at 0: 
it is sufficient to take a reading before and one after the 
observations, and to take the difference between them, which 
will give the number of revolutions during the observa- 
tions. Some instruments have a third dial, reading thou- 
sands of revolutions. 

The frame carrying the wheel 406 is pivoted to a cylin- 
drical piece /, called the trunnion, which fits loosely on the 
rod pg, on which it can both turn and slide. To the trun- 
nion is also pivoted the rudder ss, consisting of a rod that is 
in line with the longitudinal axis of the wheel frame, and 
carries four vanes v in two planes at right angles to each 
other. The purpose of the rudder is to keep the instrument 
in the direct line of the current: it acts just like the vanes of 
a windmill. The trunnion and the parts attached to it can 
be kept at any desired height on the rod by means of a 
sliding ring 7, which can be set anywhere on the rod. ‘The 
weight & with its rudder of wood, weighing about 60 pounds, 
is used only in deep rivers where velocities are high; other- 
wise, the meter is simply suspended by a brass rod and 
lowered to any point of the stream where the velocity is 
required. 


RATING THE INSTRUMENT 


87. General Description of Method.—In order to 
determine the velocity of a current from meter observa- 
tions giving revolutions per second, it is necessary to know 
the relation between the revolutions per second of the wheel 
and the velocity of the current in feet per second. The 
determination of this relation is called rating the meter. 
This may be done by holding the instrument in a current of 
known velocity, or by moving it through still water at a 
uniform speed and noting the time and number of revolu- 
tions for a given distance. Few opportunities are had to 
apply the former method, and meters are usually rated by 
observations in still water. A course from 100 to 200 feet 
in length is measured off and a boat is started at a sufficient 
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distance from the course to acquire the desired rate of speed 
before entering the course. The instrument is attached to 
the bow of the boat, as shown in Fig. 11, and immersed to a 


1 Pa =a 


it: i 


aay 


EEL 


depth of about 3 feet. The boat should have no rudder, so 
that the rudder of the instrument will control its direction. 
An assistant with a stop-watch notes the exact time of enter- 
ing on and leaving the course. The observer reads the 
number of revolutions for this distance from the dial. From 
ten to forty observations are made, giving the boat speeds 
that will approximate the highest, lowest, and intermediate 
current velocities for which the instrument is likely to be 
uscd. 

The distance traversed divided by the time gives the 
velocity of the boat, and the number of revolutions divided 
by the time gives the rate of revolution of the wheel. It 
will be found that the number of revolutions per second of 
the meter wheel is not cxactly proportional to the velocity, 
but bears a relation to it that can be expressed by an alge- 
braic equation. From data thus secured, a table is prepared 
that will give at a glance velocities in feet per second for 
any number of revolutions of the wheel. 


38. Field Notes.—The field notes of the observations 
for an actual meter rating are shown here, two pages of a 
field book being represented. 

The first five columns on the left-hand page record the 
field operations. They show the number of observations. 
the direction taken by the boat, the dial readings, the number 
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of revolutions of the wheel, and the elapsed time in seconds 
for each observation. The sixth and seventh columns may 
be computed later. The locality, date, and the names of the 
observer and the assistant should be noted, and under the 
head of Remarks should be stated on the right-hand page 
the length of the course, the wind velocity, which should be 
very low, and any other details relating to the local physical 
conditions that may be deemed important. “ 

The sixth column shows the number of revolutions per 
second during each observation. This is determined by 
dividing the number of revolutions during the observation, 
as given in the fourth column, by the number of seconds 
taken to make the observation, as given in the fifth column, 
and is designated by x. The seventh column contains the 
velocity, in feet per second, during each observation. This 
is determined by dividing the length of the course, in feet, 
by the time, in seconds, taken to make each observation, and 
is denoted by y. 

The average values of x and y are denoted by x, and y,, 
respectively. The value of x, is obtained by adding all the 
values of x, as given in the sixth column, and dividing by the 
number of observations. Likewise, the value of y, is obtained 
by adding all the values of y, as given in the seventh column, 
and dividing by the number of observations. 


39. Reducing the Results by the Graphic Method. 
The results of the observations having been tabulated, a 
reduction table should be made from which the relation 
between the number of revolutions per second and the 
velocity in feet per second is determined. ‘Two general 
methods may be used for calculating this relation—the 
graphic and the algebraic method. The graphic method is 
shorter, simpler, and more convenient, and for practical pur- 
poses is sufficiently exact; but it is not so accurate as the 
algebraic method. 

In the graphic method, the observations are plotted by 
coordinates measured from rectangular axes, taking xr, the 
number of revolutions per second, as the abscissa, and y, 
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the velocity in feet per second, as the ordinate, in each case. 
Cross-section paper is the most convenient for plotting the 
observations. The observations given in the table of Art. 388 
are thus shown plotted in Fig. 12, each observation being 
indicated by its number. In each case, the horizontal dis- 
tance from the vertical axis corresponds to the number of 
revolutions per 
second as given in 
the sixth column, and 
the vertical distance 
above the horizontal 
axis represents the 
velocity in feet per 
second as given in 
the seventh column, 
considering each 
large square of the 
cross-section paper to 
represent one unit. 
It will be observed 
that the points thus 
plotted all lie nearly 
IMP Amstrarcahitelinies 
though in a set of 
observations as com- 
monly taken in prac- 
tice it will usually be 
found that some of 
the plotted points will 


s : deviate more from a 
EERE EERE EEE EEE EEE strai ght line than is 
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Fie. 12 shown in the figure. 
Having plotted the values of x and y for all the observa- 
tions, including the mean values x, and y., the problem is to 
draw the most probable straight line, that is, the straight 
line on which all the points may be assumed to lie with the 
least probable error. Such a line may be called a rating 
line. 
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Considerable assistance in locating the position of the 
rating line is derived from the fact that it must pass through . 
the point +%.,y7. whose position is determined by x, and y,, 
which are the mean values of x and y for all the plotted 
points, and consequently, the most probable single value of 
each quantity. <A fine thread may be stretched through this 
point and swung carefully in either direction until it occupies 
a mean position through and near the other points, as shown 
by the line #2. In many cases it will be found that a num- 
ber of the points lie in a straight line that includes the 
point x., 7, and that those points which do not lie in the 
straight line lie as much on one side as on the other. When 
such a line can be drawn, it can be taken as the most probable 
straight line. 

When the line is drawn in its most probable position, it 
will be found that it does not pass through the origin O, but 
intersects the vertical axis a short distance above the hori- 
zontal axis, as at the point #7. The short length Om inter- 
cepted on the vertical axis represents the effect of friction, 
which is slight and is assumed to be constant for any num- 
ber of revolutions per second, as indicated by the line mf. 
The equation of the rating line #2 may be written 

yr=axtd 

In this equation, x and y are the abscissa and the ordinate, 
respectively, corresponding to the observed values of x and y, 
and a and 6 are constants for the given meter. The con- 
stant 4 represents the effect of friction, or Om, and a is 
the ratio of y —4to x, as is evident from the figure, or by 
writing the equation in the form ed neh 

40. Determination of Constants.—When the most 
probable position of the rating line mx has been found, 
the values of the constants can easily be determined. The 
approximate value of the constant 6 can be read at once 
from the plot, since it is represented by the intercept Om. 
By substituting in the equation this value for 6, and the 
values of y, and x, for y and x, respectively, the value of a 
can at once be determined. 


89 HYDRAULICS ~ §38 


EXxAMPLE.—For the values of 2 and 7. as determined from the 
table in Art. 38 and the rating line as shown in Fig. 12, what are 
‘the values of 6 and a? 


SoLution.—From Fig. 12, it is seen at once that the intercept Om, 
which represents the value of 6, extends across about 1.5 small squares; 
and, since the width of each small square represents .1 unit, the value 


of 6 is equal to 
SGI oO pcloselysupanic: 


From the table, the value of 7, is found to be 3.384 ft. per sec. and 
the value of 2, to be 1.718 rev. per sec. By substituting these values 
and the value of 6 in the equation of Art. 39, it becomes 

3.384 = 1.718 a + .15; 
whence a gives a = 1.882. Ans. 


41. In order to verify the values of a and 4 as thus 
obtained, the equation of Art. 839 can be applied to the 
point *.,7., and the values of x, and y, substituted, and also 
to any other observation for which the plotted point lies 
exactly in the line #2—preferably one of the highest or 
lowest points—and the values of the coordinates x and y for 
that point substituted. This gives two equations, which can 
readily be solved for the two unknown quaatities a and 6. 

EXAMPLE.—What are the values of a and 6 as calculated from the 


mean values 2, and y. and the values as determined by observation 
number 11? 


SoLuTion.—The mean values 2, and 7, give the equation 
3.384 = 1.718 a+6 (1) 
Observation number 11 gives 
7.1438 = 3.714a+6 (2) 
Subtracting equation (1) from equation (2), 
; 3.709 = 1.996 a; 
whence @ = 1.883. Ans. 
Substituting this value in equation (1), and solving for 6, 
6 = .149. Ans. 


42. The Algebraic Method.—If the observed results 
for a meter rating are tabulated, the values of x and y 
calculated from each observation, and the mean values 
x, and y, derived therefrom, as in the table given in Art. 38, 
the values of the constants a and 6 can be determined 
algebraically. The operations for determining the constants 


are shown {in the table on page 33, and may be described in 
detail as follows: 
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The first five columns of this table are the same as in the 
table of Art. 88, and from the values of x and y in the fourth 
and fifth columns the mean values x, and y, are calculated, 
the same as in the graphic method. ‘The value of x — x, is 
then calculated for each observation and written in the 
column following the column of velocities, as shown in 
the sixth column. These values are calculated by subtract- 
ing the value of x, from the value of x as given by each 
observation, having due regard for the sign of the remainder. 
Thus, if the value of x, is less than that of x, the remainder 
is positive; but if x, is greater than x, the remainder is 
negative. Likewise, the value of y—y, is calculated for 
each observation and written in the seventh column of the 
table. The value of x— x, for each observation is then 
squared and the square written in the eighth column of the 
table. Also, the values of x — x, and y — y, for each observa- 
tion are multiplied together and the product written in the 
last column of the table. Finally, the values of (a — x.)’ for 
all observations, as written in the eighth column, are added 
together, as are also the values of (x — x.) (y — y.), as written 
in the ninth column, and the sum of the latter is divided by 
the sum of the former. The quotient is the value of the 
constant a. 

In order to express, briefly, by formula the operations 
thus described in detail, let the values of + — x, be denoted 


Having determined the value of a by this formula, the 
value of 6can readily be determined by substituting this value 
of a in the formula of Art. 89. In rating a meter by any 
method, however, it is always advantageous to plot the obser- 
vations on cross-section paper, as in the graphic method, in 
order to make an intelligent study of the results. 

EXAMPLE.—For the series of observations shown in the table of 
Art. 38, what are the values of a and 6 as determined algebraically? 


SoLution.—The values of + — 20, y— 90, (vw — 2)”, and (4 — 2) 
x (vy — yo), as calculated for each observation, are shown in the table of 
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this article, and the sums of the last two sets of values are found. ‘The 

sum of the values of (x —2,)? = uw’, as thus found, is 12.679, and 

the sum of the values (x — %)(y —7.) = #2, as also thus found, is 

23.832. Hence, by applying the formula, the value of a is found to be 
23.832 + 12.679 = 1.880. Ans. 

By writing the formula of Art. 39 in the form 6 = y—a-z, and 
substituting in this equation the value of @, and also the values 2, and y 
as found in the table of this article, for 2 and y, respectively, the value 
of 6 is found to be 

6 = 3.384 — (1.880 X 1.718) = .154. Ans. 


43. Reduction Table.—By referring to the results 
obtained in the example solved in the preceding article, it is 
seen that the values of the constants a and 4, as obtained by 
the more rigid algebraic method, are 1.880 and .154, respect- 
ively, which values vary but slightly from those obtained in 
Arts. 39 and 40 by the less laborious graphic method, 
which is usually preferred. By substituting the values of 
these constants in the equation of Art. 89, which is the 
fundamental equation for meter rating, it becomes 

y = 1.880 x + .154 

This is the equation to be used for rating the meter with 
which the observations were taken. By means of this 
equation, a reduction table can be made that will show the 
velocity y of the current for any observed rate of revolu- 
tion x of the meter wheel within the limits of the tabulated 
values. The table on page 85 shows part of a reduction 
table for the meter whose rating has been described, as cal- 
culated by this equation. Since this table is given merely 
for the purpose of showing the form of a reduction table, 
and is of no value except for computing velocities from 
observations made with this particular meter, only the 
upper one-fifth of each column is shown. The velocities 
given correspond to every two-hundredth part of a revolu- 
tion per second of the meter wheel. For smaller fractions 
of a revolution, the corresponding velocities can be found by 
interpolation. Any desired values within the limits of the 
observations can be computed from the equation of Art. 89 
and tabulated in this manner, 
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USE OF THE INSTRUMENT FOR DETERMINING VELOCITY 
AND DISCHARGE 

44. To Determine Velocity by the Current Meter. 
The velocity of the water at any foznt below the surface in the 
cross-section of a stream can be determined by holding the 
meter at that point and observing the number of revolutions 
during a given interval of time. The mean velocity in any 
vertical line of the cross-section can be determined directly 
by moving the meter vertically at a uniform rate from the 
surface of the water to the bottom, then back to the surface, 
and observing the reading of the register before the meter 
leaves the surface and when it returns again, and the interval 
of time that elapses between the two surface positions. If 
the registering mechanism is above water, and is operated 
by means of electricity, the bottom reading can also be 
observed and timed. The mean velocity thus obtained will 
not be strictly accurate, since the meter cannot be run very 
close to the bottom; but if the observation is made carefully 
and the meter is lowered and raised at a uniform rate, the 
results should be reasonably satisfactory, and will be valu- 
able for comparing with the results obtained by mid-depth 
observations. 

If the rates of lowering and raising the meter have been 
exactly uniform, the number of revolutions registered during 
the descent should be equal to those registered during the 
ascent. Then the number of revolutions registered during 
the descent or the ascent, divided by the time in seconds 
taken to lower or raise the meter, will give the mean number 
of revolutions per second for the vertical section of the 
stream. The number of revolutions registered during the 
descent and ascent will not usually be exactly equal, how- 
ever, and the total number of revolutions registered during 
the descent and ascent, divided by the total time in seconds 
taken to lower and raise the meter, is taken as the mean 
rate of revolution. 

The mean velocity of the water in a stream can be deter- 
mined by passing the meter at a slow and uniform rate over 
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all parts of the vertical cross-section of the stream. It is 
usually best to make more than one observation for a given 
cross-section. A good way to use a current meter for 
determining the mean velocity is to move it slowly across 
from one side of the stream to the other, holding it sub- 
merged in a vertical position, and moving it up and down 
so as to subject it to the action of the current at all parts of 
the cross-section. This operation is repeated by moving the 
meter in the same manner back to the starting point. The 
number of revolutions and the time in seconds for each 
observation are noted. If the results of the two observa- 
tions are reasonably close, the mean is taken; if there is 
much difference between them, a third observation should 
be made. 
In making the observations, the observer may stand on 
a bridge that crosses the stream with a clear span, that is, 
without obstructing piers, if such a bridge is available in a 
suitable position. If no bridge is available and the stream 
is not large, a temporary platform may be constructed over 
it from which to make the meter observations. If the stream 
is shallow, the observer 
can make the observa- 
tions by wading across 
with the meter. This 
method is not to be 
commended, however, 
when accurate results 
are required, since the 
observer’s body will 
Fic. 13 offer some obstruction 
to the current, and will somewhat affect the registration of 
the meter. 
The ordinary and perhaps the most satisfactory method is 
as follows: 
A straight reach* of uniform cross-section is selected in 
which to locate the discharge section, and a range is laid off 


* The term ‘‘reach’’ is used to describe a straight section of a river, 
ASvA GonseD ios 13: 
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across the stream at right angles to its axis, as shown at 4B 
in Fig. 18. The range is located near the lower end of the 
reach, because the flow is more uniform at such a place than 
it is just below a bend in the stream, and there is less liabil- 
ity of cross-currents, eddies, or other local disturbances in 
the current. 

The range may be marked in any way that is most con- 
venient, but for small streams the most satisfactory method 
is by means of a wire stretched across the stream. The 
range is then divided into any desired number of parts, and 
the points of division are marked by means of tags or other- 
wise. Soundings are then taken along the points of division, 
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from which a cross-section of the stream is plotted, as illus- 
trated in Fig. 14. The area F of each division is calculated 
by multiplying its width by its mean depth. 


45. To Determine the Discharge.—Having thus 
determined the dimensions and area of each division of the 
cross-section, the mean velocity of each division is found 
by means of time observations with the current meter. In 
making the observations, the meter is held in each division 
of the cross-section and moved at a uniform rate from the 
surface to the bottom and again to the surface, and the num- 
ber of revolutions per second determined in the manner that 
has been described. The velocity in feet per second, cor- 
responding to the number of revolutions per second, is taken 
from the rating table or determined by calculation, as already 
explained. The mean velocity of flow in each division of 
the cross-section is thus found and recorded. The discharge 
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in each division of the cross-section is then determined by 
substituting the values of the area and mean velocity for that 
division in the formula for discharge. The sum of the par- 
tial discharges thus obtained is the total discharge of the 
stream. 


EXxAMPLE.—If the current meter for which the table of Art. 43 was 
prepared recorded 2.15 revolutions per second, what was the velocity 
of the stream? 


SoLtuTion.—By reference to the table it is found that 2.15 falls 
between 2.14 and 2.16. The corresponding velocities are 4.177 and 
4.215. The difference in velocity corresponding to a difference of 
2.15 — 2.14, or .01 revolution per second is 

4.215 — 4.177 
os a X .01 = .019 
The velocity corresponding to 2.15 revolutions per second is 


therefore, 
4.177 + .019 = 4.196 ft. per sec. Ans. 


EXAMPLES FOR PRACTICE 


1. The values of x and y given in the accompanying table were 
deduced from a record of a series of observations made for the purpose 
5 of rating a current meter. 

EP PNY co Vaisetty Determine the values of a and 6 


N me a : 
prnrabce Of per Second | perSecond to be used in the formula of 


a8 y Art. 39. a = 2.884 
Ans. {9 = .185 

I 904 2193 2. Determine the velocities 

2 -850 2.037 corresponding to 1.06 and 1.08 

3 +990 BeOte revolutions per second, respect- 

4 -769 hf; ively, of the instrument referred 
: I ss 3-325 to in example 1. 

1.1 3.610 ee ee ft. per sec. 

a“, “(3.300 ft. per sec. 


3. Determine, by interpolation, from the results obtained in the 
preceding example, the velocity corresponding to 1.07 revolutions per 
second. Ans. 3.271 ft. per sec. 


4. Calculate, by the formula, the velocity corresponding to 
3.38 revolutions per second. Ans. 9.933 ft. per sec. 
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MEASUREMENT OF VELOCITY BY FLOATS 


46. Surface Floats.—The measurement of velocity in 
open channels may be effected by the use of floats, which, 
traversing a known distance in a certain time, indicate more 
or less accurately the velocity of the water. Surface floats 
give but roughly approximate results, as they are easily 
affected by winds, eddies, and cross-currents. A block of 
wood, a tin can weighted with sand, a long-necked bottle 
partly filled with water and corked, or any object whose 
specific gravity can be made nearly equal to that of water, 
but which exposes a surface easily seen, makes a good 
surface float. 


47. Making the Observations.—For making the 
observations, a base line is laid off parallel with the axis of 
the stream. It should not be less than 100 feet in length, 
and, except for streams of less width than this, need not 
exceed the width of the stream; for very wide streams, its 
length may be less than the width of the stream, and a length 
of 400 feet is probably sufficient in any case. At each end 
of the base line, and perpendicular to it, a range line is laid off 
across the stream, as shown in Fig. 15 (a). Each range line 
is thus, as nearly as possible, perpendicular to the general 
direction of the current. If the stream is not too wide, a 
wire should be stretched across the stream on each range. 
At convenient intervals, tags of tin or pasteboard should be 
attached to the wire, each tag bearing a number that shows 
its distance from the left-hand bank. Instead of numbered 
tags, pieces of cloth may be tied to the wire and the distances 
indicated by different colors. Thus, at a distance of 10 feet 
from the bank, the wire may be marked with a strip of red 
cloth, at 20 feet with white, at 30 feet with blue, etc. 

The float should be put in the stream at some distance, say 
15 to 20 feet, above the upper range, so that it will attain its 
full velocity before it crosses this range. The time required 
for the float to traverse the distance between the ranges can 
be determined by two observers, one at each range, with 
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stop-watches; or by an observer with a watch at one range, 
preferably the lower, and an assistant at the other range, who 
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walk quickly to the lower range, and note the time when the 
float passes. A stop-watch is preferable for timing the obser- 
vations, but an ordinary watch may be used. 


48. Another method is to have a transit on each range 
with an observer at each transit, who notes the instant each 
float crosses the vertical cross-wire. This method is to be 
preferred, especially for large rivers, when the two instru- 
ments are available, since the transits can be used not only 
to observe when the float crosses each range, but also to 
locate the exact position where it crosses each range. The 
method of observation is as follows: 

Let AB, Fig. 16, be the measured base, and 4 D and BC 
the upper and lower range lines, respectively, and assume 
that one transit is set up at 4 and another at B. The vernier 


Fic. 16 


of the transit at 4 is set at zero, the telescope is directed 
to &, the opposite end of the base line, and the instrument is 
clamped in this position. An angle of 90° is then turned off 
on the horizontal circle, and the telescope is directed along 
the range 4 D ready to observe when the float crosses this 
range. ‘The vernier of the transit at B is set at zero, the 
telescope directed to A and the instrument clamped, and the 
vernier then unclamped. The float is then put into the water 
above the range 4 J, the telescope of the transit at PB is 
directed toward it, and the line of sight is kept on the float, 
as the latter approaches the range, by carefully turning the 
transit in azimuth. The transitman at 4 observes and calls 
out or signals the instant the float crosses the upper range 4 J). 
At that instant the transitman at & stops turning the transit 
and reads the angle, which is recorded by a recorder, who 


44 HYDRAULICS «§ 388 


also notes the time. This transitman then directs his tele- 
scope along the range AC, and clamps the it.strument in this 
position, in readiness to observe the instant the float crosses 
this range. Meanwhile, the transitman at 4 unclamps the 
vernier, sights again at 2, and as a check notes if the vernier 
still reads zero; then, with the vernier unclamped, he directs 
the telescope toward the float, and by turning the transit 
carefully in azimuth keeps the line of sight on the float as it 
approaches the lower range. The transitman at B observes 
and calls out or signals the instant the float crosses the lower 
range B C, when the transitman at 4 ceases turning the transit 
and reads the angle, which is recorded with the time. 

Suppose that the float is put in the water at f, some point 
above the upper range, and that the dotted line faé repre- 
sents its path as it floats down to the lower range. As it 
crosses the upper range at a it is observed by both transits; 
the transit at 4 is sighted on the range 4 D; the transit at B 
is sighted on the line Ba and measures the angle 4 Ba. 
This fully locates the point a, for the distance Aa is equal 
to the length of the base 4 8 multiplied by the tangent of 
the angle Jd Ba. The float is likewise observed by both 
transits as it crosses the lower range BC. In this case, the 
transit at B is directed along the range and the transit at 4 
measures the angle BA A. 

Let S denote the measured angle at either end of the base, 
and # the length of the base, as shown in the figure. Then, 
the distance d along the range from the other end of the base 
to the point where the float crosses the range is given by the 
following trigonometric formula: 

@ =i tangs: 

It should be observed that, although the same notation is 
used for the triangles 4 Bé and B Aa, they are not neces- 
sarily equal, that is, the angles denoted by SS and the dis- 
tances denoted by d may not be equal. 

Two boats are usually required in making the observations, 
one above the upper range to put the floats in the water, 
and one below to recover the floats after they have passed 
the lower range. 
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The area of the cross-section on each range is determined 
by taking soundings at the points of division, as explained in 
Hydrographic Surveying. These soundings and distances on 
each range are plotted, thus determining the form of the cross- 
sections on the upper and lower ranges, as shown in Fig. 15 
(6) and (c). The area of each division of the cross-section 
is then computed by multiplying its breadth by its mean 
depth as determined by the soundings. The mean depth of 
a division is equal to one-half the sum of the depths of the 
soundings at the two points of division between which it lies. 
The area of each division is marked on the division in the 
plot of the cross-section, as shown in Fig. 15 (4) and (c). 

If the division points between corresponding divisions in 
the upper and lower ranges are joined by straight lines, as 
shown in Fig. 15 (a), the course, or part of the stream over 
which the measurements are to be taken, will be divided into 
a number of divisions corresponding to those of the cross- 
sections on the upper and lower ranges. The mean of the 
areas of the two corresponding divisions of the cross-sections 
on the upper and lower ranges is then taken as the mean 
cross-sectional area of the division of the course in which 
they are situated. 

The observations are repeated as many times as may be 
considered necessary, and the average of the results observed 
in each division is taken as the true time required for the 
float to traverse that division. The velocity of flow, in feet 
per second, is computed for each division by dividing the 
length, in feet, of the course, by the time, in seconds, 
required for the float to traverse the course. In Fig. 15 (a), 
the relative velocities are represented graphically by means 
of arrowheads, which in the several divisions are located at 
distances from the upper range proportional to the observed 
velocities. 

Having found the velocity of © float in each division of the 
course, a coefficient of reduction is applied to determine the 
mean velocity of the division, as will be explained further on. 
The discharge for each division of the course is then calcu- 
lated by substituting in the formula for discharge OQ = Fv 
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the values obtained for the area and the mean velocity of that 
division. The total discharge of the stream is the sum of 
the partial discharge thus found. 


49. Rod Floats.—Rod floats consist of wooden rods 
or hollow tin cylinders of uniform size, as shown in Fig. 17, 
weighted at the lower end so as to float nearly vertical 
The rod should float with its lower end as near the bottom 
as possible, without 
touching at any point, 
and if it is to be used 
in deep water it 
should be of adjust- 
able length or ar- 
ranged so that it can 
be spliced. Itis best 
to use a number of tin 


Wy —W/) Yj tubes, about 2 inches 
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in diameter, and of 
such different lengths that each tube will be of suitable length 
to float in some division of the cross-section whose velocity is 
to be measured, with just enough above the water surface to 
be plainly seen. The lower ends of the tubes are filled with 
sand or shot until they float at the required depth with their 
lower ends only a short distance above the bottom, as shown 
in Fig. 17. The immersion of each rod should be at least 
nine-tenths the depth of the water in the division in which it 
floats. The velocities of the rod floats are determined in the 
same manner as described for surface floats. 

The velocity of a rod float is approximately the mean 
velocity of the vertical section of the stream in which the 
float moves. The closeness with which the observed results 
approach the actual mean velocities will depend largely on 
the smoothness and regularity of the channel and on how 
nearly the immersed length of each tube approximates the 
full average depth of the water in the division in which it 
floats, that is, how near to the bottom of the stream its lower 
end floats. 


358 HYDRAULICS 47 


50. Subsurface, or Double, Floats.—The velocities 
of streams are sometimes observed by means of double 
floats, each of which consists of a submerged float connected 
to a surface float by a cord. Such floats are called subsur- 
face, or double, floats. The submerged float should be 
heavy enough to sink and at the same time present as large 
a surface to the water, in proportion to weight, as possible. 
It is maintained at the required depth by means of a fine 
cord, preferably of woven silk, attached to a surface float 
that should be of minimum surface and resistance. Such a 
combination is shown in Fig. 18. The submerged float 4 
consists of two sheets of tin or galvanized sheet metal, 
fastened together at right B 
angles, as shown in plan : = 
at C. A small weight D 
is attached to the bottom 4g 
to assist in keeping the a 
float in a vertical position, 
and in some cases the 
sheets have cylindrical air 
cavities along their upper 
edges. 

The velocity of the current at any depth can be determined 
by sinking the lower float to that depth and observing the 
time required for it to pass over a measured course. This 
determination will be only approximate, however, since the 
velocity of the lower or submerged float will be to some 
extent affected by that of the upper or surface float. At 
considerable depths the cord will present some surface to 
the action of the current, and will in some degree affect the 
velocity of the lower float. 
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51. The Coefficient of Reduction.—It was stated in 
Art. 48 that the observed velocities in a stream, as deter- 
mined by floats, are not the mean velocities of the sections 
in which the floats move. To determine the mean velocity 
of any section from the observed velocity of a float in that 
section, it is necessary to apply a coefficient of reduction. 
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Let » = mean velocity of any longitudinal section; 
v' = observed velocity of float in that section; 
c¢ = coefficient of reduction. 
Then, the formula for determining the mean velocity from 
the observed velocity is 


UY = CU 
For surface floats, c = .80. 
For double, or subsurface, floats, c = .90. 


For rod floats, c = .98. 


EXAMPLE.—Two ranges on a stream are 200 feet apart. It is found 
that a subsurface float traverses the distance between the two ranges 
in 2 minutes and 35 seconds. What is the mean velocity of flow in 
that part of the stream? 


SoLvuTion.—The time, expressed in seconds, is 2 X 60 + 35 = 155 sec. 
The observed velocity is found to be 200 + 155 = 1.29 ft. per sec., 
closely. Hence, according to the formula, the mean velocity is equal to 

ex Zoe slo ltibep etiseCn a wlics 


EXAMPLES FOR PRACTICE 


1. A surface float traverses the distance between two ranges that 
are 150 feet apart in 1 minute and 40 seconds. What is the mean 
velocity of flow in that part of the stream? Ans. 1.20 ft. per sec. 


2. A rod float, placed in mid-stream, traverses the distance 
between two ranges 300 feet apart in 2 minutes and 50 seconds. 
What is the mean velocity of flow in that part of the stream? 

° Ans. 1.72 ft. per sec. 


3. The velocity of a division of a stream, as determined by a sub- 
surface float, is 2.03 feet per second. What is the mean velocity of 
flow for that part of the stream? Ans. 1.83 ft. per sec. 


4. The velocity of a division of a stream as determined by a sur- 
face float is 1.78 feet per second. If the mean cross-section is 107.2 
square feet, what is the discharge for that part of the stream? 

Ans. 152.6 cu. ft. per sec. 


52. Recording Observations.—The accompanying 
field notes, No. 1002, are a record of the soundings on 
the ranges 4D and AC of Fig. 15 (a), Art. 47. In the 
first column is shown the number of each sounding; in the 
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second column is given the distance from the water’s edge 
to each division point of the cross-section, as measured from 
the bank of the stream adjacent to the base line; in the 
third column the distances between adjacent division points 


Fre_p Notes No. 1002 


SOUNDINGS ON UPPER RANGE AD BEAR CREEK 


| Distance 


Remarks 


Distance 
Numiber Eases preceding Depth 
Water [Sounding 
I 0.0 0.0 0.0 
2 8.0 8.0 9.6 
3 18.0 10.0 ales 
4 28.0 10.0 AS 
5 38.0 10.0 Ae 
6 48.0 10.0 7 
7 58.0 10.0 8.4 
8 64.5 6.5 0.0 


Edge of water, left bank 


Measurements are in feet 
and tenths 


Edge of water, right bank 


SOUNDINGS ON LOWER RANGE BC BEAR CREEK 


Distance! Distance 
Namb From From 

umber Edge of | Preceding 

Water | Sounding 
I 0.0 0.0 
2 8.0 8.0 
3 18.0 10.0 
4 28.0 10.0 
5 38.0 10.0 
6 48.0 10.0 
7 58.0 10.0 
8 65.5 75 


Depth 


Remarks 


Edge of water, left bank 


Edge of water, right bank 


are given; and in the fourth column the depths of soundings 


are shown. 


The distances to the division points are made 
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the same on each range, and, consequently, the correspond- 
ing divisions on each range are of the same length, except 
the last division, adjacent to the farther bank. In this case, 
it is assumed that rod floats are used. 

The accompanying field notes, No. 1003, are a record of 
the float observations. For each observation, the number 
of the division of the cross-section is given in the first 


FieLpD Noress No. 1003 
FLOAT OBSERVATIONS, BEAR CREEK 


Velocity} Mean 


Number | Time of of Float | Velocity 


of Passage ect ber (Bee per Remarks 
Divisi s eet per} Fee 
Wipro’ | Seconds Second | Second 
I 182 55 54 Lower range 1,500 feet 


above iron bridge 
Ranges 100 feet apart 
3 1132 .88 .86 | Floats used, tin cylinders, 
2 inches in diameter 


2 rest 64 63 


I 
4 toc ig 02 Velocities taken to hun- 
5 1054 [Oe .93 dredths 
é oe oe er | Coefficient of reduction 
for mean velocity = .98 
7 195 Si .50 Weather cloudy, no wind 


column; the time taken for the float to pass over the 
distance between the ranges in the second column; the 
velocity of the float in each division, in feet per second, 
in the third column; and the mean velocity, in feet per 
second, in the fourth column. Since, as has been stated, 
a rod float was used in these observations, for which 
the coefficient of reduction is .98, the mean velocities in 
the fourth column are obtained by multiplying those 
in the third column by .98. The velocities are carried 
only to two decimal places, as this is considered to 


be as close as is justified by observations made with 
floats. 
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53. Calculating the Discharge.—Having determined 
the area of any part or division of the cross-section of a 
stream, and the mean velocity of flow in that division, the 
discharge can be calculated by means of the general formula 

Oene 

This formula may be applied to the total area and mean 
velocity of the entire stream, if these can be determined, for 
the purpose of determining the total discharge. But, under 
the usual conditions of discharge measurement, it is more 
accurate to apply it to the area and velocity as observed for 
each separate division of the cross-section, in which case the 
total discharge of the stream is equal to the sum of the dis- 
charges of the several divisions. 

From the field notes of the soundings and of the float 
observations, the values are tabulated, and the discharge in 
each division of the cross-section is calculated as shown in 
the table on page 51, which will be readily understood 
from the explanations that have been given. The values 
written in the tenth column are the discharges for the several 
divisions of the cross-section, and their sum is the total 
discharge of the stream, in cubic feet per second. 


THE PITOT TUBE 

54. General Description.—The Pitot tube, invented 
by Pitot in 1730, and later modified by other hydraulicians, is 
an instrument used for determining the velocity of rivers 
and other streams. Although not adapted to very accurate 
work, it is very convenient, owing to its simplicity and handi- 
ness, for rapid approximate determinations. A rough sketch 
of the instrument is shown in Fig. 19. It consists of two 
communicating glass tubes 4 and B, one of which, B, is 
straight and of uniform diameter, while the other, 4, is bent 
at its lower end to form a right angle, and is drawn to a fine 
point, as shown at P. Both tubes are open at their lower 
extremities, and at their common upper end they communi- 
cate with a short tube /, which can be opened or closed by a 
cock S. Another cock SS, works two valves, one in each 
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tube, which can be opened or closed simultaneously. Both 
tubes are graduated in inches and fractions, or in tenths and 

AE hundredths of a foot, or in any other 
convenient units, the 0 of the graduations 
being near the lower ends of the tubes, 
as Shown. Movable verniers V’’are used 
in connection with these graduations. 


55. Operation and Theory.—To 
determine the velocity at any point of a 
6: stream, the valves S and S, are opened, 
and the instrument, which is attached to 
a frame, is immersed in the water so that 
the straight tube &. will be vertical, and 
the point P of the bent tube will face the 
current. The water will then rise in the 
straight tube to a height that is approxi- 
mately that of the water in the stream; 
that is, the surface of the water in that 
tube will be practically on a level with 
the water 64 in the stream outside. In 
the bent tube, the water will rise to a point 
whose height depends on the velocity of 
flow. Theoretically, the height da is the 
head due to the velocity v; so that, if 
b there were no resistances, the velocity 


: would be equal to V2g x da. In order 
SS Ea = that the difference 6a between the eleva- 
2 Hl: tions of the water in the two tubes may 
be conveniently read, the operator sucks 
== out some air from the tubes 4 and & by 
applying his mouth at the small tube J; 
he then closes the cock S. Owing to 
=.=, the formation-of +a: partial’ vacuum, the 

Bre. 19 water rises to a, and 0, in the two tubes, 
respectively, the distance 4,a, being equal to da. The 
valves S, are then closed, the instrument is taken out of 
the water, and the heights of the columns in the two tubes 


HR 


Wilifil 
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are read. The difference between the reading of the 
tube A and that of the tube B gives the height due to 
the velocity. 

Owing to slight variations of velocity in the stream, the 
columns of water in the tubes 4 and #& will fluctuate notice- 
ably. Before closing the valves S,, the operator observes 
the tube 4 until the water reaches its maximum height; he 
then closes the valves .S,, takes the instrument out, and reads 
both tubes. After this, he again immerses the instrument, 
opens the valves S,, and observes the water in the tube 4 
until it reaches its least height, when he closes the valves S, 
and takes the readings as before. 

If a, and a,/ represent, respectively, the greatest and the 
least height of the water in the tube 4, and 4, and 0,’ repre- 
sent the corresponding heights of the water in the tube B, 
and d, and d,/ represent the respective differences in the 
readings of the two tubes, then, 

ke — oy ENING | (FE me ee Ue 

The mean difference of reading, or velocity head ,, is 

given by the equation 


ad,+d,' 
hy = 
2 
Substituting the values of d, and d,’, 
h, —= a Oe = a, +a,/ meee (1) 


That is, the value of the mean head /, is equal to one-half 
the difference between the sum of the readings in the tube 4 
and the sum of the readings in the tube ZB. 


56. For greater accuracy, several observations at differ- 
ent times should be made at any point for which the velocity 
is to be determined. Two readings should be taken for each 
tube at every observation, and the mean of the resulting 
differences taken as the value of # to be substituted in the 
formula for velocity. 

If the greatest and the least readings for the tube 4, fora 
number of observations made at different times, are respect- 
ively represented by a,, a@,. a, etc., and @,', a, av, etc.; 
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the corresponding readings of the tube B by 4,, 4., ds, etc., 

and 4,’, 6,', 6,/, etc.; and the mean heads for the observa- 

tions by /,, /,, As, etc.; then, from equation (1), Art. 55, 
j, 2 ee — (6 +b) 


2 

h, == @, + a,! a (d, ate wy 
2 

hy = as + a;! = (d, ar b,/) 
2 


Then, if the number of observations is denoted by x, the 
average head # for all the observations is given by the 
equation 

pac A,+hsthst+. 
n 
Substituting the values of 4,, 4.2, etc. just found, 
a E +a,’ — (6, + 4,’) 4% + a! — (b, + b,') 
2 Z 
4a tas! = Pa ae a | nee 
EN eee ee Aa te tg! A), ee 
—(6,4+6/+6,+6/+6,+6/+. . .)J+2n 

That is, the mean value for the head #, to be used in the 
formula for velocity, is equal to the sum of all the readings 
of the tube 4A minus the sum of all the readings of the 
tube B, divided by twice the number of observations. 

If the sum of the readings of the tube 4 is denoted by 
Sa, and the sum of the readings of the tube B by 4, and 
the velocity head by 4%, as usual, then, 

sa— Db 


k= 
Qn 


57. Formula for Velocity.—As previously stated, the 
theoretical velocity is given by the equation v = V2 oh; but, 
owing to friction and other resistances, this does not give 
the true velocity; the quantity v2 gh must be multiplied by 
a constant coefficient c whose value must be determined 


experimentally for every instrument. The formula for 


velocity is, then, Wie Sa 
v=cv20eh Ch) 
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or, substituting the value of 4 from the preceding article, 


Sy = 5} ’ 
ya epex* 2b - caff(Sa— 30) (2) 
n 


Ue 


58. Rating the Instrument.—As in the case of a 
current meter, the operation of determining the constant ¢ 
for any instrument is called rating the instrument. To 
accomplish this, readings are taken, in the manner already 
described, in a stream whose velocity is known, or in still 
water. the tube being moved at a given velocity. 

The velocity v being known, and the value of # determined 
by substituting the values of the readings in the equation of 
Art. 56, the value of cis readily determined from formula 1, 
Art. 57, which solved for ¢ gives 

v 


6¢= 
N2 oh 
EXAMPLE 1.—Readings on the tubes 4 and B of a Pitot tube held 
in a stream whose velocity is known to be 3.2 feet per second were 


taken and recorded as shown in the accompanying table. The 
number of the observations is recorded in column wz. In column a 


a a’ b b! 
& Feet Feet Feet Feet 
— | ————___—— —<——— | — 

I .65 .61 -49 -53 

2 .68 .62 47 52 

3 .69 .66 45 .48 
2.02 1.89 1.41 1.53 

2.02 . 1.41 

3-91 2.94 


are recorded the values a,, a., etc.; in column a’, the values (hielo 
etc.; and in columns 6 and 6’, the corresponding readings of the 
tube &. It is required to find the constant c for that tube. 


SoLuTion.—The equation of Art. 56 is applied in finding. Here, 
Ya = 65+ 68+ .69+ 61+ .624+ .66 = 3.91, 26 = 49 + .47 4 .45 
+ .03 + .02 + .45°= 2.94,-and z = 3. ‘Then, 

_ 3.91 — 2.94 
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To determine c, the formula of Art. 58 is applied. In this case, 
v = 3.2, 4 = .162, and g = 32.16. Then, 
Se) 
¢ = —= 
V2 X 32.16 x .162 


= .98, approximately 


EXAMPLE 2.—The coefficient c of a Pitot tube is .98, and the read- 
ings of the tubes 4 and B, taken at a certain point in a stream, are 
given in the accompanying table. It is required to determine the 
velocity of the stream. 


a a’ b b/ 
a Feet Feet Feet Feet 
I 52 50 38 40 
2 +57 +55 +32 +33 
-56 -53 -30 34 
1.65 1.58 T.00 | 1.07 
1.65 1,00 
Bees 2.07 


SoLuTIon.—The velocity v is found by substituting known values in 
FORM tee NCE OM sen this  case.—ce— OS, ol — "32. 16.0» Ga 02 
ab Bias Gees SUS Spae> Ae SS as, Aree AWS Gee Ae ats) 
oi e—o2 07, and 7 — oO, —Literi, 


2.16 


== Ye. e 3 — X (3.23 — 2.07) = 3.46 ft. per sec. Ans. 


EXAMPLES FOR PRACTICE 


1. A Pitot tube was held in a stream whose velocity was 2.8 feet 
per second. Determine the constant ¢ for this instrument, the read- 


a a’ b b/ 
Me Inches Inches Inches Inches 
I 13.0 12.5 a Ge) ta 
2 13.4 13.0 ULed. II.9 
3 1373 LOR 10.8 11.4 
4 13.2 12.9 11.5 11.8 


ings on the tubes 4 and B being as given in the accompanying table. 
Ans, .98 
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2. The coefficient c of a Pitot tube is .97, and the readings of 
the tubes 4 and B, taken at acertain point in the stream, are given in 
the accompanying table. Determine the velocity of the stream. 

Ans. 3.08 ft. per sec. 


a (ol b b/ 
Wg Inches Inches Inches Inches 
I II.0 10.4 9-5 9.1 
2 1g) ae TO g.1 8.6 
3 11.6 2 arg 9.8 (Oe 
4 11.4 10.9 9.6 9.0 


THE DISCHARGE TABLE AND RECORD GAUGE 


59. Discharge Table.—With the rise and fall of the 
water surface in a stream, there is a corresponding increase 
or decrease in the discharge. If the water of the stream is 
to be utilized for water-power, water supply, or any other 
purpose, it is usually necessary to determine the discharge of 
the stream at the highest and lowest stages of the water, and 
also its average discharge. If aseries of discharge measure- 
ments have been made in a given cross-section of a stream 
at different stages of the water, the results should be tabu- 
lated for reference, with a record of the mean velocity, 
volume, and gauge reading for each measurement. 

Fig. 20 shows the cross-section of a canal with five stages 
of water. For convenience, the heights of the different 
stages are assumed to vary by intervals of exactly 2 feet, 
which would seldom, if 
ever, be the case in 
actual observations. 
The bottom width of 
the canal is assumed 
to be 10 feet, and the 
slope of each bank to 
be 45°, or 1 horizontal to 1 vertical. This causes the width 
to increase 4 feet for each 2 feet increase of depth. The 
areas of the cross-section of the water at the successive 
stages are therefore as follows: 
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For a depth of 2 feet, 7, = Wak <= 24 square feet. 
For a depth of 4 feet, 7, = weak xX 4= 56 square feet. 
For a depth of 6 feet, 7, = wee x 6= 96 square feet. 
For a depth of 8 feet, 7, = O42 xX 8 = 144 square feet. 
Fora depth of 10 feet, 7, = ee x 10 = 200 square feet. 
DISCHARGE TABLE FOR CANAL SECTION 
as Depth of Sectional | Mean Velocity! Discharge 
as ae Water 2 Area Feet per Cubic Feet 
i ) Feet Square Feet Second per Second 
I 2 24 1.00 24.00 
2 | 4 56 1.469 | 82.264 
B 6 96 1.813 174.048 
4 8 144 2.005 301.680 
& 10 200 2.345 469.00 


These areas, as thus calculated for the various depths, are 
shown in the third column of the accompanying table, which is 
called a discharge table. The mean velocities for the 
various depths are given in the fourth column. 

From the area of the cross-section and the mean velocity 
for each stage of the water, the discharge is calculated, the 
result being written in the fifth column of the table. Sucha 
table is useful for determining the discharge at any depth 
within the limits of the observations. The recording 
gauge, which will be described later, is largely used in 
connection with a discharge table. 


60. The Discharge Curve.—The results entered in the 
discharge table, as described in the preceding article, can be 
plotted on cross-section paper with the depths of water, or 
gauge heights, as ordinates and the discharges as abscissas. 
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This is illustrated in Fig. 21. If a curve is drawn through 
these points as plotted, it will represent the discharge of the 
stream at different heights. Such a curve is called the dis- 
charge curve for the stream in which the observations are 
taken. From this curve, the discharge of the stream at any 
stage within the limits of the observations can be ascertained, 


Depths of Water in Feet 


° 50 100 150 2 


260 350 400 
Discharges in Cubic Feet per Second 
Fic. 21 


by merely determining the depth of water from the gauge 
reading and finding that point on the discharge curve whose 
ordinate represents the depth of the water. The abscissa to 
the curve at the same point will represent the discharge of 
the stream at the given stage. 

The increase or decrease in the discharge per unit of rise 
or fall is a variable quantity depending on the velocity and 
the sectional area of the stream. It will be seen, by refer- 
ence to the table in Art. 59, that the velocity increases or 
decreases as the depth increases or decreases, but not pro- 
portionately. Since this is true of any stream, it may be 
stated that there is no method for accurately determining 
the discharge of a stream at different stages except within 
the limits of observed values. 


61. The Recording Gauge.—In the practical and legal 
questions constantly confronting the hydraulic engineer, such 
as the flow of water through orifices, over weirs, the power 
determination of pumping engines and motors, and the flow 
in streams and rivers, the gauging of the water at frequent 
intervals is of great importance. For this purpose, an ingen- 
ious and accurate device, called a recording gauge, is very 


Fic. 22 


Pee 


> 
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extensively used. This instrument is represented in Fig. 22. 
It is usually placed on a table in a small house or shed built 
for the purpose. A roll of paper, usually 100 feet long and 
2 feet wide, is wound on a roller R. The loose end of the 
roll is passed over a drum or cylinder C and fastened to 
another roller R,. The cylinder and rollers are moved at a 
uniform rate by clockwork so that the paper, as it unwinds 
from the roller 2, winds on the roller X,. A pipe 7 leads the 
water from the body of water to be measured toa still box SS, 
located directly under the instrument. Through a hole in 
the floor of the room, a float / is let down on the water in 
the still box. This float is fastened to a chain or rope cc, 
which passes over two wheels W, W, and carries a weight QO 
at its other extremity. The float # and weight QO are so 
adjusted that, when the water sinks in the box SS, the float 
sinks with it and pulls up the weight; and when the water 
rises, the float rises with it, and the weight sinks. To the 
chain or rope is fastened, between the wheels W, W, a pencil P 
that rests on the cylinder C and travels in one direction or the 
other, according as the float “rises or sinks. It will be seen 
that all fluctuations of the water level in the still box are 
recorded on the revolving roll; thus, if the water level falls 
2 inches, the float / will drop 2 inches, the chain cc will 
move on the wheels 2 inches, and the pencil point P 
will move to the right 2 inches. 

Let it be assumed that the recording gauge is used in 
connection with a weir, although it may be used for deter- 
mining the variations of flow for any stream for which a 
discharge table has been constructed. A hook gauge J, 
set at zero, is securely fastened to a side of the still box or 
float box and, by means of an engineers’ level, the point of 
the hook is set at exactly the same elevation as the crest 
of the weir. A reading is then taken of the water level in 
the float box, by means of the hook gauge. Assume this 
reading to be .5 foot, or 6 inches; this shows that 6 inches of 
water is flowing over the crest of the weir. A distance 
of 6 inches is then measured along the cylinder C to the 
right of the position occupied by the pencil P at the time 
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of the observation, and another pencil point P, is fixed or 
clamped to an independent rod that will hold it in position. 
As the cylinder revolves, the point P, describes a line, and 
it is obvious that the distance of P from this line at any 
time indicates the height of the water above the weir, or 
the head / over the weir. 

In Fig. 23 is shown a portion of a sheet taken from a 
record roll. The vertical ordinates represent the elevations 
of the water at each of the 24 hours of a day. The irregular 
line traced by the float pencil P enables the observer to 
determine the exact stage of water at any given period by 
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using the corresponding ordinate to the curved line. For 
example, if the height on the weir had remained stationary 
between 38 and 4 o’clock in the morning this record was 
taken, the float would have remained stationary also; and, 
as the clock would have rolled the paper the distance a4, 
the float pencil would have described the line a, 6,; but, as 
the stream was falling, the irregular line a,c, was described 
instead. 


62. A discharge curve having been previously prepared 
(see Art. 60), the discharge for an hour, a day, or a month 
may be easily determined from the gauge. If it is desired 
to ascertain the number of gallons that have passed over 
the weir from 6 o’clock in the morning to noon of the day 
on which this record was. taken, the ordinates numbered 
from 6 to12 inclusive are measured. Let these ordi- 
nates be 21, 17, 16, 14, 12, 11.5, and 11, respectively; 
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then, the mean of the heights at 6 and 7 o’clock is taken, or 
+17 
7 
been constructed from the weir formula, where the curve 
gives the discharge in gallons per hour, or in million gallons 
per 24 hours, the average discharge is observed for this 
l-hour period. Proceeding, similarly, for each succeeding 
hourly period, an average hourly discharge is determined, 
and the sum of these six average hourly discharges will give 
the total average discharge for the 6 hours. 

Another method, a little less exact, but closely approxi- 
mate, is to add together the varying elevations, as scaled 
from the roll, divide the sum by the number of elevations 
used, and find from the discharge curve or table the dis- 
charge corresponding to this average head or height. 

If a clock with an 8-day attachment is used, the apparatus 
needs attention but once a week. The paper comes in rolls 
long enough to last 1 month. 


= 19. Consulting the discharge curve that has 


GENERAL REMARKS 


COMPARISON OF METHODS 

63. Method by the Pitot Tube.—The Pitot tube is not 
much used at the present time. As already stated, it is well 
adapted to rapid work when great accuracy is not required; 
but it is inconvenient to handle in varying or considerable 
depths, and capillary attraction makes close readings difficult. 


64. Method by Floats.—For a rough determination, 
the surface float may be advantageously used; it is cheap 
and convenient, and gives fairly approximate results. 

Double floats give closer results than surface floats, but are 
expensive when many observations are to be taken; to which 
must be added the uncertainty as to the position of the lower 
float, on account of the action of the current on the cord. 

Rod floats are greatly to be preferred to other floats, as 
they give a much closer approximation to the mean velocity. 
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They should be adjusted to run as near to the bottom as 
possible and project slightly above the water level. They 
may be used for streams of any depth. The floats used by 
Francis in his Lowell experiments were tin tubes 2 inches 
in diameter, soldered together and weighted with lead at the 
lower end. By the addition or removal of a little lead, the 
rods were made to sink to nearly the desired depth. One 
advantage of the rod float is that it is unaffected by floating 
grass, silt, or other substances. 


65. Method by a Weir.—Although the weir is the stand- 
ard of measuring devices, it has its limitations. Expense 
of construction often forbids its use, and a 20-foot weir with 
a 2-foot head, discharging about 200 cubic feet a second, is 
as large as is usually bujlt, and as large as the formulas so 
far proposed can be safely followed. 


66. Method by the Current Meter.—The current 
meter is, at the present time, the ideal instrument for the 
measurement of flowing water, particularly beyond the prac- 
tical uses for which the weir can be used. It measures the 
velocity of a stream in a much simpler manner than can be 
done by the use of floats; it is only necessary to measure 
one cross-section of the stream, and both field book and 
other computations are less than when floats are used. If 
the stream is small and unimportant, so that it is not neces- 
sary that a high degree of accuracy be attained in the meas- 
urements, the mean velocity can be determined by placing 
the instrument at different depths over the entire cross- 
section. For very accurate work, several readings should 
be taken at each of several points and depths. 

It should be borne in mind that, on account of the diameter 
of its vanes, the current meter can be held no nearer the 
surface or bottom than 6 inches, and that a velocity of at 
least 1 foot per second is necessary for accurate results. 
The meter should be rated frequently. 
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VARIATIONS OF VELOCITY IN A CROSS-SECTION 


67. Velocities at Different Points of a Cross- 
Section.—The velocity of flow in a stream varies both from 
the sides of a bed toward the center, and, in any vertical line, 
from the surface to the bottom. As a rule, the maximum 
velocity occurs in that part of the cross-section where the 
depth is greatest, and at a short distance from the surface. 
Cases, however, have been observed in which the maximum 
velocity is the surface velocity. The least velocity occurs 
near the sides of the bed, and the average velocity, as a rule, 
a short distance below the middle of the deepest part of the 
cross-section. 


68. The Mean Velocity.—From a series of careful 
experiments, E. C. Murphy concludes that “‘the distance of 
the thread of mean velocity below the surface increases with 
the depth and with the ratio of the depth to the width.”’ 
This distance varies, according to Mr. Murphy, from .50 to 
.65 of the depth. “In a broad shallow stream,” he adds, 
“from 38 to 12 inches in depth and having a sand or fine 
gravel bed, the thread of mean velocity is from .50 to .55 of 
the depth below the surface. In broad streams from 1 to 
3 feet in depth, and having gravelly beds, the thread of mean 
velocity is from .55 to .60 of the depth below the surface. 
The single-point method of measuring the velocity, by hold- 
ing the center of the meter .58 of the depth below the surface, 
will give goodresults. In ordinary streams, where the depth 
varies from 1 foot to 6 feet, the thread of mean velocity is 
about .6 below the surface.’’ This value, obtained as a 
mean of 378 observed values, can be taken to represent the 
average depth of mean velocity under the conditions that 
are most likely to occur in practice. 


69. The all-important factor to determine in the meas- 
urements of flowing water is mean velocity. From the pre- 
ceding it appears: (1) that a fairly approximate mean 
velocity of the flow of a stream may be determined from a 
single reading in the deepest part of the cross-section at a 
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depth of .60 below the surface; (2) that a closer approxi- 
mation may be obtained by finding the mean of a number 
of readings taken at .60 of the depth; (3) that where abso- 
lute accuracy is desired, a number of readings must be taken 
along different verticals of the cross-section, so as to cover 
the entire cross-section in both directions, vertically and 
horizontally. Readings should be taken along each vertical 
line, beginning at a distance of 6 inches below the surface 
and ending ata distance of 6 inches above the bottom. The 
sum of all the readings divided by their number gives the 
required mean velocity. 


7O. Fluctuations of Velocity.—Not only does the 
velocity change from point to point in the same cross-sec- 
tion, but its value at any one point is not constant; it fluctu- 
ates between values that are sometimes noticeably different 
from each other. Such fluctuations are very plainly shown 
by a current meter held for some time at one point of the 
stream. It follows from this that, for very accurate deter- 
minations, several readings should be taken at each point; 
or, if a current meter is used, it should be placed at each 
point for a considerable length of time—say % hour or 


1 hour—before taking the reading. 


Td 39920 
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TABLE I 
VALUES OF THE COEFFICIENT OF ROUGHNESS 
CHARACTER OF CHANNEL VALUE OF n 
Clean well-planed timber Faia ir a Ne Be Nea a .009 
Clean, smooth, glazed iron and stoneware pipes .010 
Masonry smoothly plastered with cement, and for very 
clean smoothicast=1ron pipe) :-e:nacm ie oe mene O11 
Unplaned timber, ordinary cast-iron pipe, and selected 
pipe sewers, well laid and thoroughly flushed . 7c 012 
Rough iron pipes and ordinary sewer Bin laid under 
the visdali conditions) jam aaa a ae .013 
Dressed masonry and well- laid brickworks. 7 sees ot Old 
Good rubble masonry and ordinary rough or fouled 
brickwork:.y Ge. OW heat bc coved Sak tar eee a oa .017 
Coarse rubble masonry ‘and firm compact gravel . .020 | 
Well-made earth canals in good alinement..... 0225 
Rivers and canals in moderately good order and per- 
fectly free from: stones and weeds a. Ss a ee .025 
Rivers and canals in rather bad condition and some- 
what obstructed by stones and weeds....... .030 
Rivers and canals in bad condition, overgrown with 
vegetation and strewn with stones and other detri- 
tus, according to condition ..... Bees e030 1to¥050 
TABLE II 
CONSTANTS TO BE USED IN THRUPP’S FORMULA 
Character of Bed m 25 y 
Wrought-iron pipes 208.80 | .650 | .556 
Riveted sheet-iron pipes 17O.24 O77 WeS AS 
: : 187.00 | .670 |. 
New cast-iron pipes . 7 7 541 
148.20 | .630 | .500 
Lead pipes 191.42 | .620 | .571 
250.00 !.670 |. 
Pirescement jeu ese ene 5 7 575 
5555) sl POmOnle sie 
Brickwork (smooth) 129.10 | .610 | .500 
Brickwork (rough) 113.06 | 625 | .500 
Unplaned plank 119233) |2OL5a 3500 
Small gravel in cement . 84.67 .| .660 | .500 
Large gravel in cement 70.67 | .705 | .500 
Hammer-dressed masonry 89.53 | .660 | .500 
Earth (no vegetation) . . 65.10 | .720 | .500 
Rough stony earth . 46.64 | .780 | .500 
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TABLE III 
COEFFICIENTS OF DISCHARGE FOR WEIRS WITH END 


CONTRACTIONS 


69 


Length of Weir, in Feet 


Effective 
Head, 
in Feet .66 I 2 3 5 10 19 
ar .632 .639 .646 .652 .653 .655 | .656 
ans .619 562 .634 .638 .640 | .641 | .642 
20 .6II .618 .626 .630 {ERT .633 | .634 
25 .605 .612 pO2i1 .624 102 0m O2 Sm O29 
.30 .601 .608 .616 .619 .621 202 40a) 2025 
.40 -595 601 .609 .613 POM Smile Ol oman. O20 
.50 -590 .596 .605 .608 611 20.05e ee O7. 
.60 5 O7, xa ye: 601 .605 50084) 213 615 
.70 .590 .598 .603 FOOOsesOn2 1 Old 
.80 595 .600 1004s) e261 013 
.90 -592 .598 .603 .609 | .612 
1.00 -590 -595 .601 .608 | .611 
2 .585 .591 -597 | .605 610 
need .580 .587 .594 .602 | .609 
1.6 .582 .59I .600 | .607 


Note.—The head given is the effective head, 7+ 4h. When the 


velocity of approach is small, # is neglected. 
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TABLE V 
COEFFICIENTS OF DISCHARGE FOR WEIRS WITHOUT END 
CONTRACTIONS 
Effective Length of Weir, in Feet 
Head, 
in Feet 19 7 7 5 4 3 5 
.10 .657 .658 .658 .659 
“5 .643 .644 .645 -645 .647 | .649 | .652 
.20 .635 .637 .637 .638 .641 .642 | .645 
a5 .630 .632 .633 .634 20208 | O36 lmeO4 ti 
.30 .626 .628 .629 .631 AOR | LOR || LORO 
.40 .621 .623 .625 .628 3030) e083 O30 
.50 .619 .621 .624 16277 2030 |= ORB EOzy 
.60 618 620 .623 .627 5030) i) O34 O28 
70 .618 .620 .624 .628 .631 .635 | .640 
.80 .618 .621 .625 .629 {63% 0.63721. .043 
.go .619 622 627 .631 .635° 1.639) 7645 
1.00 SOO) |) O24. .628 .633 £0377) 9 ROAM ROAS 
ie .620 .626 s632 .636 -641 .646 
1.4 .622 .629 .634 .640 .644 
1.6 .623 .631 .637 .642 .647 
| 
Note.—The head given is the effective head, H+ 1.4%. When 


the velocity of approach is small, 4 may be neglected. 


WATERWHEELS 


(PARTA1) 


INTRODUCTION 


ENERGY, WORK, EFFICIENCY, HEAD 


1. Energy and Work of Water.—Let a weight W of 
water be at rest at a height # above any plane of reference. 
Then (see Aznematics and Kinetics, and Hydraulics, Part 1), 
with respect to that plane, the water possesses, by virtue of 
its position, an amount of potential energy equalto Wh. If 
the water falls freely through the height 4, without doing any 
work, its potential energy is all transformed into kinetic 
energy. The latter energy is numerically equal to the 
potential energy Wh, and may be expressed either by this 


product or by the product om denoting by v the final 
Ss 


velocity of the water, and by g the acceleration of gravity 
(= 82.16 feet per second). In general, if a weight W of 
water is moving with the velocity v, its kinetic energy is 


see and the water can, by losing all its velocity, perform 
work (although not necessarily useful work) equal to this 
kinetic energy. 

If, at any instant, the weight W of water has a veloc- 
ity v. and is at a distance 2 above a plane of reference, the 
total energy & of the water, with respect to that plane of 
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reference, is equal to the sum of the potential and the kinetic 
energy; or 


Ba W (i +22) (1) 
2g eg 


It is here assumed that the water is not under pressure, as 
otherwise the pressure energy must be taken into account 
(see Hydraulics, Part 1). 

If, while falling through the distance 4, the water is made 
to do work on a machine, such as a water motor, the total 
work U done, including all work that is not useful, is equal 
to the difference between the original total energy & and the 
kinetic energy left in the water. This lost energy is equal 
to ae denoting by v, the velocity of the water after the 


latter has fallen through the distance #. Therefore, 


Ok — yan 
or, replacing the value of & from formula 1, 
pis w( - et) (2) 
2g 
If v, is greater than v,, the formula may be written in the 
more convenient form 


tp Ww (a 422) (3) 


ExAMPLE.—A mass of water weighing 62.5 pounds enters a motor 
with a velocity of 20 feet per second, and leaves the motor at a point 
16 feet below the point of entrance with a velocity of 8 feet per second. 
Required the work done by the water on the motor, all losses, such as 
those due to friction, being included. 


SoLuTion.—Here W = 62.5 lb., A = 16 ft., v. = 20 ft. per sec., 
and v, = 8 ft. persec. Therefore, by formula 3, 


2 
U = 62.5 X (16 [eae ) = 1,326.5 ft.-lb. Ans. 


2. Power of Water.—As explained in Kinematics and 
Kinetics, 1 horsepower is equivalent to 550 foot-pounds of 
work performed in 1 second. If a stream of water falls con- 
tinuously through a height of / feet, discharging W pounds 
per second, its potential energy, per second, is Wh foot- 
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pounds. As this is the work that the water can perform, 
per second, in falling through the distance 4, the horse- 
power # of the water is given by the equation 
Wh 
ae; (a) 

Let Q be the discharge of the stream, in cubic feet per 
second, and w the weight, in pounds, of 1 cubic foot of water. 
Then, W = w(Q, and equation (a) becomes 

00h  U2wOk 
sng: ous ae a Ll oe 

In nearly all practical computations, it is customary to 
take w as 62.5 pounds. This value will be used here, unless 
another value is expressly stated. Replacing w by 62.5 in 
formula 1, that formula becomes 


i= ewes = 51136 0% (2) 
The following form, obtained by multiplying the two terms 


of the fraction 1s by 8, is often more convenient: 


Bie.” (8) 


&. Sometimes, the discharge is given in gallons per 
minute. Let G be the discharge so expressed. Then, since 
1 cubic foot = 7.48 gallons, and the discharge in cubic feet 
per minute is 60 Q, we have, 

G="60.0 X7A8; 
—s G —— 
7.48 x 60 

The substitution of this value in formula 3 of the prece- 
ding article gives, after reduction, 

HT = .00025382 Gh 


EXAMPLE 1.—What is the theoretical horsepower of a stream dis- 
charging 12 cubic feet per second through a height of 120 feet? 


whence O = 


SoLuTion.—Here, QO = 12, # = 125, and formula 3, Art. 2, gives 


jeep es x sb Ane 


EXAMPLE 2.—What is the theoretical horsepower of a stream dis- 
charging 5,400 gallons per minute through a height of 120 feet? 


4 WATERWHEELS i Se 


SoLution.—Here, G = 5,400, % = 120, and the formula in this 
article gives 
HT = .0002532 x 5,400 x 120 = 164.1 H. P. Ans. 


4, Wead.—In connection with a water motor, the follow- 
ing definitions are convenient: 

The total head is the difference in elevation between 
the surface of the water in the source of supply and the sur- 
face of the water as it leaves the motor or its accessories. 

The effective head is that part of the total head of which 
the motor actually makes use. It is equal to the total head 
minus the head lost in friction and otherwise in the head- 
race, and includes whatever pressure and velocity heads the 
water may have on entering the motor. 

The stream of water leaving a motor or its accessories is 
called the tailrace, a name applied also to the channel or 
conduit by which the water is carried away. Sometimes, it 
is not convenient or advisable to place a motor so that 
its lowest point will be at the level of the tailrace. In any 
case, the total and effective heads are measured to the sur- 
face of the tailrace. 

The conduit by which the water is brought directly to the 
motor is called the headrace, flume, or penstock. 


5. Efficiency.—By the efficiency of a water motor is 
ordinarily meant the ratio of the energy that the motor can 
transmit or deliver to other machinery, in a certain time, to 
the energy actually supplied to the motor in the same time. 
The latter energy is the energy due to the effective head 
of the water. This efficiency is often called the net effi- 
ciency and the commercial efficiency. 

The gross efficiency, or total efficiency, of a water 
motor is the ratio of the energy that the motor can transmit 
or deliver, in a certain time, to the total energy due to the 
total head of the water acting on the motor during the same 
time. This is properly the efficiency of the whole plant, 
rather than of the motor. 

Efficiency is customarily designated by the Greek letter 7 
(efa, pronounced “‘ay’ta’’). 
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A = total head on a motor, in feet; 

Ah, = effective head, in feet; 

Q = water supplied to the motor, in cubic feet per 
_ second; 

fT = horsepower developed by motor; 

7 = net efficiency of motor; 

7/ = gross efficiency. 

The total horsepower of the water, due to the head 4, is 


| 


wee (Art. 3), and the horsepower due to the head 4, is 
wee Therefore, - wed 38 
tray Ta Oh, (4) 
88 
jak 8.8 
/ = 
C008 . Oh (2) 
88 
It will be observed that 
f=4x4 (3) 


When the efficiency, the discharge, and the head are given, 
the horsepower is obtained by solving formula 1 for A, 


which gives 
ya 22h _ W7Ohn (4) 
8.8 88 

It is customary to express efficiency as a certain per cent. 
of the power or energy supplied to the motor. ° Thus, if 
74 = .81, the efficiency is expressed as 81 per cent. This 
mode of expression should be borne in mind in all applica- 
tions of the foregoing formulas. 


6. The total energy of the water Q entering the motor 
is wQh,, denoting, as usual, by w the weight of 1 cubic foot 
of water. Let the water leave the motor with a velocity 
of v feet per second. Then, the energy carried away by the 


water is “¥ x v®; so that the energy spent on the motor is 


wg Arua! pe 
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A great deal of this energy is lost in friction, eddies, etc.; 
and, besides, there is usually some water lost by leakage. 
Assuming the ideal condition in which none of these losses 
would take place, the ideal efficiency of the motor would be 


Sei 
w o( es) af v* 


wOh, anne 
No motor can have an efficiency greater than, nor even 
equal to, this value. This ideal efficiency, as well as the 
actual efficiency, is greater the smaller the velocity v (an 
otherwise evident fact, since, the less the velocity v, the less 
is the energy carried away by the water). 
EXAMPLE 1.—The effective head on a water motor being 25 feet; 


the water supplied, 50 cubic feet per second; and the power developed 
by the motor, 95 H. P.; what is the efficiency of the motor? 


So.tution.—Here H = 95, Q = 50, and #, = 25. Therefore, by 
formula 1, Art. 5, 


— 8.8 X 95 _ = 
1 = osc 5p — 969 = 66.9 percent. Ans. 


EXAMPLE 2.—The efficiency of a motor being 72 percent. (7 = .72), 
and the effective head 20 feet, what must be the supply of water in 
order that the motor may develop 80 horsepower? 


SoLution.—Formula 1, Art. 5, gives 


8.8 
Gai 
Substituting given values, 
8.8 X 80 
Q= eee = 48.89 cu. ft. per sec. Ans. 


EXAMPLE 3.—A turbine having an efficiency of 75 per cent. is used 
to operate a pump whose efficiency is 65 per cent. The effective head 
being 10 feet, and the supply of water 125 cubic feet per second. 
required: (a) the horsepower developed by the turbine; (6) the horse 
power developed by the pump; (c) the number of gallons of water 
per minute that the pump can raise to a height of 100 feet. 


SoLution.—(a) To apply formula 4, Art. 5, we have 7 = .75, 
O = 325, and 4, = 10.. Therefore, 
yy = 10 X.75 X 125 X 10 
88 
(6) Since the horsepower developed by the turbine is 106.53, of 
which the pump utilizes only .65, the power A, of the pump is 
.65 X 106.53 = 69.24 H. P. Ans. 


— LOG Oou ree AS 
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(¢) Since the power developed by water falling through a certain 
height is the same as the power required to raise the water to the 
same height, the formula in Art. 3, solved for G, may be used. 
Replacing H by Aj, or 69.24, and ’, by 100, we have 


1 el 69.24 
C= -0002532 2,  .0002532 x 100 — 2,735 gal. Ans. 


EXAMPLES FOR PRACTICE 


1. Water enters a motor at the rate of 50 cubic feet per second 
with a velocity of 15 feet per second, and leaves it with a velocity of 
8 feet per second. Assuming that the water falls through a distance 
of 30 feet, find the total horsepower delivered by the water to the 
motor. Ans. 184.68 H. P. 


2. What is the efficiency of a motor that develops 270 horsepower 
with a supply of 80 cubic feet per second and an effective head of 
45 feet? Ans. .66, or 66 per cent. 


3. What is the theoretical horsepower of a stream that discharges 
25,000 gallons per minute through a height of 100 feet? 
Ans. 633 H. P. 


4. The total head on a motor is 20 feet, of which 10 per cent. is 
lost in overcoming resistances in the headrace. If the net efficiency of 
the motor is 72 per cent., what is the gross efficiency? 

Ans, 64.8 per cent. 


WATER SUPPLY FOR POWER 


J. The amount of water power available at a given site 
is proportional both to the head and to the quantity of water 
supplied in a given time. If the yield of the stream from 
which the supply is drawn is variable, gaugings should be 
made to determine the proper basis of development. If it 
is necessary that the power shall be constant in amount, the 
development must be limited to the least flow that is con- 
stantly available, or else auxiliary power in some form, as 
steam engines, must be used in periods of deficiency. 

Some industries require permanent power, while others, 
such as wood-pulp grinding, can utilize irregular power. 

It often pays to develop a stream beyond the limit of neces- 
sary permanent power, and to sell the surplus at a reduced 


tate. 
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Where there is storage or pondage available, so that a 
large volume of water can be impounded during periods of 
surplus and drawn off at will during periods of deficiency, 
the permanent power of a stream can be increased beyond the 
limit of the minimum flow of the stream. If the pond above 
a dam that supplies a water motor is utilized as a storage 
reservoir, only a slight depth at the surface can as a rule be 
utilized, because in drawing out the impounded water the 
head is reduced. 


8. Pondage.—Storage of water for power is usually 
called pondage, and is most commonly employed in con- 
nection with motors that run in the daytime only, the power 


stored while the motors are idle being utilized during the 
working hours. 
Referring to Fig. 1, where fis a pond and m shows the 
location of the motors, let 
V = number of hours that the motors run per day; 
OQ = water supplied by the stream to the pond, in cubic 
feet per second; 
average area, in square feet, of horizontal cross- 
section of pond; 


A 
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D = depth, in feet, that pond is drawn down during work- 


ing hours; 

D, = most economical depth of draught, or depletion, in 
feet; 

A = maximum head, or head before draught begins, in 
feet; 


fT = average horsepower obtainable from the water (not 

from the motors). 

Before the draught begins, the weight of the available 
water is wdD. The potential energy of this water, with 
reference to the level of the tailrace /, is equal to the work 
required to lift the weight wA WD from the level ¢ to the 
position ad. In the latter position, the center of gravity 


of the water is at a distance © above 6,orh -2 above /¢. 


Therefore, the work required to raise the water from ¢ to ab 
is (see Kinematics and Kinetics) 

wAD xX (4 a, 2) 

This is the same as the work that A D cubic feet of water 


can do in falling through the distance h—- 2. As the 


motors use this water in /V hours, or 8,600 V seconds, the 


AD ; 
— feet. 
3 600 V cubic feet 


The horsepower represented by this water is therefore 
(Art. 2), ae s a 
10x 40 x (i -2) a 104 D(4-2) 
88 “~~ 288 X3,600 WV 
To this must be added the power due to the inflowing 
water. It can be easily shown by means of the principle of 
kinetics stated above, that the power of this water is the 


average quantity used per second is 


same as if the quantity Q fell through the distance h — e. 
The horsepower due to this water is, then (see Art. 2), 
D 
10 Of A — = 
o( A 
88 
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For the power A’ we have, therefore, 


104 (4-2) 10.0(4-2) 
Foe 20 an 
~ 88 x 8,600 V 88 
D 
10(4 - 2) 
2 ie 
irs x (47, +0) (1) 


If the average quantity of water that the motors use per 
second is denoted by Q,, then 
AD 
oe 3,600 V + 2, 


and formula 1 may be written 


ED 
Fis al (2) 


Since k—2 = 4x [i+ (h—D)], and h Bri ew sions 


respectively, the greatest and the least head available (see 
Fig. 1), formula 2 shows that the average power obtainable 
from the water is the same as the power due to the total 
available water and a head that is a mean between the 
greatest and the smallest head used. 


9. It appears from formula 1 of Art. 8 that the greater 
the depth JY to which the water is drawn, the greater will be 
the available volume ane and, therefore, Q,. But,asan 


increase in D causes a corresponding decrease in the average 
D : 
head A — 9° the horsepower #7 does not always increase by 


increasing J. It can be shown that J,, the value of D for 
which A is greatest, is given by the following formula: 


D, = p— 1800 NO (1) 
A 
It is obvious from this formula that, if 2 is equal to or less 
than eee, no storage is necessary. 


If the value of D, is to be used, the value of # cannot be 
assumed arbitrarily, as it may happen that the flow of the 
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stream during the (24 — 4) hours that the motors are idle 
is not sufficient to make up the depletion D,. The proper 
value of # is determined as follows: Assuming that the 
inflow during (24 — 4) hours is just sufficient to make up 
for the depletion D,, we must have 
(24 — NV) x 83,6000 = D, A, 
or, replacing the value of D, from formula 1, 
3,600 (25 — V)O = hA — 1,800 NO; 


whence A= 1,800 (48 — N)Q (2) 


In all cases, the flow 3,600 (24 — V) QO must be at least 

equal to Y A, and, therefore, D must not be greater than 
3,600 (24 — V7) O 
A 

In applying the foregoing formulas, losses due to evap- 
oration should be deducted from Q. 

It is assumed in the formulas that the capacity of the 
motors is sufficient to utilize all the flow resulting from the 
depletion D,. 

EXAMPLE 1.—What should be the mean rate of draught through the 
motors in order to obtain the greatest amount of power during 10 hours 
a day at a mill where the head /, with a full pond is 20 feet, the area 
of the pond being 5 acres, and the mean inflow Q being 200 cubic 
feet per second? 

SoLution.—Here A = 5 X 43,560 = 217,800 sq. ft. Formula 1, 
Art. 9, gives 


1,800 * 10 x 200 


D; = 20 = 217,800 = 3.47 ft. 
Therefore (Art. 8), 
217,800 (20 — 
0.= 3600.10 + 200 = 221 cu.ft. persec. Ans. 


EXAMPLE 2.—In the preceding example, what will be the average 
horsepower developed by the motors, if their efficiency is 75 per cent.? 


SoLuTIon.—By formula 2, Art. 8, 
10 (20 - aot) X 221 


2 
be earl Bo ekin rl 
As the efficiency is .75, the power developed by the motors is 
10 (20 - “Sy < 221 X .75 
88 —— = 344H.P. Ans. 


I 1, T 399—21 
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10. Distributed Flow.—If the capacity of the water- 
wheels exceeds the minimum flow of a variable stream, the 
total amount of hydraulic power that can be developed in 
any year may be considered as made up of two parts: 
(1) the power available when the plant operates at full 
capacity; and (2) the power available during periods of 
deficient water supply. If the mean flow of the stream 
during any period of WV days is QO cubic feet per second, the 
same amount of water, if distributed uniformly throughout 


the year, would yield a constant supply of ve cubic feet 
per second. This quantity is called the distributed flow 
resulting from the mean flow for the given period. The 
average available supply is the sum of the distributed 
flows corresponding to the full capacity of the plant during 
periods of sufficient supply and the distributed flow during 
the period of deficiency. 
Let Q, = capacity of the plant, in cubic feet per second; 
QO, = mean flow, in cubic feet per second, on days of 
deficient supply; 


Q, = average available supply, in cubic feet per 
second; 
N = number of days of full supply in the year. 
Then, 
~ NO. (365 — Wwe N(Q, — Q,) 
AT Ie 365 me. 365 


EXAMPLE 1.—In a plant having turbines whose capacity is 300 
cubic feet per second, what is the average available supply in a year 
when the flow of the stream exceeds 300 cubic feet per second on 
200 days, and averages 250 cubic feet per second during the remainder 
of the year? 


SoLutTion.—Here Q, = 300, Q. = 250,and NV = 200. Substituting 
these values in the above formula, 


a 200 (300 — 250) 
ER oe 365 

11. Flow of a Stream.—When a stream is to be used 
for power, both its minimum and its maximum flow should be 
determined, as well as the average available flow for the pro- 
posed development. A gauging record covering several 


= 277.4 cu. ft. per sec. Ans. 
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years and including wet, dry, and ordinary years is desirable. 
Gaugings, if not previously made, should usually be started 
as soon as the investigation is begun. Incorrect estimates 
of the yield of a stream, owing to inadequate records, are 
a frequent source of commercial failure of water powers. 


12. Survey of Site.—A complete survey of the site 
should be made in order to determine the best location and 
form of construction for the dam, raceways, power house, 
and other structures. Such a survey usually includes taking 
the topography of the dam site and reservoir flow, mapping 
the lands required, and making borings and soundings to 
determine the character of the foundations for structures. 


13. Estimates of Cost.—An estimate of the cost of 
construction and development should be made, usually for 
each of several possible plans. In estimating cost, facilities 
for transporting materials, and the location of available tim- 
ber, stone, sand, and other materials should be considered, 
together with the cost of the necessary land and water rights. 

The value of the power and the returns that may be 
expected should be estimated. The net return represents 
the difference between the gross return and the sum of the 
operating charges, which include interest on investment, 
insurance, taxes, cost of repairs and renewals, attendance 
and management, supplies, and incidentals. 

It is evident that, after all these expenses are met, there 
must still be a considerable margin to cover the cost of 
promotion and financing, and to insure against accidents, 
breakdowns, or failure to produce owing to unforeseen 
causes, such as bad management, financial depression, or 
the shifting of the business center. 


14. Use to be Made of Power.—The power, when 
developed, may be sold to existing industries, which as a 
rule have steam-power plants already; or power at low rates 
may be offered as an inducement for the location of new 
industries; or the power may be utilized by its owners or 
developers. In most cases, an assured profitable market for 
at least a part of the power is a prime requisite. 
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ACTION OF A JET 


ENERGY OF A JET 
15. Let a, Fig. 2 (a), be a vessel that is supplied with 
water in such a way that the head on the orifice 0 in one side 
of the vessel is constant. Let v be the velocity in feet per 


Fic. 2 


second of the water issuing from the orifice; W, the weight, 
in pounds, of water flowing out in 1 second; and A, the 
kinetic energy of this weight of water. Then (see A7zne- 
matics and Kinetics), 


So e} 


If 4 is the head on the orifice, and ¢ is the coefficient of 
velocity, then (see Hydraulics), 


UY = CN2¢h 
and, therefore, we —=—C7 
2g 


This value substituted in equation (a) gives 
Ke= We (3) 

If A is the area of the jet, in square feet, and w is the 

weight, in pounds, of a cubic foot of water, then, 
WS wAns= wAcvegh 

Substituting the first of these values of W in equation (a), 
and the second in equation (4), the following formulas are 
obtained: 
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A 3 
Ke ees (1) 
22 
K=wdAhev2gh (2) 
The weight w will, as usual, be taken as 62.5 pounds. 
EXAMPLE.—-What is the kinetic energy per second of a jet whose 
area is .1 square foot, if the head on the orifice is 25 feet, and the 
coefficient of velocity is .98? 


SOLuTION.—Here 4 = .1, w = 62.5, h = 25, c = .98, and 22 = 64.32. 
Therefore, by formula 2, 2: 
K = 62.5 X .10 X 25 X .98° V64.32 X 25 = 5,897 ft.-lb. per sec. Ans. 


PRESSURE OF A JET ON A FIXED SURFACE 


16. General Formula.—Let a jet 7, Fig. 8, moving 
with a velocity v, impinge on a fixed surface a4 making an 
angle 17 with the direction of the jet. When the jet strikes 
the surface at a, its direction oh 
3 : , Jj 
is changed; it will be assumed 
that the surface is perfectly 
smooth, and the effect of eddies x’. 
and other resistances will be 
neglected. The water will 
therefore move along the vane with its velocity vw undi- 
minished. Let the area of the orifice through which the jet 
issues be denoted by 4. 

As shown in Fundamental Principles of Mechanics, the 
force F necessary to change, in a time /, the velocity of a 
body from wv, to v, is given by the following equation, 
W being the weight of the body: 

a W(v. — v1) (a) 
gt 

At a, the velocity of the water is changed in direction. 
This change is due to the pressure of the surface aé on the 
water, which is equal and opposite to the pressure exerted 
by the water on the surface. Let P be the magnitude of 
this pressure. If the velocity along ad is resolved into two 
components, one parallel and one perpendicular to the direc- 
tion X’ X of the jet, the value of the former component is 
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v cos M@. Therefore, at the point a, the velocity in the 
direction X’ X is changed from v to v cos M@. Let ¢ be the 
time in which this change takes place. During this time, 
the weight of water passing through a is wAdv X¢#. Repla- 
cing, in equation (a), by P, WbywAv Xz, wv, by v, and v, 


by vu cos MY, we get 
wAvxt(v—vcos mM), 


P= 5 
gt 
or, transforming, 
pa WAL (1—cos 17) (1) 
Se 


Since 4 v is the volume Q (cubic feet) of water delivered 
by the jet in 1 second, the value of P may be written in this 
other form: 


P= 222 (1 — cos i) (2) 


This formula will give the pressure of a jet in the direc- 
tion of the original motion of the jet. The pressure is 
independent of the form of the surface for a given angle of 
deflection, but the jet must be confined at the sides to pre- 
vent its spreading, except in the case of a flat plate at right 
angles to the jet. : 


17. Pressure on a Fixed Flat Vane at Right Angles 
to the Jet.—If the angle 7 is 90°, as shown in Fig. 4, then 
cos M = 0, and formulas 1 and 2 of the preceding article 
become, respectively, 


ps ee (1) 


Peel oo (8) 
eh 


The velocity v may be produced by a 


head / equal to =. Therefore,” = 22%, 
oy 


and 


Fie. 4 


PS ToOAn (3) 

Now, wAh is the weight of a column of water whose 
cross-section is equal to the area of the jet and whose height 
equals 4. It therefore follows that, with a coefficient of 
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velocity equal to unity, the pressure exerted on a flat surface 
by a jet issuing under a head / is twice the hydrostatic pres- 
sure that would be produced by the 
same head. 


18. Pressure on a.- Fixed 
Hemispherical Vane.—In the case 
of a jet impinging on a hemispherical 
vane, as shown in Fig. 5, the direction 
of motion of the jet is entirely re- 
versed, or turned through an angle 
of 180°. Since cos 180° = —1, 1—cos Y% = 2, and for- 
mulas 1 and 2 of Art. 16 become, respectively, 


pa 2warv’ (1) 
& 


Fic. 5 


p=2wQu (2) 


is 

In this case, the pressure equals four times that due to the 
velocity head 2. 

EXAMPLE |1.—To find the pressure that can be excrted ona fixed flat 
surface by a jet 1 inch square issuing from an orifice undcr a head of 
25 feet, the direction of the jet being perpendicular to the surface, and 
the coefficient of velocity being .97. 


SoLuTIon.—The equation v = .97 \2gh gives a ADE SS GH? 


=O - > 2 oon We have also, 70° —=" 62.5 Ulb!, “A= 1 sq. in. 
= zivsq. ft. Substituting these values in formula 1, Art. 17, 


P = 62.5 X th X 97? X 2 X 25 = 20.4 1b. Ans. 


EXAMPLE 2.—What pressure can the jet considered in example 1 
exert on a vane inclined at 60° to the direction of the jet? 


’ was found in the preceding 


A 
SoruTion.—The value of a 


example to be 20.4 lb. Therefore, by formula 1, Art. 16, 
P = 20.4(1 — cos 60°) = 20.4(1— 4) = 10.2 lb. Ans. 


REACTION OF A JET 
19. Definition and Value of the Reaction.—When 
the orifice 0, Fig. 2 (a), is closed, the pressures on the sides 
c and d of the vessel are equal and opposite, and there is no 
motion of the vessel. If the orifice is opened, and the stream 
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is allowed to impinge ona plate 4, as shown in Fig. 2 (4), 
fastened to the vessel, and at right angles to the direction of 
the stream, the vessel will still remain at rest. For this con- 
dition, the pressure P acting on 6 is 2wAh, as shown in 
Art. 17. In order that there may be no motion, a force &, 
equal and opposite to ?, must react on the vessel. When 
the plate 46 is removed, the force P is no longer exerted on the 
vessel; the force ® becomes unbalanced, and tends to move 
the vessel backwards. This force # is called the reaction 
of the jet. 


20. Experimental Verification.—The effect of the 
reaction and pressure of a jet may be shown by experiment 
as follows: Let the vessel be placed on rollers, as shown at a, 
Fig. 2, in such a way that a very slight pressure will produce 
motion. When the water issues from the orifice, the vessel 
will begin to move in the opposite direction. If the vessel 
is prevented from moving by a spring s, this spring will 


wAv 


show a pull equal to —, or 2wAh, which is the value 


of the reaction 2. 


PRESSURE AND WORK OF A JET ON MOVING VANES 


21. Formulas for Pressure.—If the surface or vanea 6, 
Fig. 3, moves with a velocity v, in the same direction as the 
jet, the condition is the same as if the vane were at rest and 
the jet were moving with a velocity v—v,. The water will 
strike the vane with a relative velocity equal to v — v,; the 
quantity Q’ of water striking the vane per second will be 
A(v—~v,) cubic feet, and the pressure on the vane in the 
direction of motion may be found by substituting (v — v,) 
for v in the foregoing formulas. That is (Art. 16), 


Pee Ae IE ren) 


= ONGAS ey (1) 


& 
For a plane surface at right angles to the jet (Art. 17), 
pa wAlv=w)" _ wO' (vo v,) (2) 


& & 
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For a hemispherical vane (Art. 18), 


pa 2wAlv—4)* _ 2wO'(v—%) (3) 
& a 


22. Work Done by the Jet on the Vane.—Since the 
vane moves in the direction of P through a distance of », 
feet every second, the work U, per second, done on the 
vane by the jet is equal to Pv,; or, replacing the value of P 
from formula 1, Art. 21, 


Pyne Spa he coed) 


_ wQulv—) (1 —cos 4) 
pe 


23. Work of a Jet on a Series of Vanes.—When a 
jet is made to impinge successively on a series of surfaces or 
vanes that come into the path of the jet one after another, as 
in the case of a waterwheel, all the water in the stream can 
be made to perform work on the vanes; for all the amount 
intercepted between each two vanes flows over, and does 
work on, the front vane while the water is impinging on the 
other vane. Under such circumstances, the quantity of water 
striking the system per second is the quantity Q, or Az, 
issuing from the jet per second, and the work done per 
second is obtained by replacing in the preceding article Q’ 
by Q. This gives 


ae wAvu,(v—%) (1 ccoe i) 
& 


— wQu (v=) (1 _ cog a) Gh) 
He 


It can be shown by the use of advanced mathematics that, 
other things being equal, the work V/ is a maximum when 


Ty = - Substituting this value in formula 1, and denoting 
the maximum work by U,,, we have 


U,, = wary —cosM) = real — cos M) (2)° 
& 
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24. For flat vanes at right angles to the jet, in which the 
water leaves the vanes at right angles to its initial direction, 
M = 90°, cos YM = O, and, therefore. 

= wagers Ww OU, 
es 49 49 

This represents one-half of the total energy of the water 
(see formula 1, Art. 15). Therefore, a motor with vanes 
that deflect the jet through 90° cannot yield an efficiency of 


more than 2, or 50 per cent. 


25. If the vanes are hemispherical cups, in which the 
direction of the water is reversed, as in Fig. 5,1 —cosM7/ 
= 1—cos 180° = 2, and formula 2 of Art. 28 becomes 

i = wAv = wOov 
2¢ 22 

This is the total energy of the water (see Art. 15), and so, 
in this case, the efficiency of the cup is theoretically equal 
to 1. In practice, owing to several resistances and other 
conditions not taken into account in the derivation of the 
formula, so high an efficiency is not obtainable. Avery high 
efficiency, however, is obtained from impulse waterwheels, 
which are made with hemispherical vanes working on the 
principles just explained. 


EXAMPLE |.—What is the maximum work done per second by a jet 
3 inches square impinging with a velocity of 50 feet per second on a 
waterwheel having flat vanes placed at right angles to the jet? 


SoLuTION.—By the formula in Art. 24, 
62.5 x (q35)” x 50” 
(Uf = 4 8516 = 3,796 ft.-lb. per sec. Ans. 
EXAMPLE 2.—What is the work done by a jet issuing from an orifice 
3 inches in diameter under a head of 100 feet, and impinging ona 
waterwheel with hemispherical vanes moving at a speed of 30 feet per 
second, the coefficient of velocity being .97? : 


SoLuTion.—Here v = .97V2 < 32.16 X 100 = 77.8 ft. per sec., 4 
= .7854 X (337)? = .0491 sq. ft.,v, = 30 ft. per sec., and / = 180°. 
Substituting these values in formula 1 of Art. 23, 

U= 62.0 X .0491 X 77.8 X 30 (77.8 — 30) (1 — cos 180°) 
32.16 
= 21,291 ft.-lb. per sec. Ans. 
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EXAMPLES FOR PRACTICE 


1. What is the kinetic energy per second of a jet of water whose 
area is .15 square foot, if the head on the orifice is 50 feet, and the 
coefficient of velocity is .98? Ans. 25,020 ft.-ib. per sec. 


2. The cross-section of a jet of water is 2 square inches; the jet 
moves with a velocity of 70 feet per second, and impinges on a fixed 
plane surface at right angles to its direction of motion. What pressure 
does the jet exert? Ans. 132.3 lb. 


3. If a jet of water 10 square inches in cross-section, moving with 

a velocity of 80 feet, impinges on a hemispherical cup that is moving 
with a velocity of 40 feet per second, what is the pressure exerted? 

Ans. 431.9 lb. 


26. Revolving Vanes.—In Fig. 6 is shown a curved 
vane aa’ rotating about an axis 0. A jet impinges at a with 
an absolute velocity v in the direction shown; that is, making 
an angle J7 with the tangent a4 at a. The absolute linear 
velocities of the vane at a and a’ are denoted by », and 2,’, 
respectively. The relative velocities of the water, with 
respect to the vane, are z and uw’ at a and a’, respectively, 
making the angles Z and L/ with the tangents at those points. 
The absolute velocity with which the water leaves the vane 
at a’ is denoted by v’, and the angle that it makes with the 
tangent a’ 6’ is denoted by 47’. The direction of w’ is the same 
as the direction of the face of the vane ata’. It is required 
to find the work done by the water in passing along the 
vaneaa’. The data to be used are the velocity wv, the weight 
W delivered to the vane per second, the radii x and 7’, the 
velocity v,,and the angles 7 andZ’. The velocities v, and v,’ 
are to each other as the radii » and 7’, and, therefore, 


/ 
ul = — Xo (1) 


It is evident that the velocity v is the resultant of the 
velocity v, of the vane and the velocity w that the water has 
with respect to the vane. This is plainly shown by the par- 
allelogram of velocities abcd. Similarly, v’ is the resultant 
of v,/ and w’. 

The work U done on the vane, in foot-pounds per second, 
is given by the formula 
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tra Wpeteos Me econ) (2) 
Ey 


The derivation of this formula is rather complicated, and 
will here be dispensed with. 

In order to apply the formula, it is necessary to determine 
v' and M’. 


Fic. 6 


The relative velocity «(= 6c) is computed from the 
triangle adc by the formula 
u = Vv? + 0,2 -2vu,cosM (3) 
The relative velocity w’ is computed by the following 
formula, which need not be derived here: 
w = Ay? 4+ y,/? —2vv,cos M (4) 
The triangle a’ ’c’ gives 
y! = Vu? +0," — 2u!'v/ cos L! (5) 
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Also, sin 1// = w! sin L’ (6) 


y! 

If the vanes are closely spaced around the circumference 
of a wheel, one vane after another will come into the path 
of the jet, and the water intercepted between each pair of 
successive vanes will do work in passing over the forward 
vane. The performance of work will thus be made a continu- 
ous process, and the amount of work done per second may 
be found by making W equal to the weight wQ of water 
flowing from the jet in 1 second. 

In the application of these formulas to waterwheels, it is 
desirable to adjust the velocity v, of the vane to that of the 
jet in such a way that the work done by the water in moving 
the vane shall be a maximum. It is necessary to take into 
account the loss of velocity of the jet in passing over the 
surfaces of the vanes and, in some forms of waterwheel, the 
effect of centrifugal force. Itis also necessary to design the 
wheel so that the water will enter the vanes without shock or 
impact, and leave them with the least possible velocity. 
Finally, the proportions must be such that the construction 
of the wheel will be simple and practicable. In order to 
accomplish these results, the formulas must be modified 
by the introduction of constants determined by experiment. 


INTERNAL, OR VORTEX, MOTION IN WATER 


27. In smooth flowing water the paths of adjacent par- 
ticles may remain parallel through considerable distances. 
A line of particles moving in the same path is called a fila- 
ment. If the filaments strike a firm object, they are dis- 
torted and deflected; the deflected currents often take a 
rotary motion in which all the particles forming a definite 
mass of water revolve about a common axis, as in an eddy. 
Such a system of rotating particles is called a vortex. 
When once formed, a vortex may travel a long distance in a 
stream, and is not, as a rule, broken up until its energy has 
been expended in friction between its particles and those of 
the surrounding water. 
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If it is assumed that the particles in a vortex all rotate 


2 


with a velocity v, the kinetic energy of the vortex 1s - > : 


where IV is the weight of the water contained in the vortex. 
The energy contained in a vortex cannot be converted into 
useful work in a waterwheel. Under suitable conditions, a 
considerable percentage of the energy of a stream of water 
may be converted into vortex motion with a corresponding 
reduction in the useful energy. This frequently occurs in the 
action of waterwheels, and in this way the energy carried 
away in the tailrace may be more than double the energy 
represented by the mean linear velocity of the current. 

Vortex motion can be easily observed by watching the 
motion of a small drop of ink let fall from the point of a fine 
pen into a tumbler of water, or by noticing the swirls that 
boil up and spread over the surface of a tailrace when tur- 
bines are running. 


ORDINARY VERTICAL WATERWHEELS 


CLASSES OF WATERWHEELS 


28. In general, a waterwheel is a motor or machine 
whose principal part is a rotating wheel operated by the 
action of water. The wheel proper, which is mounted on a 
shaft that revolves with it, is usually called the runner. If 
the shaft is horizontal, so that the runner revolves in a 
vertical plane, the motor is called a vertical waterwheel; 
if the shaft is vertical, so that the runner revolves in a hori- 
zontal plane, the motor is called a horizontal waterwheel. 
It should be observed, however, that the terms vertical turbine 
and horizontal turbine are at present very commonly used to 
indicate, respectively, a turbine in which the shaft is vertical, 
and one in which the shaft is horizontal. 


29. Waterwheels are further divided into three main 
classes. The first class comprises overshot, breast, and 
undershot wheels, presently to be described. There being 


ee re 
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no satisfactory name to distinguish this class, wheels belong- 
ing to it will here be called ordinary vertical water- 
wheels. The other two classes are: impulse wheels, 
which are moved by a jet of water impinging on vanes dis- 
tributed over the circumference of the runner; and turbines, 
in which the buckets around the circumference of the runner 
are all simultaneously filled by water that continually flows 
into them through conduits called chutes or guides. 

Generally, the term ‘“‘waterwheel’’ is understood to refer 
either to ordinary vertical or to impulse wheeis. It is to be 
remarked, however, that many writers include impulse wheels 
in the turbine class. The wheels here defined as turbines 
and impulse wheels are called by these writers reaction 
turbines and impulse turbines, respectively. 


380. Ordinary vertical waterwheels have been almost 
entirely superseded by turbines and impulse wheels. At the 
present time they are rarely used except in new countries 
where turbines are not obtainable. A few examples of old- 
time wooden vertical wheels may still be seen in the Catskill 
mountain region and elsewhere. An overshot wheel 723 feet 
in diameter that was built about half a century ago is still in 
use in the Isle of Man. 

The water supply for vertical waterwheels is usually drawn 
from small, steady-flowing streams. Spring-fed streams are 
preferable because of their freedom from ice and freshets. 
Pioneer mills were usually located where such streams 
border rivers or highways. The sites thus chosen often 
determined the location of important cities. 

The principal objections to ordinary vertical waterwheels 
are their large size and weight, which make them unwieldy; 
their slow motion, which necessitates expensive and cum- 
brous gearing to transmit the proper speed to the machinery 
they operate; the reduction of their efficiency and often the 
absolute impossibility of operating them, caused by the for- 
mation of ice in the buckets; and, finally, their lack of 
adaptability to variations in the head of water. During 
periods of high water, the water rises in the tailrace (see 
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Fig. 7), and, if the wheel is low enough, its buckets dip into 
the back water, which thus offers a great resistance to the 
motion of the wheel: the wheel is then said to be ‘‘drowned,”’ 
and to “‘wallow’’ in the tailrace. This difficulty may be 
obviated by placing the wheel so that it will always be above 
high water; but, as a rule, the loss caused by the resulting 
reduction of the total head is greater than the loss caused 
by the resistance of back water when the wheel is allowed to 
wallow. Formerly, these wheels were often mounted on 
floats or pontoons designed to keep the axle of the wheel at 
a constant height above the surface of the tailwater. 


OVERSHOT WHEELS 


31. General Features.—Referring to Fig. 7, an over- 
shot waterwheel consists of an axle aa mounted on suita- 


Ujpy 


Fie. 7 


ble journals; at least two circular crowns or shroudingsc,c, 
connected to the axle by radial arms 2,; and a series of 
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curved partitions ,/, called vanes or floats, extending 
between the crowns. The sole ee forms a cylindrical sur- 
face to which the inner edges of the vanes are attached. 
Intermediate crowns 7,7 are used in very wide wheels to 
give added support to the vanes. The vanes divide the 
space enclosed by the crowns and sole into compartments 
called buckets. Sometimes the water is admitted below 
the top of the wheel bya sluice passing over the wheel; such 
wheels are called pitch-back waterwheels. If the sluice 
is lower down, about midway between the top and the bottom 
of the wheel, the wheel is called a middleshot wheel. 

Sometimes an apron, or curb, cc, Fig. 11, is added, con- 
forming closely to the circumference of the wheel. The 
object of the apron is to prevent the escape of the water 
from the buckets before reaching the bottom of the wheel. 
A wheel supplied with such an apron is called a breast 
wheel. Aprons are more commonly added to middleshot 
than to overshot wheels. For an apron to be effective, there 
must be little clearance between the wheel and apron; this 
may cause rubbing and a loss of power by friction. 


382. Action of the Water.— Fig. 7 shows two views of 
an overshot wheel with curved iron buckets. The water is 
brought to the top of the wheel by a trough or sluice f, which 
may be curved toward the wheel, and should be so placed 
that the water will enter the first, second, or third bucket 
from the vertical center line of the wheel. The supply of 
water to the wheel is regulated by a gate m, which is gener- 
ally operated by hand, but may be operated by an automatic 
governor. The thickness of the sheet of water in the trough 
should not exceed 6 or 8 inches. 

In an overshot wheel, the water acts mainly by its weight, 
the water in each bucket doing work while it descends from 
the top to the bottom of the wheel. As, however, the water 
enters the buckets with some velocity, a small part of the 
work is due toimpact. Since, even under the most favorable 
circumstances, only one-half of the energy due to the velocity 
of the entering water can be utilized by impact, the head that 


Te 39922 
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produces the velocity of the entry is made small, and the 
greater part of the fall is taken up by the diameter of the 
wheel. 


33. Practical Values.—The first point that should be 
considered in the design of an overshot wheel is the 
velocity v, of the circumference. This varies with the diam- 
eter of the wheel, and ranges from 25 feet per second for 
the smallest diameters to 10 feet per second for the largest. 
Wheels of this class are well adapted to heads varying 
between about 8 and 75 feet, and to discharges of from 
3 to 25 cubic feet per second. They give their best efficiency 
with heads between 10 and 20 feet. 

The diameter of the wheel is fixed by the total fall #2 and 
the head #, necessary to produce the required velocity of 
entry v of the water into the bucket (see Fig. 7). The 
velocity of entry is always greater than the velocity of the 
circumference of the wheel, varying between 13¥v, and 2z,. 

Owing to the frictional losses in the sluice and gate, the 
head /, required to produce the velocity w is about 1.1 times 


the velocity head oe that is, 
: 22 
hye ie (1) 
2g 


The diameter D of the outside of the wheel is made to 
correspond to the difference # — h, and the clearance 
required between the wheel and trough. 

The number of revolutions per minute /V is fixed by the 
diameter D and the circumferential velocity v,, and is given 
by the formula 

60 v, 19°17; 
pi TD. aD (2) 

The number of buckets Z is given by the formula 

£ = 20 D100) 

The depth d of the buckets is made between 10 and 15 
inches. 


The breadth 6 (feet) of the buckets is made between 


aK £. and 4x 2 , where OQ is the supply of water in cubic 
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feet per second, and d is the depth of the buckets expressed 
in feet. 


04. Buckets.—The form of buckets should be such that 
the water will enter freely and with little shock, and will be 
retained as long as possible. In Fig. 7, if the wheel is not 
provided with an apron, water will begin to spill from the 
buckets at some point 7; at the bottom of the wheel, it will all 
have been discharged. The effect is the same as if the water 
were all discharged at a point g about midway between / and 
the tailrace level £; the head g& below the mean point of dis- 
charge gis lost. This loss may be prevented by the addition 
of an apronss. The depthd of the buckets should be small, 
so that the water will fall the shortest possible distance in 
entering them. The breadth of the buckets is usually made 
such that they are only partly filled; in this way, the discharge 
begins lower down on the wheel and the loss of head is 
decreased. With a given discharge, the quantity in each 
bucket will be decreased as the speed is increased. If, 
however, the speed is great, the head required to give the 
entering jet its velocity will be large, and, in addition, 
the centrifugal force will tend to throw the water out of 
the buckets. 


35. Fig. 8 shows a good method of laying out wood or 
iron buckets for an overshot waterwheel. The description 
given applies especially to iron vanes, as shown at (a): 
wooden vanes may be made to approximate this form 
more or less closely, as shown at (4). In Fig. 8 (a), 
C#FG is a section of the crown of the wheel, and 4 is the 
mouth of the sluice. Let d be the depth of the crown ring. 
First draw the center line 4 B of the sheet of entering water. 
This curve will be a parabola, and may be constructed as 
explained in Rudiments of Analytic Geometry. With the axis 
of the wheel as a center and a radius R = =D, draw the 
arc CE, cutting the parabola in a, so that the distance e is 
equal to one-half the thickness of the sheet of entering 
water, plus the thickness of the trough, plus the clearance 
between the crown of the wheel and the trough. From the 
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same center, draw the arc /G with the radius R — qd; this 
gives the surface of the sole of the wheel. From the point 4, 
where this are cuts the parabola 4 #&, draw the straight 
line 46, and mark the point a’ where 4 6 cuts the are C&. 
With 4 as a center and a radius equal to d, draw the arc mc, 
cutting #G in c, and draw cf, which is a prolongation of 
the radius of the are #G. Draw the outline a’ f of the bucket 


pA 


LLiLia 


with the radius x = a/b. Thecenter of this arc may be found 
by erecting a perpendicular at the middle of a/f and inter- 
secting this perpendicular with a radius a’ 6 from a’ or f as 
a center. Lay off cg =72/,/ being the distance between 
aanda’; draw gh parallel toc f, and, finally, join the curve a’ f 
and the line g with an arc whose radius is equal to 7. This 
gives the outline for a bucket. The pitch ¢ is found by 
dividing the circumference of the wheel by the number of 
buckets. The pitch 7/’ of the buckets at the sole of the wheel 
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is found by dividing the circumference of the sole by the 


number of buckets. 

It will be noticed that, 
in the wooden construc- 
tion shown in Fig. 8 (4), 
the points a’,h, and ¢g 
correspond to the points 
a’,h,andgin(a). The 
parts gh and ha’ in (4) 
are made straight. In 
all cases, the outer edges 
of the buckets should be 


sharpened so that they | 


will offer as little resist- 
ance as possible to the 
entrance of the water. 
Fig. 9 shows an over- 
shot wheel made mostly 
of wood, and Fig. 10 one 


made entirely of iron. The power 


| 
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may be taken from the 
axle, as shown in Fig. 9, 
or it may be taken from 
gearing on the rim of 
the wheel, as shown in 
Fig. 10. 


36. Efficiency. 
The efficiency of the 
overshot waterwheel is 
high, ranging from 65 
to 85 per cent. in well- 
constructed wheels. 
When the supply of 
water is small, as during 
a drought, the buckets 
are only partly filled; 
hence, the loss from 
the water leaving the 
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buckets too early is reduced, and the efficiency of the wheel 
is increased. 


EXAMPLE.—To compute the principal dimensions of an overshot 
waterwheel to utilize 10 cubic feet of water per second with a total 
head of 25 feet. 


SoLutTion.—If the circumferential velocity v, of the wheel is made 

8 ft. per séc., and the velocity of entry is made equal to 2 v,, or 16 ft. 

per sec., the head 4, required to produce the velocity of entry is 

eb 16? 

(Art. 33) 1.1 X 64.39 

mum value of v for the assumed velocity v,, a value of 4; somewhat 

less, say 4 ft., may be used for the head at entrance, and the diam- 
eter D of the wheel may be taken equal to A — hk, = 25 -4 = 21 ft. 

The numberof buckets may be taken as 3Z, or 63; this makes the 


= 4.38 ft. Since this corresponds to the maxi- 


: 2h = m 
pitch 63 —— TAP na 
Making the depth d of the buckets 12 in., or 1 ft., the breadth 6 of 
QO 3X 10 is 
¥ ‘é t e ea Ee ot ne . . 
the wheel may be made equal to a ae 8x1 Son Lteme ein 


order that the water will enter the buckets freely, the width of the 
trough should be a little less than the breadth of the wheel—say 3.5 ft. 
for this case. The number of revolutions of this wheel, with the 
19.1 X 8 . 

3 


assumed velocity 7, is = 7.28 per min., nearly. 


BREAST WHEELS 


37. General Features.—A middleshot breast wheel is 
shown in Figs. 11 and12. Asinan overshot wheel, the water 
enters the buckets by 
impulse, but does the 
greater part of its 
work by gravity. 
These wheels. are 
used for falls of from 
4 to 16 feet, and dis- 
charges of from 5 to 
80 cubic feet per sec- 

Fie. 11 ond. The water may 
be admitted by a sluice or orifice, as shown in Fig. 12, or it 
may enter over a weir, as shown ata in Fig. 11. The weir 
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board a can be raised or lowered to regulate the supply. The 
weir is the more efficient form of inlet, because a larger por- 
tion of the head is utilized by gravity and less by impact than 
with the form of gate shown in Fig. 12. If the water enters 
at the top of the apron, and not at some higher point, flat floats, 
as shown in Fig. 11, may be used. Curved vanes give better 
entry and exit conditions, and are more efficient than flat floats. 
The buckets of a breast wheel should be ventilated, to provide 


Wf Yff 17, 
Yj, 


YMMMWJVW@#$@#0- 
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for the exit of air while the bucket is filling. Holes through 
the sole for this purpose are shown at z,z, Fig. 12. The 
buckets of a wheel provided with a breast can be more com- 
pletely filled than those of a wheel without an apron, so that 
the capacity of the wheel, for a given width, is greater. The 
breast or curb cc, Figs. 11 and 12, is made either of wood or 
of masonry, the latter being lined with a smooth coating of 
cement to make it fit closely to the wheel. A wooden breast 
is likely to swell and rub against the crown of the wheel. A 
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clearing space of between $ and ¢ inch should be left between 
the wheel and the breast. 


88. Buckets.—Curved vanes for breast wheels may be 
laid out according to the following method, which applies 
especially to iron floats: 

Draw the center line 4 #&, Fig. 18 (a), of the path of the 
entering water in the manner explained for overshot wheels; 
then, draw the center line mx of the floats, so that it 
is nearly tangent to 4 &, and draw arcs of the outer and 


Fic. 13 


inner edges of the floats, as ac and de. From A, draw the 
radial line 4 f/, and, from the point of intersection ¢ of this 
line and the inner edge de of the floats, draw a line ¢ & tangent 
to de. Through the point z where 4B cuts mn, draw a 
radial line OP, and also a line z7 at an angle of 80° with 
OF; then, join the line 77 and the tangent g& by an arc 
whose radius is id. As in Art. 85, ¢ is the pitch of the 
floats. 

Wooden floats may be made to approximate this form, as 
shown in Fig. 13 (4). 
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39. Practical Values.—In breast wheels, the circum- 
ferential velocity v, may usually be made between 8 and 
6 feet per second, the best value being about 4.25 feet per 
second. As for overshots, the best value of the velocity 
of the water at entrance lies between 1.5 v, and2¥v,. The 
depth d of the floats is made between 10 and 15 inches; the 
diameter D of the wheel is made about twice the total head; 
the pitch ¢ may be made equal to d, ora little smaller; and 
20 
av,’ 
the letters having the same meanings as in ue 33. The 
angle 17, Fig. 12, that the direction of the entering water 
makes with the radius at the point of entrance should be 
about 15° (it may vary between 10° and 25°). 

The efficiency of middleshot wheels is less than that of 
overshot wheels: it usually varies between 65 and 70 per 
cent., though, in exceptionally well-made wheels, it may run 
as high as 80 per cent. 


the breadth of wheel may be made between I. 7 a 


UNDERSHOT WHEELS 


40. Confined Undershot Wheels.—A confined under- 
shot waterwheel with radial floats is shown in Fig. 14. The 
wheel hangs in a channel but little wider than the wheel, so 
that practically all the water strikes the vanes. The water 
may be admitted to the wheel by a sluice gate a, or, if the 
head is small, the gate is omitted. Whether with or without 
a sluice, the wheel operates wholly by the impact of the 
water against the floats. According to Art. 24, the maxi- 
mum theoretical efficiency that such a wheel can give is 
50 per cent. Practically, however, the efficiency of these 
wheels seldom exceeds 40 per cent., and ordinarily it lies 
between 25 and 35 per cent. The depth of the floats for the 
best effect should be at least three times the depth of the 
approaching stream. There should be as little clearance as 
possible between the wheel and the sides and bottom of the 
race. For the best efficiency, the velocity of the circumfer- 
ence of the wheel should be about .4 of the velocity of the 
current. Wheels of this kind are usually made between 
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10 and 25 feet in diameter. 
between 12 and 16 inches. 


The pitch of the vanes is made 
The depth of the water on the 


up-stream side of the wheel should be about 4 or 5 inches. 


41. Paddle, or Current, Wheels.—A paddle wheel, 
or current wheel, Fig. 15, is an undershot wheel that usually 
has a small number of relatively large floats and is operated 
in a river or channel in which the water is not confined in 
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the direction of the axis of the 
wheel. There may also be con- 
siderable depth of water under 
the wheel. The velocity of the 
circumference of a paddle wheel 
should be about .4 that of the 
current. These wheels are 
cheap and convenient, but their 
efficiency is very low—usually 
between 25 and 80 per cent. 


In order to obtain the best effect from paddle wheels, the 
number of floats should be great enough to allow two of 
them to be immersed continually 
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The efficiency of an undershot wheel is increased by using 
a breast or curb like that described for breast wheels. 


42. Power of Undershot Wheels.—In the undershot 
wheels just described, the water acts by impact, and the work 
it performs is due to its kinetic energy. The velocity v,, 
Fig. 14, of the water below the wheel is equal to the velocity 
of the wheel. 

Let A = area that a vane exposes to the current; 

O = volume of water acting on the wheel per second; 
v = velocity of approaching current; 
7 = efficiency of wheel; 
HT = horsepower of wheel. 
Then, the units being the foot, second, and pound, the 


available energy of the water acting on the wheel is wee. 
ee 


l| 


foot-pounds per second (Art. 15). This is equivalent to 
peel aes horsepower 
2g X 550 
eA | 
FIZ SC55O. 
or, substituting 62.5 for w and 32.16 for g, and reducing, 
H = OOU7, Av (1) 
Also, since Av = Q, 
H = 001777Qv* ~— (2) 
EXAMPLE.—What horsepower can be obtained from a confined 
undershot whose efficiency is 30 per cent., the flow of the stream being 
28 cubic feet per second, and the velocity 20 feet per second? ‘The 
losses through clearance are neglected. 
SoruTion.—Here 7 = .3, Q = 28, and v = 20. Therefore, by for- 
mula 2, 


Therefore, 


ee OOM ie anon kelO ae) —n Osh. Pas Ans: 


TRANSMISSION OF POWER 


43. The power developed by a waterwheel is usually 
transmitted by means of gearing or belting. In the case of 
gearing, the waterwheel itself is sometimes provided with 
teeth that engage with the teeth of another wheel through 
which the machinery is operated; in other cases, a toothed 
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wheel is mounted on the shaft of the waterwheel. When belt- 
ing is used, it is passed either around the waterwheel itself or 
around a pulley mounted 
on the shaft. Whatever the 
method of transmission may 
be, the work of the water- 
wheel is expended in over- 
coming certain resistances. - 

In Fig. 16, let the resist- 
ance F (as the pull of a belt, 
the pressure of a gear-wheel, 
or the pull of arope by which 
water is raised) act at the 
point 7 of the transmitting 
wheel BB, the waterwheel 
itself being represented by 
66. Let v,and lV, be the velocity of 66 and BB, respectively, 
and y and A their respective radii. Then, since the two 
wheels have the same angular velocity, 


Fire. 16 


Keak 
V1 r: 
R 
and, therefore, Vi, =», (1) 
iy 
The work of / is F V, foot-pounds per second, or ae 


horsepower. If, then, the horsepower of the waterwheel is 
denoted by A, we have 


550 
or, replacing the value of V, from formula 1, 
FR¢v 
= Ms 2 
550 r (2) 


If the number of revolutions per minute is denoted by J, 


then v, = “7X N = ae and formula 2 becomes, after 


reducing, 
H = .0001904 VFR (3) 
When H, F, and # are given, the required number of revo- 
lutions is found by solving formula 3 for NV; this gives 
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5252.1 7 
UN Pp (4) 

It should be understood that the work done against Fis 
not all useful work, as F includes frictional and other prej- 
udicial resistances. If the resistance “is applied at the rim 
of the waterwheel, & should be replaced by ». 

EXAMPLE.—With an available power of 15 horsepower and a wheel 
whose efficiency is 60 per cent., how many revolutions per minute are 


necessary to overcome a resistance of 250 pounds acting ata distance 
of 10 feet from the center of the shaft? 


SOLUZION.—Here 7 = 15x .60=9 H.P., F = 250 Ib., and R 
= 10 ft. Therefore, by formula 4, 
Nios 5,252.1 x 9 


“350 x10 ~ 18.9 rev. per min. Ans. 


IMPULSE WATERWHEELS 


GENERAL DESCRIPTION AND THEORY 


44, General Features.—In an impulse waterwheel, 
the water is supplied to the wheel in the form of one or more 
free jets spouting 
from orifices or noz- 
zles. The jet strikes 
a series of rotating 
vanes in nearly a 
tangential direction. 
Impulse waterwheels 
are also called tan- 
gential wheels and 
jet wheels. As in 
undershot wheels, the 
work done on the 
wheel is all due to 
the velocity and quan- 
tity of the water, the Fie. 1 
energy of the jet being all kinetic. Impulse wheels are 
peculiarly adapted for use in mountainous regions, and with 
a small supply of water under high heads. 


mld 
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(b) 
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Fig. 17 shows 4 primitive form of impulse wheel used for - 
many centuries in some parts of Europe, and known as the 
rouet volante. It resembles an undershot waterwheel, but 
is placed on a vertical shaft and the supply stream is an uncon- 
fined jet. The spent water from an impulse wheel falls away 
freely and is not confined in a race or carried along with the 
buckets as in an undershot or breast wheel. 

In the hurdy-gurdy, an early form of impulse wheel 
developed in the western mining regions of the United States, 
the vanes were attached to the rim of the wheel instead of 
radiating from the hub as in the rouet volante, and the run- 
ner was placed on a horizontal shaft. As shown in Art. 24, 
a wheel having flat vanes 
can develop only one-half 
of the energy of the jet. 
The principal improve- 
ments in impulse water- 
wheels have been in meth- 
ods of regulation and in 
developing more efficient 
forms of buckets. 


An. Vive? 6lton 
Waterwheel.—Fig. 18 
(a) shows a side elevation, 
and Fig. 18 (4) an end ele- 
vation, of a Pelton water- 
wheel. This wheel may 


/ J Way Z i 4 
be taken as the standard Panay \ 
type of American impulse | 
wheels. The essential ~~.._~=> 


parts are the buckets a,a, 
which are mounted on the 
rim 606; the feeder nozzle c 
(sometimes two or more nozzles are used); the frame d, 
and the housing ee, which serves to confine the spent water. 
The wheel is shown mounted on a timber frame such as 
can be built where the wheel is used. Where conditions 
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. permit, a frame and housing of cast iron or steel plate may 
be used. The runner of a Pelton wheel is usually made of 
cast iron, but for very high heads it may be made of bronze 
or built up from plates and rings of annealed steel, or made 
with a steel rim consisting of an I beam bent into a circle 
and connected with the hub by rods forming tension spokes. 
Fig. 19 is a perspective view of a Pelton wheel with double 
buckets. 


46. Buckets for American Impulse Wheels.—Buck- 
ets are of two principal types; namely, those which discharge 
at the side when in full action, and those which discharge at 
or near the inner edge—that is, the edge toward the center 


of the wheel. The Pelton, Figs. 18 and 19, the Cascade, 
Fig. 20, and the Cassell, Fig. 27, are examples of side-dis- 
charge buckets. All these buckets have flat or else nearly 
cylindrical bottoms. In many wheels, each bucket consists 
of two cups, separated by a central partition that splits the 
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entering jet (see Fig. 19). The form and the action of 
the bucket are frequently modified by raising or lowering the 
front edge and the partition. In the Knight bucket, both 
the front wall and the partition are omitted, and in impulse 
waterwheels of Swiss design the front wall is cut very low. 

In the Cascade runner, Fig. 20, the buckets are not joined 
in pairs on the rim, but are placed staggering, to insure a 
more continuous action of the water. The Doble bucket, 
Fig. 21, has ellipsoidal cups, and the lip is cut away to allow 
the jet to remain in full action over a longer arc of rotation 
of the bucket. 


Fie. 21 


47. Exit Angle and Number of Buckets.—The object 
of the bucket is to reduce to nearly zero the final velocity 
of the jet relative to the earth. To accomplish this, the 
direction of the jet on leaving the wheel should be opposite 
to the direction of motion of the bucket, that is, tangential 
to the wheel. Since the bucket is in rotation and some time 
elapses between the entrance and the exit of the water, it 
follows that the direction of the jet as it leaves the bucket 
will not ordinarily be parallel to the entrance direction. In 
side-discharge buckets, it is impracticable to make the exit 
direction exactly tangential to the direction of motion of the 
bucket. The issuing jet is given a small velocity at right 
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angles to the direction of motion of the bucket, in order to 
carry the spent water out of the 
way of the succeeding buckets. 

The angle J7/’, Fig. 22, between 
the direction of the water at exit 
and the direction of rotation is 
called the exit angle. The ap- 
proximate value of this angle may 
be found from the formula 


tan 17’ = Si 
277. 


ball) 
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where 2x = number of buckets on wheel; 
y = mean radius of wheel, in feet; 
¢ = combined thickness, in feet, of the jet at exit, 
and of the side wall of the bucket, as indicated 
in Fig. 22. 
By the mean radius is meant the radius of the mean 
circle ¢4, Fig. 28, at the mean depth of the buckets. 


The smaller the number of buckets and the less the thick- 
ness of the jet, the smaller may the angle J/’ be made. 
The thickness of the jet varies with the speed of the jet and 
with the form of bucket and amount of water. In order to 
make this thickness as small as possible, it is desirable that 
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the jet should spread out in a thin, uniform stream, and that 
but little velocity should be lost by the friction of the jet on 
the bucket surface. As the bucket 4, Fig. 23, comes into 
the path of the jet, it cuts off the supply of water from the 
bucket B&. All the water not entering 4 must reach B before 
the latter bucket reaches the point C. If the pitch of the 
buckets is too large, some water will not be intercepted by 
either bucket, but will be wasted. It will be seen that the 
pitch of the buckets should be between the maximum and 
minimum limits defined by the considerations just given. 
The exact pitch of the buckets that will give the highest 
efficiency with each set of conditions can be best determined 
by experiment. As usually made, a 6-foot Pelton wheel has 
twenty-four buckets. 


48. Entrance of the Jet.—In order that the jet may 
glide smoothly into the bucket without shock or the forma- 
tion of eddies, the direction of the jet should be parallel to 
the front wall or edge of the vane at the entrance. The 
position of the jet is fixed, while that of the bucket con- 
tinually changes. The position of the jet relative to the 
wheel should be so adjusted that the jet will be parallel to 
the entry edge of the bucket when the latter is in full action. 
Fig. 24 shows the action of a circular jet in a Pelton bucket. 
In (a), (4), and (c), the bucket is viewed in the direction of 
the jet g. In (d), (e), and (f) are shown side views of the 
jet, together with a section of the bucket on the line //’. In 
(a) and (d), the bucket is entering and receives one-half the 
jet. In (4) and (e), the bucket is in full action, while in (c) 
and (f) it receives only the lower half of the jet, the 
remainder being cut off by the preceding vane. If the 
buckets are close together, the entire jet will be cut off after 
passing its position of full action, before it returns to the 
lip #4. The direction of discharge is sidewise during full 
action, and sidewise and inwards at the entry and exit of 
the jet. 


49. Nozzles.—The nozzles should be of such form as 
to convert the pressure head of the pipe into velocity with 
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but little loss of energy. A tapering nozzle with circular 
cross-section meets this requirement, and also gives a form 
of jet that encounters a minimum frictional resistance from 


(da) 
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the air. Nozzles of rectangular cross-section, however, are 
often used. Regulation of the flow from the nozzle by 
means of an ordinary valve is objectionable, because the 
valve, when only partly opened, disturbs the smooth flow 
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of the jet. A valve is usually placed back of the Hoge to 
be used only when the water is to be completely shut off. 


The size of the jet is increased or decreased by means of 
a swinging lip, as shown in section at a, Fig. 25. The posi- 
tion of the lip may be controlled by hand or by an automatic 
governor. Each change in the posi- 
tion of the lip changes both the 
position and the direction of the 
axis of the jet. 

When the water supply is vari- 
able, an impulse wheel is sometimes 
_furnished with a set of nozzles or 
tips of different sizes. When this 
method is used, the size of jet varies 
with the water supply. A flat cap 
of metal hinged to the nozzle in 
such a way that it can slide over 
the nozzle tip forms a cut-off device 
that is easily operated but which 
changes the form of the jet and the 
position of its axis as the position 
of the cap is changed. A very good 
way of adapting the wheel to vari- 
ations in the water supply is to have 
several nozzles, as shown in Fig. 20, 
some of which may be turned off 
when the supply is low, or when it is 
not necessary to run the wheel at 
full capacity. The power of such a wheel is proportional to 
the number of nozzles used, and the water supply can be reg- 
ulated without loss of efficiency by completely shutting off 
some of the nozzles. 
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50. The flow through a single nozzle may be controlled 
by aregulating needle, as shown in Fig. 26. The position 
of the conical plug a is controlled by the hand wheel 6. By 
the use of this device, a solid jet of uniform velocity is 
retained, the area of section of the jet varying with the size 
of the opening. This nozzle causes but little friction loss 
when partly closed. The diameter of a jet varies as the 
square root of the discharge; thus, when the discharge is 


reduced one-half, the jet will be vi, or 70.7 per cent., of its 
original diameter. 


51. Regulation of the Supply for Varying Loads. 
Water hammer and other objectionable results that may 
follow sudden reduction in the size of an outlet orifice ina 
pressure pipe are described in connection with the regulation 
of turbines. Owing to these conditions, where long closed 
pipe lines are used, it is impracticable to regulate the water 
supply to accommodate | 
sudden changes of load by 
varying the size of orifice. 
One method used for reg- 
ulating the water supply 
for an impulse wheel in 
which the load changes 
quickly consists in de- 
flecting the jet in such a 
manner that a part ot xt 
does not strike the buck- 
ets, but is wasted, when 
the load is decreased. 

A deflecting nozzle 
with ball-and-socket joint is shown at c, Fig. 18. The 
position of tthe nozzle is automatically controlled by a gov- 
ernor. The quantity of water used is the same whether the 
wheel is operating at full or at part capacity. In order to 
regulate the speed with sudden load changes and at the same 
time reduce the waste of water, a deflecting nozzle is com- 
monly used in connection with needle or multiple nozzles, by 
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which the water supply is regulated for as nearly as possible 
the average load at all times. 

In the Cassell impulse wheel, Fig. 27, the pairs of cups 
forming the buckets are on separate disks a, 6, which may be 
separated or brought together automatically by a shaft gov- 
ernor fixed between the disks. A varying volume of the jet 
is thus allowed to pass between the disks without striking 
the buckets. 


52. Formulas for Impulse Wheels.—In the formulas 
stated below, 


D mean diameter of the wheel, in feet; 

h, = net head on nozzle, in feet; 

v = velocity of jet, in feet per second; 

coefficient of velocity for the nozzle; 

= linear velocity of mean circumference (e 4, Fig. 23) of 
wheel, in feet per second; 

d = diameter of jet, in feet; 

A = area of cross-section of jet, in square fee/; 

NV = number of revolutions of wheel per minute; 

Q = water supplied to the wheel, in cubic feet per second. 


aaa 
1 yal 


By the net head on the nozzle, or the nozzle head, is 
meant the total head available minus the losses that occur 
between the source of supply and the nozzle, such losses 
being due to pipe friction, bends, etc. The head 4, is really 
the head available to overcome the resistances at the nozzle 
itself and impart the velocity wv to the jet. 

Waterwheel manufacturers often base their tables oneffect7ve 
heads. It should be remembered that the effective head /, 
on the wheel is the head due to the velocity of the jet; that 
I a= = When the effective instead of the nozzle head is 
given, all the following formulas can be used by making 
c = 1 and putting the effective head for %,. 

The velocity v is given by the usual formula 

vy =cv2eh, = 8.02cVh, (1) 


The coefficient c, for good nozzles, varies between .94 
and .98. 
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Theoretically (see Art. 23), the best value of v, is 5 


Practically, however, it is found that, owing to resistances 
and other conditions not taken into account in the theoretical 
formulas, the value of v, for the best efficiency is about .45 v. 
Using the value of v given by formula 1, we have, therefore, 
v, = 450 = 45¢V2¢h, = 3.609¢ Vk, (2) 

If the head #,, and the desired number of revolutions are 
given, the diameter D is found from formula 2, Art. 33, after 
computing the value of v, by formula 2 above; otherwise, thus 


(see Art. 33): 
60 v, 


2 he IN| 
or, replacing the value of v, from formula 2, and perform- 
ing the operations indicated, 
68.93 ¢ Vk, (3) 
ieee, idee | ; 
It should be borne in mind that formulas 2 and 8 apply 
only when the velocity v, is equal to .45 v. 


D= 


53. Since OQ = Av, we have, when Q and v are given, 


A AL) 
VU 
Replacing v by its value from formula 1, Art. 52, 
fee wlan (2) 
CONDE hy CNAn 
m a” 


If the nozzle tip is circular, J = ois and, therefore, 


rie ae =/12 =, Eee (3) 


Also, writing, cN leh, for v, 


s LOy OL | Ika) 
dad a a a nee 
(eos cNhn oe 


54. Efficiency and Power of Impulse Wheels.—In 
computing the efficiency of an impulse wheel, the energy 
available is the kinetic energy of the jet or jets acting on the 
wheel. If A is the energy of the jet, in foot-pounds per 
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second, # the horsepower of the wheel, and 7 the efficiency, 
K 
then 550 represents the horsepower of the jet, and, therefore, 
K _ 550 
= H+ = — 
7 550 ce 
Now (Art. 15), 
K = wdh,cvrgh, = 62.540 V2 eh, 2) 
Substituting this value in (a), and performing the numer- 
ical operations, there results 


1.097 H 
‘ Ac Nh,’ 
The effective head on the wheel is 
v a (cvV2eh,)° aly 


2g 2g 
Substituting this value in formula 1 of Art. 5, there 
results 


8.8 H 
= = 2 
? Oh, (2) 
If the nozzle is circular, A = .7854d’, and formula 1 


becomes 
1.3897 H 
Pie 
Sp eee (3) 

If the efficiency is known, the horsepower may be found 
by solving one of the foregoing formulas for H, according 
to the data. The results are as follows: 

H = 9114y7Ae Nh, (4) 
& 10 We Z; 

jg hepa ee (5) 

H = .7158ya°¢ Vh,? (6) 

The efficiency of impulse wheels of the Pelton type is gen- 
erally very high. Wheels have been tested whose efficiency 
was more than 90 percent. These, however, are exceptional 
cases; usually, well-made wheels, if properly installed, give 
an efficiency of between 75 and 85 per cent. ‘The makers 
often guarantee 85 per cent., but this limiting efficiency can 
be obtained only by very careful installation. 


EXAMPLE 1.—If the net head on the nozzle of a 5-foot Pelton wheel 
is 900 feet, and the coefficient of velocity of the nozzle is .95, what is: 
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(a) the best circumferential velocity of the wheel? (4) the number of 
revolutions per minute? 


Soturion.—(a) Formula 2, Art. 52: 

v, = 3.609 X .95V900 = 102.9 ft. per sec. Ans. 

(6) Formula 2, Art. 33: 

N= wine: =7393 rey. per min. Ans: 

EXAMPLE 2.—What must be the diameter of an impulse wheel that 
is to make 400 revolutions per minute under a nozzle head of 226 feet, 
the coefficient of velocity of the nozzle being .98? It is assumed that 
Vv, = .40v. 

Sotution.—Formula 8, Art. 52: 

_ 68.93 X .98 ¥225 
aoe 400 

EXAMPLE 3.—An impulse wheel is to use 5 cubic feet of water per 
second, with a nozzle head of 961 feet. The coefficient of velocity of 
the nozzle is .95. (a) If a single nozzle is used, what must be its 
diameter? (6) If a triple nozzle (three nozzles of equal diameter) is 
used, what must be the diameter of each tip? 


i FOOO LE EEA. 


SoLuTION.—(q@) Formula 4, Art. 53: 


pike? 
7 VX? =v, 1849: its 2-107 Ain, STA 
.95 V961 


(6) Since the combined area of the three nozzles must be the same 
as that of the sinyle nozzle, we have, denoting by d, the diameter of 
each tip of the triple nozzle, 


Tolan Tae 
ge as 
ie d 1.97 - P 
whence d, = NE ee V3 = 1.14 in. Ans. 


EXAMPLE 4.—A maker’s catalog gives 540.35 as the horsepower of 
a 6-foot impulse wheel working under an effective head of 400 feet 
and using 839.20 cubic feet of water per minute. Determine: (a) the 
size of the nozzle used; (6) the efficiency of the wheel. 


SoLuTion.—(a@) Since the given head is effective head, c must be 
839.20 


made equal to 1 (see Art. 52). Here, Q = $0 CU ft. per sec. and 


formula 4, Art. 53, gives 


1588 ss 
ad =\| ——————_- = .3382 ft. = 4 in. Ans. 


V400 
(6) Formula 2, Art. 54, gives, makinge = 1, 
8.8 x 540. 
y= wees = = .85 = 85 percent. Ans. 
839.20 
SR 6D 


60 
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55. The Girard Impulse Wheel.—A Girard wheel, 
called also a Girard turbine and an impulse turbine, 
is substantially an impulse wheel in which the main part of 
the runner consists of two equal flat rings ad, a'l’/, Fig. 28, 
placed one above the other, the space between them being 
divided into buckets by curved vanes c,c. The rings, or 
crowns, are properly secured to a shafts. The water is 
brought to the wheel 
through a pipe 4A, 
from the end of which 
it spouts on the vanes, 
doing work according 
to the principles ex- 
plained in Art. 26. 

When, as in Fig. 28, 
the water enters the 
wheel on the inside 
and flows outwards, 
the wheel is called 
an outward-flow 
wheel. Sometimes, 
the water enters the 
wheel on the outside 
and flows inwards; the 
wheel is then called 
an inward-flow 
wheel. 

In the more elab- 
orate forms of the 
Girard wheel, the 
supply pipe discharges into specially constructed conduits, 
or guides, from which it spouts on the vanes. The guides 
are distributed either around the whole circumference of the 
crowns, so that all the vanes are acted on simultaneously, or 
over only a segment of the circumference, in which case 
only a few vanes are under its action at the same time. 
Fig. 29 shows a wheel aé with guides g,g. While the 
guides are always filled, the spaces between the vanes v, 
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are never completely filled, and in this a Girard wheel differs 
from a turbine proper, in which all the buckets are con- 
stantly full of water. The holes 4 serve to admit air to the 
buckets so as to prevent the formation of a partial vacuum. 

The theory of the Girard wheel is based on the formulas 
given in Art. 26. An exposition of that theory is, however, 
beyond the scope of this work. The quantities involved 
are usually so deter- 
mined that the direc- 
tion of the relative 
velocity u, Fig. 6, is 
tangent to the vane 
at a, in order to avoid 
shock at entrance; 
the angles 1/7 and L’ 
are so selected as to 
make x = v, and uw’ = uv,’ (the latter equation is always satis- 
fied if the former is). The entrance angle // is usually made 
between 25° and 40°, and the exit angle Z’, between 15° and 30°. 

Theoretically, the efficiency of a good Girard wheel is 
very high; but in practice, it is found that, on account of the 
many resistances, the efficiency is seldom more than 80 per 
cent. Even this, however, is a very good efficiency for a 
water motor or any other machine. 


Fie. 29 


EXAMPLES FOR PRACTICE 


1. Find the diameter of an impulse wheel that is to make 370 revo- 
lutions per minute under a nozzle head of 600.25 feet, it being assumed 
that the circumferential velocity of the wheel is .45 of the jet velocity, 
and that the coefficient of velocity of the nozzle is .97. Ans. 4.427 ft. 


2. With a nozzle head of 1,024 feet and asupply of 920 cubic feet 
per minute, a 5-foot impulse wheel develops 1,435 horsepower. If the 
coefficient of velocity of the nozzle is .95, determine (a) the diameter 
of the nozzle; (4) the efficiency of the wheel. 

@) .283 ft. = 3.4in. 
‘ Ans.{ (3) 89 per cent. 

3. What horsepower can be obtained from an impulse wheel whose 
efficiency is 80 per cent., if a 38-inch nozzle and a nozzle head of 
900 feet are used, the coefficient of velocity of the nozzle being .94? 

Ans. 803 H. P, 
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TESTING IMPULSE WHEELS 


56. Apparatus Used.—In testing an impulse wheel, 
the power may be caiculated from the electrical output of a 
dynamo driven by the wheel, or it may be measured directly 
by a friction brake. The latter method is usually more 
accurate. Fig. 30 shows the apparatus for testing impulse 
waterwheels at the University of Michigan. The wheel is 
contained in a case c; the runner shaft is attached to a brake 
pulley #, around which is wrapped a friction band //, the 


ends of which are attached to the brake levere. The brake 
lever bears on a platform scale g. Water is conducted to 
the wheel by a pipe 4, and a pressure gauge f¢ indicates the 
head available immediately back of the nozzle. The spent 
water falls into a tank 4, and is weighed. Where the quan- 
tity of water is large, a weir is generally used, instead of a 
weighing tank, to measure the outflow. 

In conducting a test, readings are taken at frequent inter- 
vals to determine the time, head, speed of the wheel, pres- 
sure on the scales g, and weight of water used. 
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57. General Formulas.—In the following general 
formulas, 
R = radius of the brake wheel m, Fig. 30, in feet; 
= distance, in feet, from the center of the wheel shaft 
to the center of bearing of the brake arm on the 
scales, measured as shown in the figure; 
= number of revolutions per minute; 
= velocity of the rim of the brake wheel, in feet per 


~N 
| 


INV 
V 
second; 

F = friction on the rim of the brake wheel, in pounds; 

P = pressure on the scale g, in pounds; 

Q = volume of water used per second, in cubic feet; 

h, = effective head on wheel, or head due to velocity uw of 
jet; 

horsepower developed by the waterwheel; 

4 = efficiency of the waterwheel; 

W = weight of water used per second, in pounds. 

The friction / acts tangentially to the wheel m, it being 
the tangential component of the forces acting on the wheel at 
its circumference. The other component is normal or radial, 
and its moment about the center of the shaft is zero. 
Since the lever e is in equilibrium under the action of forces 
equal and opposite to P, /, and the normal component just 
referred to, we have, taking moments about the center of the 
shaft, 


Se 
T 


PR Pi; 
whence F= ft (1) 
Kes 
The work done by the waterwheel, in foot-pounds per 
second, is equal to / V; and, therefore, 
Eiger (2) 
550 550 R 
or (see formula 8, Art. 48), 
FHT = .0001904 V P/ (3) 
Since the available energy isW A, pounds per second, 
2) DG ES 
Wh, Wh, R 3 
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or, since V = 22 RN = LUST VR, 
1047 NP1 
“ane ae (5) 

The head from the level of the nozzle to the water surface 
in the tail-pit cannot be utilized in an impulse wheel, and 
is commonly neglected in calculating the efficiency. The 
wheel is usually placed close to the tail water level, and the 
nozzles are placed underneath the wheel in order to reduce 
this loss to a minimum. The effective head 4, is found 
from the velocity of the jet, this velocity being determined 
from the quantity QO and the diameter of the nozzle. 


EXAMPLE.—From a test of an impulse wheel by means of an appa- 
ratus similar to that shown in Fig. 30, the following data were obtained: 

Net head #4, on nozzle = 117 feet. 

Diameter d of nozzle = .d inch. 

Weight of water used per second = 7.22 pounds. 

Revolutions per minute = 460. 

Radius of brake pulley = .5 foot. 

Length of brake arm = 2.0 feet. 

Pressure on scale platform = 6.5 pounds. 

Required, (a) the coefficient of velocity of the nozzle; (6) the horse- 
power of the wheel; (c) the efficiency of the wheel. 


Sortution.—(a) Since v = cv2¢h,, and, also, 


eer WP OZ W - Oo 
ge ae) © COG Kota? |. a 
7 7 62.5 X .7854 x (5 
we have 
Wane 
.B\ * 
2 62.5 X .7854 X (35) 
¢ = —— = ——_———_ = 9766, or, say, .977. Ans. 
V2 ghn V2 ¢X 117 


(6) Formula 3 gives 
H = .0001904 x 460 X6.5X2=1.14H.P. Ans. 
(c) To find the efficiency, it is first necessary to find the effective 


head “,. Now, 
Wr Ce V2 vhxn, and v = V2 ¢h, 


Therefore, cV2 gh, = V2g 41; whence, squaring, c? X 2g¢h, =2¢h; 
and, solving for /,, 
li, SS C2 1b SS) SO SMG 
Formula 5 now gives ; 
.1047 < 460 X 6.5 X 2 


= == 777 = 77.7 cent Ans. 
ye ee 2077? 5G 117 ss 
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WATERWHEELS 


(PART 2} 


TURBINES 


CLASSIFICATION AND GENERAL PRINCIPLES 


1. Principal Parts of a Turbine.—The principal parts 
of aturbine are the runner and the guzdes. As in other water- 
wheels, the runner is the main revolving part, or wheel 
proper. It is mounted on a 
shaft, and divided into chan- 
nels, called buekets, by par- 
titions, called vanes or floats. 
The term guides is applied 
both to the passages by which 
the water is brought to 
the runner buckets and to the 
partitions separating those 
passages. The passages 
themselves are often called 
chutes. 


2. Classes of Turbines. 
Turbines are best classified 
according to the direction of 
flow of the water in passing 
through therunner. The direc- 
tion of flow is expressed with reference to the axis of the shaft. 

Turbines in which the direction of flow of the water in 
passing through the runner is in general parallel to the axis 
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of the shaft are called axial, or parallel-flow, turbines. 
The Jonval turbine, 
shown in partial sec- 
tion in Fig. 1, is typical 
of this class. The 
direction of the water 
in passing through the 
chutes 6 and buckets c 
is shown by the arrows. 


3. Turbines. mm 
which the general 
direction of flow in the 
buckets is perpendic- 
ular to the axis of the 
shaft or runner are 
called radial-flow 
turbines. Ifthe flow 
is from inside out- 
wards, they are called 


SSS SS 


\ 

Ni WW \V 

Fe q Ti | \E outward-flow tur- 
I WN Be ines : 
ae ut ssl bines; if from outside 


yy inwards, inward- 
Wille 
[blll flow turbines. The 


(a) Fourneyron tur- 
Fic. 2 bine, shown in Fig. 2 


i 
Hs 


\S 


QUA 
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Fic. 3 
turbines; and the Francis turbine, shown in Fig. 3, is the 
type of inward-flow turbines. 
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4. Turbines in which the water changes its direction of 
flow with reference to the axis, in passing through the 
wheel, are called mixed-flow turbines. Nearly all the 
latest American turbines belong to this class, the flow being 
inwards, downwards, and outwards, or tangential. In this ° 
class of wheel, the buckets 
expand at the bottom of 
the runner, so that the water 
is discharged in a direction 
nearly at right angles tothe 
axis. The Leffel, McCor- 
mick, and ‘““American’’ tur- 
bines are typical of this 
class. Fig. 4 shows an 
*“American’’ runner. 


5. Action of Water 
ona Turbine.—Turbines 
are often called reaction 


waterwheels, because 
the reaction or pressure 
exerted on the vanes opposite the outlets of the buckets 
(see Waterwheels, Part 1) is utilized to derive power from 
the water. If the water spouted freely from the chutes to 
the vanes, it would have a velocity at its entrance to the 
runner nearly equal to that due to the head, as in the case 
of an impulse wheel. In a turbine, however, the relation 
between the chutes and the buckets is such that the velocity 
of the water as it leaves the chutes is considerably less than 
the velocity due to the head: it follows that there must be a 
back pressure from the buckets into the chutes, and an equal 
and opposite reaction on the vanes. 

If v is the velocity with which the water enters the buckets, 
and h’ is the pressure head, or the head that produces the 
pressure on the vanes, then, neglecting friction, the total 
head / is given by the formula 


hal te 


Fic. 4 
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Also, Wi=h—- ae 

The energy of the water consists of two parts; namely: the 
kinetic energy due to the velocity v, and the pressure energy, 
or energy due to the head 4’. The kinetic energy is trans- 
mitted to the runner vanes by impulse, while the pressure 
energy is converted into work by the action of the pressure 
due to the head #’ through a distance represented by the path 
of the water in the buckets. In a properly designed turbine, 
the water leaves the buckets with very little absolute velocity, 
and hence with but little energy. 


6. Speed for Maximum Efficiency.—In an ordinary 
turbine, the proportion of the head that is utilized by reac- 
tion can theoretically be varied at will without affecting the 
efficiency attainable, provided the turbine is properly pro- 
portioned. If the theory is extended to take into account 
friction and the relative motion of the water in the guides and 
vanes, it is found that the maximum efficiency is obtained 
when about one-half the head is utilized in reaction and one- 
half in impulse. Some head is lost in friction in the guides, 
and it is found that the peripheral velocity of the inlet ends 
of the vanes at the speed of maximum efficiency should 
usually be from .60 to .67 of the velocity due to the full 


head A; that is, between .60 V2. eh and °67 V2 eh. 


J. Selection of Type of Turbine.—Before under- 
taking the design or adoption of a turbine, the head and the 
quantity of water to be used are ascertained. The type of 
turbine best adapted to the conditions may then be selected. 
Practice as to the type of turbine to be used under given 
conditions varies in different countries. The following 
represents good American practice: for very low heads, 
say from 3 to 10 feet, Jonval or Francis turbines, generally 
on vertical shafts, with short draft tubes, are used; for heads 
of 10 to 50 feet, Francis or “‘American’’ turbines of stock 
patterns, mounted on vertical or horizontal shafts; for 
medium high heads, from 40 or 50 to 150 or 200 feet, 
specially designed turbines, commonly of the Francis or the 
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Fourneyron type. (Fourneyron turbines have been success- 
fully used for heads of over 265 feet.) For very high heads, 
300 to 2,000 feet, impulse waterwheels are generally more 
advantageous than turbines. © 


FORMULAS FOR THE DESIGN OF TURBINES 


8. Notation.—The methods used in designing axial- 
flow, radial-flow, and mixed-flow turbines are similar, and 
the same notation may be used to designate corresponding 
quantities in them. In what follows, it is necessary to use 


\ 
\. Jangermt 
‘S ae 
\ 
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both the ‘‘absolute’’ velocity of the water, or the velocity 
relative to the earth, and the velocity relative to the vanes. 
The former will be referred to merely as fhe velocity, and the 
latter as the relative velocity. Fig. 5 shows the outlines of 
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an axial-flow turbine, with one chute C and one bucket JB, 
together with the adjacent guides, vanes, andrims. Fig. 6 
is a similar view of an outward-flow turbine. Nearly all the 
quantities defined below are plainly shown in these two 
figures and in Figs. 7 and 8. Before attempting to follow 
out the formulas for design in which these symbols are used, 


Fic. 6 


the student should make himself so familiar with the values 
shown in the diagrams as to be able to recognize the mean- 
ing of each symbol at once when it is referred to. It should 
be understood that, when not otherwise stated, the units are 
the foot, the second, and the pound. 

Let QO = available quantity of water, in cubic feet per 


second; 
hk = head on the wheel; 
y = mean radius of an axial turbine (Fig. 5); 


vy, = radius of wheel at inflow, for a radial turbine 
(Fig. 6) (a circle of this radius is called the 
inflow circle); 

vy,’ = mean radius of wheel at outflow, for a radial 
turbine (Fig. 6) (a circle of this radius is called 
the outflow circle); 
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velocity of flow from the chutes; 


= absolute velocity of water leaving the wheel 


buckets; 


- relative velocity of water entering the buckets; 


relative velocity of outflow from the buckets; 


= velocity of vanes at entrance (velocity of inflow 


circle); 

velocity of vanes at discharge (velocity of outflow 
circle); 

guide angle; that is, the angle that the direction 
of outflow from the chutes makes with a tangent 
6z to the mean inflow circle; 

angle that the relative direction of inflow to the 
wheel makes with the same tangent; 

angle that the relative direction of outflow from 
the buckets makes with a tangent to the mean 
outflow circle; 

angle that the absolute direction of outflow from 
the buckets makes with the same tangent; 

effective outflow area of guide passages; 

effective inflow area of wheel passages; 

effective outflow area of wheel passages; 

number of revolutions per minute; 

pitch of the guides measured on the inlet circle; 


= pitch of the outlet ends of the vanes, measured 


on the outlet circle; 
number of guides; 
number of vanes; 
width of outlet edge of guides; 


= width of inlet edge of vanes; this usually equals 


the width of the outlet edge of the guides; 


= width of outlet edge of vanes; 
= distance between the outflow ends of two consecu- 


tive guides, measured perpendicularly to the 
direction of flow; 


= distance between outflow ends of two consecutive 


vanes, measured perpendicularly to the direc- 
tion of flow; 
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¢ = thickness of guides; 
i! thickness of vanes near their outflow ends; 
s = part of the distance x that would be covered by the 
inflow end of one wheel bucket, to be measured 
in the same direction as x; 
d = depth of guide rims in an axial-flow turbine; 
d@’ = depth of runner rims in an axial-flow turbine. 


9. Chute and Bucket Discharge Angles.—The 
angles and L’, for radial turbines, are usually as follows: 

For outward-flow turbines, 7 = 15° to 24° or more; 
L’ = 10° to 20° or more. 

For inward-flow turbines, 17 = 10° to 25°; Z’ = 10° to 25°. 

For axial turbines, the values of these angles depend on 
the discharge and head thus: 


O+WhA M ie 
Less than 10 18° to-1b® “AlS° to 16° 
Between 10 and 80 =_:115° to 20° = 15° 80’ to 20°. 
Greater than 80 20° to 24° (20° to 24° 


10. Ratios of Radii and Vane Lengths.—For out- 


1 


ward-flow turbines, the ratio a 


v 


is usually made between .67 


and .83; for inward-flow turbines, 7 usually varies between 
Tr. 


1 


1.18 and 1.54; for mixed-flow turbines, a varies between 


Y, 
about 1 and 1.50 or more; for axial turbines, », = ~,! = +r. 
In all classes of turbines, / is usually made equal to/,. In 
all axial turbines, if the crowns are parallel, / = /, = 1,; 
however, /, is often made greater than / in order to secure 
proper outflow area. Except for mixed-flow turbines, 1 may 


be used as a trial value of : tor the purpose of determining a 


proper value tor a _ For mixed-flow turbines, / is nearly 


1 


always less than /,, and if may be as small as } or 3, the 


2 


lengths of the outflow edges of the buckets of such turbines 
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being increased by their curved shape. The smaller the 


ratio ., the smaller can be made the exit angle L’. 


11. Ratio of Chute and Bucket Areas.—The ratio 
a is calculated by the formula 


A ue i Y, sin 17 
Aj! LE ae sine 


The ratio = of the velocity of outflow from the guides to 
u“ 


the relative velocity of outflow from the buckets is equal to 
A 
Al 


The efficiency varies but little for a considerable change 


in a but is usually a maximum in axial-flow turbines when 
eT 7s iG 1.00. 
A,! 


The ratio “ is often assumed, taking it between .5 and 1.5. 


This, when //, L’, and _< have been assumed, is equivalent 


t 
7 


to assuming a value for the ratio . 


12. Velocity of Discharge Circles.—The velocity v,’ 
of the bucket discharge circle is given by the formula 
A el oh 
(ps be 1 - 1 
% ma| 4 ‘A y; x cos 7 Be - 
The value of m varies from .90 to .95. Ordinarily, it may 
be taken as .92. We have also 


eA oe x ye (2) 
vy 
The entrance velocity v is given by the formula 
/ 
=f 8) 
COs Ls" 
Al PIN GE C4) 
so, ee Fe 


The values of uz’, v’, and LZ’ should be so related that the 
absolute exit angle 1/7’ is very nearly 90°. 
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138. Bucket Entrance Angle.—The bucket angle Z 
may be computed from the formula 


If v cos A7 is greater than v,, tan Z will be minus, and the 
angle Z will be greater than 90°, and may be found by sub- 
tracting the angle corresponding to the tangent computed 
by the formula above from 180°. The angle Z usually 
increases as 17 decreases. Its value varies from 40° to 120° 
or more. It is most frequently near 90°, this being the value 
used by Fourneyron for his outward-flow turbines. The 
value of Z must in all cases be less than 180° — 2 %. 


14. Number of Guides and Vanes.—The practical 
vaiues of Z and Z’ are usually as follows: 
For axial turbines: 
lf A is less than 2, 7% = 12.6°77towl6.9% 
If A is between 2 and 16, Z = 24 to 28. 
If 4 is greater than 16, Z = 6.3 7 to 7.5 7. 
For outward-tlow turbines: 
Z = 28 to 82 for small wheels. 
Z = 82 to 88 for large wheels. 
For inwara-tlow turbines: 
Z = 127, to 16.9 ~, for small wheels. 
Z = 6.3 7, to 12 ~, for large wheels. 
For axtal turbines: 
Zia Ze MatorZ 2: ordinanilys4—) Ae. 
For outward-tlow turbines: 
Z' = 1.2 Z to 1.352, but’ 2 may be lessthar 2 
In one of the Niagara turbines, Z = 386 and Z’ = 32. 


For inwarda-tlow turbines: 
Z' = Zto.7Z; but Z’ is sometimes greater than Z by 1 or 2. 


15. Thickness of Guides and Vanes.—The usual 
values of ¢ and / are 2 to $ inch for cast iron, and + to 2 inch 
for plate iron or steel. In feet, 

f= ¢ = .040 to .052 for cast iron. 
pect a .020 to .031 for plate iron or steel. 


I 
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16. Radius and Speed.—/or axial-flow turbines: 


If A is less than 2, r = VA to 1.25 V4. (1) 
If A is between 2 and 16, 7 = 1.25 V4 to 1.50 VA. (2) 
If A is greater than 16, r = 1.50 V4 to 2.00 V4. (3) 

For outwara-tlow turbines: 
r, = 1.5V4 to 2VA for ordinary heads. (4) 


r, = .90VA to 1.5 VA for very large heads. (5) 
For inward-tlow turbines: 
r, = .75VA to 2.00 VA. (6) 
If v, ~,, or ”,/ is given, the number of revolutions per min- 
ute can be found by the formula 
— 60v, _ 9.549 v, _ 9.549 v, _ 9.549 v,! (7) 


DEF x r: a 


17. Pitch and Length of Guides and Vanes.—The 
values of ~, ~’, x, x’, /, and /, are computed by the following 
formulas: 


eee 
p= 7 (1) 
2 Tere! 
p’ = Se (2) 
x=psinWM—-t (3) 
go sin 1) Hi (4) 
A 
———— 5) 
: Lae LES co 
i Meh 
= ee 6 
= (6) 


18. If D’ is the diameter of the outer rim and J is the 
diameter of the inner rim of an axial turbine, then, 


Dy 27 I. 

‘ 1 
re aay pat entry end (1) 
D=2r—1, 


isch d. 2 
Whe ant pat discharge en (2) 


19. Depth of Rims of Axial Turbines.—The rims 
need only be made deep enough to give the water the desired 
change of direction without shock or abruptness. As a rule, 
they are made equal, and within the following limits: 
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If 4 is less than 2, d = d/ = 3 t ae ) 
If 4 is between 2 and 16, d = d/ = : to c (2) 
If A is greater than 16, d =a’ = °° x (3) 


20. Example of Design of an Axial Turbine.—-To 
illustrate the use of the foregoing formulas, the principal 
quantities will be computed for an axial and two radial tur- 
bines. The first case considered will be the design of a 
Jonval turbine to use 112 cubic feet of water per second 
under a head of 16 feet, the rims to be parallel and the vanes 
and guides to be of cast iron with ¢ = ¢/ = .041 foot. 


= 28. Then (see Art. 9), the following 


values will be adopted for 77 and Z’: J= 18°, Ll’ = 16°: 
We have, to three significant figures, 
sin /7 = .309, cos 7 = .951, sin LZ’ = .276,.cos L’ = .961 


According to Art. 10, a = 1.0,and ; = 1.0. Then(Art.11), 
ri 


Aye sin 17 = .809 .. 
Aufl Sime/o4 1216 
Formula 1, Art. 12, gives, making m = .92, 


Dll = SP) Nee x L0D< Me = 22.6 feet per second 
Since 7% = 70= 7, v1 = v, =) 22 6nteet per second. 
Formulas 38 and 4, Art. 12: 

b= Ea = 21.0 feet per second 


u’ = 1.12 X 21.0 = 23.5 feet per second 


1,12 


The area 4 can now be found by the formula 4 = g 
Vv 
which gives 
112 
A = — = 5,83 square feet 
21 
Also, since ees 
Avis = Le eee 100 = 4.76 square feet 


eee enka One OFT 
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From Art. 13, 
b 210 BVO Tk: Pa rary 
eee De ose 
The values of Z and Z’ may be taken as follows (Art. 14): 
Lea el rh ae, AD Bae DT) 

It is desired to give the turbine as high an angular velocity 
as practicable. The radius should, therefore, be taken as 
small as possible. Taking it equal to 1.25 V4, as given by 
formula 2 of Art. 16, we have 

yr = 1.255.383 = 2.89 feet 

Then (formula 7, Art. 16), 

9.549 X 22.6 
2.89 

Formulas 1 and 2, Art. 17, give, since here ~, = 7,’ = 7 

= 2.60 feet, Z = 25, and Z = 27 (x willbe taker as 3.142), 


_ 2X 8.142 x 2.89 


N= = 74.7 revolutions per minute 


= .726 foot 
p o5 726 foo 
p= ES te ees erent 


If the inlet ends of the vanes are rounded off, s may be 
taken as .01. Formulas 3 to 6, Art. 17, give 
x = .726 x .809 — .041 = .183 foot 
. w= 678°. 216,041 = .145 foot 


j= 5.33 BE yod fest 
25 X 188 — 27X .01 

pe ON oo ie at 
27 x .145 


Formulas 1 and 2, Art. 18, give 
D = 2x 2.89 — 1.24 = 4.54 feet 
TT eee) 89 =P 24. = 71.02 feet 
D= 2x 2.89 — 1.22 = 4.56 feet 
Die DC SU 122 = af 00 feet 
The depths d and d’ of the rims may be made equal to 
ae .723 foot (see Art. 19) 
4 4 
21. Example of Design of an Outward-Flow Tur- 
bine.—As the next example, a Fourneyron turbine will be 


hat entry. 


fat discharge. 
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designed to operate under a head of 135 feet and develop 
5,000 horsepower, a total efficiency of 80 per cent. being 
assumed. 

To determine the necessary supply of water Q, we have, 
Hl being the theoretical horsepower of the water (see 
Waterwheels, Part 1), ; 

greed (a) 
h 

Since the efficiency is .8, we must have .8 H = 5,000, and, 
therefore, H = 5,000 + .8 = 6,250 horsepower. This value 
in equation (a) gives 

= Se 2 ee S02) = 408 cubic feet per second 
h 135 
Since 2 = Bs or 35, the angles 47 and L’ will be 
Vk 135 
assumed as follows (see Art. 9): 
NOLO? OTs een lee 

Then,.sin 17 = .826, cos 17 = .946, sin Z’ = .242) cos ZL’ 

= .970; 


The ratio om will be taken as .83 (Art. 10). Then (see 
Vs 


Arts. 10 and 11), ; 
A .326 
Je =283)K aoe. 1: 

Aj as 242 rtA 
Formula 1, Art. 12, gives, taking m = .92, 


1.12 X 32.16 x 135 
ee 92] ie BY 
v 83 x .946 72.4 feet per second 
Formulas 2, 3, and 4, Art. 12, give 
v, = .83 x 72.4 = 60.1 feet per second 
pai Bes hee Sa 
= 149 wean 66.6 feet per second 
u’ = 1.12 X 66.6 = 74.6 feet per second 


From the relations 4 = 2 ANAE ee ies we get 


igi 
408 
SS a et 6. t 
66.6 13 square feet 
, 6.13 
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The formula in Art. 13 gives 

~ BEG Xe 8260 feed ha 
60.1 — 66.6 x .946’ pope 

The values used for Z and Z’ in the Niagara turbine 
referred to in Art. 14 will be adopted; that is, 

Z = 36; Z-= 32 

It will be assumed that the turbine has bronze guides and 
vanes, for which x = .115 foot; x’ = .104 foot, and s' = .02. 
The radius 7, will be assumed equal to VA = V6.13 = 2.48 feet 
(see Art. 16). Then, 


tan Zl = 


BS or SPE ES SOA 
ee 33 “33 2.99 feet 
Formula 7, Art. 16, gives 
INE = ee = 231 revolutions per minute 


Formulas 1, 2, 5, and 6, Art. 17, give, respectively, 
2X 3.142 X 2.48 _ 


= 36 = .483 foot 
pf = 2XB1ZX 2.99 _ ger a5 
39 
6.13 

=o , eh fant 

ME ae dis BAS OD Ect 
5.47 
AE ee Saree 
32 x 104 ay 


22. Example of Design of an Inward-Flow Tur- 
bine.—A Francis turbine will now be designed for a 
discharge of 160 cubic feet per second and a head of 12.4 feet. 

The angles and ZL’ will be selected as follows (see 
Art, 9): 

Wie le = 2 
Then, sin 17 = sin ZL’ = .342, cos M = cos L’ = .940. 


The ratio - will be taken as 1.3 (see Art. 10), and the 
eo 


ratio 7 as .59 (see Art. 11). Then, by the formula in 


2 


Art. 11, 


A 342 
eae j Search 
; SISCLB EX 349 7 


1 
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Formulas 1 to 4, Art. 12, give 
SUB SK BPA AIG S14! 


a = 14.6 feet per second 
on 1.3 x .940 hs 
v, = 1.8 x 14.6 = 19 feet per second 
— an eh oeak 20.2 feet per second 

.767 X .940 
u! =-.767 X 20.2 = 15.5 feet per second 
The relations 4d = g and 4,/ = a now give 
v .767 
Al = a = 7.92 square feet 
Alf = i = 10.33 square feet 
The formula in Art. 18 gives 
tan L = 20:2 X -3842 __ 


19 — 20.2 x .940 
As the denominator of this fraction is practically zero, 
tan Z is equal to infinity (see Plane Trigonometry, Part 2), 
and, therefore, 2 = 90°. 
The value of 7, will be taken equal to 
1.1V4 = 1.17.92 = 3.1 feet, 
or, say, 3 feet (see Art. 16). Then, 
EE cen 
ee ee 2.31 feet 
Formula 7, Art. 16, gives 
N= eo = 60.5 revolutions per minute 
The values of Z,Z’,¢, and ?’ will be taken as follows 
(Arts. 14 and 15): 
LZ = 2476 = 25" fat OOo 
The edges of the vanes will be assumed sufficiently thin 
to make s = 0, practically. 
Formulas 1 to 6, Art. 17, give 
_ 2X 8 1ApGs es 


= ho 
p 94 785 foot 
oe 2K a1 x 2.31 _ 681 foot 
x = .185 3842 — .02 = .248 foot 
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laeee BE e094 109; = .179 foot 
7.92 
PPO UST I9G ) eo 5 
24 x 248 oe 
10.33 
mee ees Rie oy 
Biba 


23. Remarks.—Not all the dimensions and other quan- 
tities affecting the operation of a turbine with a given head 
and discharge can be deduced from theoretical considera- 
tions. There are, however, certain relations between the 
parts, such that, if the dimensions of some parts are assumed, 
the dimensions of other parts that shall best correspond with 
those chosen can be calculated. 

Practice differs as to which quantities shall be assumed at 
the beginning of a turbine calculation. The methods here 
given are believed to be as good as any others; but it should 
be borne in mind that, in all cases where empirical formulas 
are used, the assumptions may be modified by judgment and 
experience, and are often simply a matter of opinion, or even 
of preference. 


24. Power Losses and Efficiency. There is no 
simple formula by which the efficiency of a turbine can be 
computed with accuracy. A close estimate may generally be 
made, however, by combining the different losses. These 
are as follows, their usual values being expressed as per- 
centages of the theoretical power of the water: 

1. Skin friction of the guides, 1 to 3 per cent. 

2. Clearance leakage, 1 to 3 per cent. 

8. Skin friction in buckets, 3 to 5 per cent. 

4. Exit velocity. With the discharge below tail-water 
level or through a draft tube, this loss may usually be kept 
between 38 and 7 per cent. 

5. Bearing friction. The power consumed in friction can 
be calculated by methods given in books on mechanical engi- 
neering. For turbines without superincumbent machinery and 
with ordinary step bearings, this loss may be | to 5 per cent. 

6. Shock, eddies, and internal motion. This is the most 
uncertain element of loss. The amount of loss depends 


eee 399 25 


18 WATERWHEELS § 40 


on the clearance and on the thickness and shape of the ends 
of the guides and vanes, and on the form of the curved sur- 
faces. If the wheel is not run at the proper speed, or if the 
proper relation does not exist between the angles /7/ and L’, 
the loss from shock and internal motion may be very large. 
In such cases, the loss may result in part from the formation 
of eddies or the accumulation of dead water at some point 
along the vanes, so that the water leaves the buckets with a 
different angle and velocity from those intended. If the 
design is good, this loss may usually be kept between 6 and 14 
per cent. , 

Usually, the efficiencies of turbines vary between about 
70 and 80 per cent. 


GUIDES AND VANES 


25. Guides for Axial Turbines.—The method of lay- 
ing out guides for axial turbines is illustrated in Fig. 7. 
First draw two parallel lines 4A A’ and BB’, at a distance 
from each other equal tod. On &4A’ lay off the distances 
1-2, 2-3, etc., equal to the pitch f, and through the points 
1, 2,3, etc., draw the lines 7-2, 2-7, etc., making with BB’ an 


Fic, 7 


angle equal to the entrance angle //. Through 2 draw a 
perpendicular to 1-2 and produce it until it meets 4 4’ in 4; 
then, with 4 as a center and 47 as a radius, draw the arc 7-1’. 
This gives the form of the front of a guide; the back is made 
parallel to and at a distance ¢ from the front. The other 
guides are laid out in a similar manner, as plainly indicated 
in the figure. 
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26. Vanes for Axial Turbines.—To lay out the wheel 
vanes for an axial turbine, lay off on the line BA’, Fig. 8, the 
distances 1—2, 2-3, 3-4, etc., equal to the pitch f’.. Through 
1, 2,3, etc., draw lines 1-e, 2-f, 3-g, etc., making with B A’ an 
angle equal to Z’. Through 2, draw a perpendicular to 1-e, 
and on this perpendicular produced find by trial a point a, 
such that an arc drawn with the radius ove will be tangent to 


(a : se - + ee ee OP 07S 


Fic. 8 


a line 1/-1’, making the angle Z with A A’ ata point m, a 
little below A A’. The line 1-e-m-1’ gives the shape of the 
vane. Thecenters o’, o’’, etc. for the curved faces of succeed- 
ing vanes may be found by spacing off successively distances 
00’,00", etc., each equal to ~’ on a line C C’ drawn through o 
parallel to 4 A’. The tops of the vanes are usually rounded 
off as shown at S. 


27. Guides for Outward-Flow Turbines.—Referring 
to Fig. 9, divide the circle &’ limiting the outflow ends of 
the guides into as many equal parts as there are to be chutes. 
Draw the radius Oe to one of the points of divisions; draw 
also the line ez, making the angle Z with the tangent to & k/ 
ate. Draw a perpendicular 4g to Oe at its middle point 4, 
and at e draw a perpendicular eg toez. The point g, where 
the perpendiculars eg and /g intersect, may be taken as the 
center from which to draw the circular arc ee’ representing 
the convex surface of a guide. If the guides are of uniform 
thickness /, the concave surface may be drawn from the 
center g with aradius ge-/. The remaining guides are drawn 
with the radius ge and centers loeated on the circle gg’ 
drawn through g with Oasacenter. The intersections 1, £;, 
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etc. of radial lines through m,, m,, etc. with the arc gg’ are 
the required centers. The points m,, m., etc. are spaced at 
a distance from one another equal to the pitch of the guides. 


28. Vanes for Outward-Flow Turbines.—Divide 
the outflow circle JJ’, Fig. 10, into a number of equal 
parts corresponding to 
the number of vanes. 
Through two consecutive 
points of division, as 
1 and 2, draw the lines 
1-6, 2-0’, making the 
angle Z’ with the tangent 
lines 1—a and 2-a’. Bisect 
the angle a—1-é by the line 
1-c. At 2,drawa perpen- 
dicular to 2-6’, intersect- 
ing 1-c inc’; at the middle 
point e of 1-c’, draw a 
perpendicular ef, to its 
intersection & with the 
perpendicular c’/-2. This 
part of the operation re- 
quires very careful and 
accurate work. With & 
as a center and a radius 
equal to £-2, draw the arc 
2-f, meeting 7-k at f/f. If 
the buckets are widely 
spaced, the lines &£c’ and 
ke may not intersect with- 
in the drawing, in which case the portion 2-/ of the vane may 
be made a continuation of 6/-2. 

To draw the inner portion of the vane, choose a point d 
on #-1 so that an arc f7 drawn with a radius df will be 
tangent to a line making an angle equal to Z with a tangent 
to the inflow circle at the point of intersection 7. Draw the 
circle gg’ through & with O as a center; also, the radial 


SSS 


— 
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lines Om, and Om, to any two consecutive points of division 
on the outflow circle. Then, the centers &,, £., for drawing 
the outer ends of the vanes 1-7, m7,, etc., may be found by 
spacing off from & distances k,, ki ks, etc., each equal 
to zz’. The centers d,,d., etc. for drawing the inner ends 
NS, M15,, etc. may be found on the circle GG’ drawn 
through d@ with O as a center, by spacing off from d dis- 
tances dd,, d,d., etc., each 
equal to yy’. 


29. Back Pitch or 
Thickening of the 
Vanes.—Figs. 11 and 12 
show sections of Four- 
neyron turbines having 
the guides and vanes laid 
out by the methods given 
above. Both figures show 
the vanes drawn thicker 
at /so as to keep the cross- 
section of the bucket near- 
ly constant. This thick- 
ening of the vanes is 
called back pitch. The 
center c of an arc that will 
give the desired form at 
the inlet end may be 
found by trial, and the 
part 6d is so drawn as 
to give a smooth curved 
surface of the desired form and at the same time keep the 
thickness of the vane at least as great as 7’ at d. The form 
of the back pitch is usually so designed as to give the 
bucket nearly a uniformly decreasing cross-section. The 
vanes shown in Fig. 11 are cored out in casting to decrease 
the weight. 

The convex surfaces of the guides in Fig. 11 are drawn 
with a smaller radius than the concave surfaces, in order to 


Fre. 12 
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increase the thickness near the center and so keep the area 
of the chutes nearly uniform. 

In Figs. 9 and 12, the inner ends of the alternate guides 
are cut off in order to prevent the reduction in area of the 
inlet ends of the chutes that would result if these guides 
were prolonged toward the center to the full length of the 
other guides. This construction is adapted for use with 
sheet-metal guides of uniform thickness. 


30. Guides for Inward-Flow Turbines.—Fig. 13 
shows a method of laying out the guides of a simple 


Fic. 13 


inward-flow turbine. Draw the limiting circles mm! and nn’, 
Divide the circle 2/ into as many equal parts as there are 
to be guides, and at each of the points of division draw a line 
making angle 7 with a tangent to zm’. From one of the 
points of division, as c, draw a perpendicular c-1 to the 
line ¢ d drawn through the next point c’, and on this perpen- 
dicular choose a point 7 so that an arc drawn with 7 as a 
center and the radius 7-d will meet the circumference m m’ 
tangent to its radius. This gives the form of a guide ¢’dd’. 
The other guides may be drawn from centers located on the 
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circle gg’ passing through 7. The position of the centers 
2, 3, 4, etc. are found by drawing radial lines through the 
points x,,*,, etc. spaced at distances equal to # on the 
circle 27’. 


31. Vanes for Inward-Flow Turbines.—Divide the 
outflow circle &&’, Fig. 14, into as many parts as there are 
vanes, and through each of the points of division draw a line 
making an angle Z’ with the tangent. Through one of the 
points of division, as 3, draw a perpendicular 3-4 to the 
line 3/-4 through the next point, and on this perpendicular 
choose a point 6 so that an arc 4-5 drawn with 6 as a center 
and with a radius 6-4 will meet the inflow circle gg’ in such a 


direction that a tangent to this arc at 5 will make the angle Z 
with a tangent to the inflow circle. The other vanes may 
be drawn from centers located on the circle 4h’ passing 
through 6. The positions of the centers m, mm’, etc. may be 
found by drawing radial lines to “h’ passing through the 
points y,7:,7., etc. spaced at a distance p’, beginning at y on 
the inflow circle &k’. The curved portion of the vanes 
should terminate at the circle gg’ drawn through 4 from O 
as a center. 


32. Guides and Vanes of Mixed-Flow Turbines. 
The vanes of mixed-flow wheels are made in a great variety 
of forms, and each maker claims especial advantages for the 
peculiar form of bucket he uses. The same general rules 


§ 40 WATERWHEELS 25 


regarding the velocities of inflow and outflow for the wheel, 
angles of buckets, and outflow areas of chutes and wheel 
buckets apply as have been given and illustrated for the 
simple forms of radial and axial turbines. The length of 
the path of the water in passing through mixed-flow wheels 
is usually greater and more crooked than in the case of 
simple axial or radial turbines; hence, in the former the loss 
by friction and shock is usually greater. 


TURBINES BUILT FROM STOCK PATTERNS 


60. In European countries, every turbine is usually 
designed for the special conditions for which it is intended. 
In the United States, every turbine builder makes a set of 
patterns, usually increasing uniformly in size from the smallest 
to the largest diameter commonly employed. These patterns 
are generally as nearly alike as they can be made, differing 
only in size; they usually embody the maker’s own ideas, all 
peculiar features being nearly always patented. The leading 
features of each make of turbine have been developed from 
experiment or from tests, or in accordance with personal 
opinions, and are seldom based on definite calculations or 
thorough theoretical analysis. 


34. A few Fourneyron turbines have been built from 
stock patterns, and turbines of the Jonval type are still so 
built to a small extent; but most of the stock-pattern turbines 
now on the market are of the American type, having inward 
and downward flow, and large ladle-shaped buckets. There 
is a wide variety of forms of runners, gates, and cases. As 
a result of the manner of development, there are still on the 
market many patterns of turbines that, although high results 
have been claimed for them, have never undergone any 
authentic tests, and embody features that violate the neces- 
sary conditions for good efficiency. The better class of 
American turbines, however, have been developed after 
repeated experiments to determine the best form of each 
part, and these turbines, when operated under the conditions tor 
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which they are best adapted, usually give efficiencies as high as 
those obtained with turbines of special design. 

Nearly all these turbines have been tested at the testing 
flume of the Holyoke Water-Power Company, at Holyoke, 
Massachusetts. The head used in testing turbines at this 
flume is usually about 16 or 18 feet. More turbines are in 
use with heads of from 10 to 20 feet than with heads either 
much greater or much less, and most stock-pattern turbines 
are specially adapted to heads of about 16 feet, for which 
they give their highest efficiency. The parts are made strong 
enough for heads up to 40 feet or more. For very large 
heads, special wheels, often with bronze vanes, are made; 
they are not designed according to theoretical principles, but 
represent modifications of the standard patterns. 


35. As the weight and strength of a turbine must be 
sufficient for the greatest head to which the turbine is adapted, 
it follows that stock-pattern turbines are unnecessarily heavy 
for use under low heads. The principal advantages of 
American turbines made from stock patterns are their small 
diameter in proportion to their power and capacity, and their 
consequent high speed. They are cheaper than specially 
designed turbines of other types, both on account of their 
smaller size and because their construction does not require 
special patterns. Besides, the small size of such turbines 
greatly simplifies the setting, and has made possible the 
excellent forms of horizontal and double wheels enclosed in 
iron casings and connected with a draft tube. This makes it 
possible to place them above the tail-water in a position where 
inspection and repairs are easily made, and the power can 
be taken from them in a simple and direct manner. 


36. Vent.—When turbines in scroll cases were exten- 
sively used, it was found convenient to express the dis- 
charging capacity of the turbine in terms of the size of an 
orifice in the side or bottom of the flume which would 
theoretically discharge the same amount of water as the 
turbine under the same head. The discharging capacity 
expressed in this way is called the vent, and is usually 
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given in square inches. When the vent z (square inches) 
is given, the discharges QO and Q’, in cubic feet per second 
and cubic feet per minute, respectively, can be computed by 
the formulas: 

QO =— Veh = O557ivA CD) 

144 
O' = 600 = 3.34ivh (2) 

where / is the head, in feet. 

The capacity of turbines and the water rights of mills are 
often expressed in terms of the vent in square inches. Fre- 
quently, such rights do not specify any head, the owner 
being allowed to utilize the water under the greatest head 
available. 

EXAMPLE.—How many theoretical horsepower is a miller entitled 
to whose deed calls for 1 square foot of water under a head of 16 feet? 

SOLUTION.—Since 1 sq. ft. is 144 sq. in., the value of 7 is 144, so 

vi 


that 144 = 


1. By formula 1, 


OQ = V22 X 16 = 8.02 X 4 = 32.08 cu. ft. per sec. 
Then (see Waterwheels, Part 1), 


Power = ee = 58H. P., nearly. Ans. 


387. Manufacturers’ Tables of Power, Speed, and 
Discharge.—Nearly all American turbine builders publish 
rating tables in their catalogs, showing the discharge in cubic 
feet per minute, the speed in revolutions per minute, and the 
horsepower of every size of wheel they manufacture, for 
heads varying from 3 or 4 feet to 40 feet or more. For tur- 
bines that have been tested at Holyoke, the quantities for 
different heads have usually been calculated from those 
determined at the speed of maximum efficiency for the head 
under which the wheel was tested. The efficiency is usually 
assumed to be constant for all heads, although such is not 
really the case. In nearly all catalogs, a constant efficiency 
of about 80 per cent. is used as a basis in computing the 
horsepower. 

It should be borne in mind that the Holyoke tests are made 
under rather small heads, and that the conditions there obtain- 
ing are as arule a great deal more favorable than those 
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which can be expected where the turbine is to do its actual 
practical work. Therefore, a turbine does not usually yield 
the horsepower at which it is rated in the maker’s catalog. 


38. In the following formulas, let 

h = head on a turbine, in feet; 

O = discharge of turbine, or supply of water, in cubic feet 
per second; 

revolutions per minute; 

v = absolute velocity, in feet per second, of water issuing 


from chute; 

A = aggregate outlet area of chutes, in square feet; 

H = horsepower of turbine. 

Then, v= cv2Qeh = = 8.02cvh (a) 
where c is a coefficient that is practically constant for the 
same turbine. Also, denoting the efficiency by 7 (see Water- 
wheels, Part, 1), 

OQ = Av = 8.02AcVh (8) 
10,Qh 10 X 8.024 AchVh _ 80.27 Ac 
A = ———= - poy VhP 
88 88 ae en athe 
Formula 7, Art. 16, gives, denoting the constant — 


by &, 


> 
I 


9.549 


r,! 


Vs Bot 
or, replacing the value of v,’ from formula 8, Art. 12, 


BA cosl/ a COS*L/ ; 
N= ——= X v = ——_—— « 8. 

fa qn oa 02¢ Vk (d) 
Let, now, #. be the horsepower given in the maker’s 

catalog for a wheel working under a head /, and with a dis- 

charge Q.; also, let WM. be the corresponding number of 

revolutions per minute. Then, according to equations 


(6), (c), and (da), 


Os—5.02 Acwh, (6') 
80.27 Ac = 

eb == ee hd Ips / 

aor (c’) 


eres “ces £ X8.02¢VR, (a) 


441 
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Dividing (4) by (2’), 
Osis 
0. 


whence =e). ie (1) 
Similarly, dividing (c) by (c’), and solving for A, 


Za H.a|(2) (2) 


Dividing (d) by (d’), and solving for WV, 


N= N.4/4 (3) 


Formulas 1, 2, and 3 serve to compute the discharge, 
horsepower, and angular velocity for heads not given in the 
manufacturer’s catalog. In formula 1, Q and Q, may be 
discharges per minute. Many catalogs give the discharge in 
cubic feet per minute, instead of per second. 


EXAMPLE.—For a head of 56 feet, the discharge of a certain turbine 
is given in the manufacturer’s catalog as 1,188 cubic feet per minute, 
the power as 100.6 horsepower, and the number of revolutions per 
minute as 745. What are the corresponding quantities for a head of 
85.7 feet? 


SoLution.—Here / = 85.7 ft., A, = 56 ft., O. = 1,188 cu. ft. per min., 
HT, = 100.6 H. P., and V,. = 745 rev. per min. Formulas 1, 2, and 3 
give, respectively, 


QO = 1,188 oT a 1,470 cu. ft. per min. Ans, 
= 100.6 V (1) y* 190.5 H.P. Ans. 
= 745 Be 921.6 rev. per min. Ans. 


89. Relation of Power, Speed, and Discharge to 
Size.—Where the stock patterns of a turbine builder are of 
similar form, the depth of the buckets and the circumference 
of the inflow circle both vary in proportion to the diameter. 
The inflow area is proportional to the product of these 
factors, and it is found that, for a given head, the capacity 
or discharge of most such types of turbines is proportional 
to the inflow area, or to the square of the diameter; the power 
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is proportional to the capacity, or to the square of the diam- 
eter; and the angular speed is inversely proportional to the 
diameter. These relations can be utilized to determine the 
number of wheels of different sizes that would be required to 
furnish a given amount of power. Suppose it is desired to 
replace, without change of power, two turbines, having a 
diameter D and a speed J, by a single turbine of the same 
pattern. 
Let JD, = diameter of the single turbine; 
N, = angular speed, in revolutions per minute, of the 
single turbine. 
Since the power of the single turbine must be twice the 
power of each of the two turbines of diameter D, we must 


have 
VOR Ok i) iG 


whence D,= V2D? = DV2 = 1.41D (1) 
Also, Ni No DD 
whence Nas = NV (2) 
or, since Oe ee ey (Laie 
De TING 
N, = .707N (3) 


The listed size of a turbine should be the same as the 
diameter of the inflow circie of the runner, or of the circle 
surrounding the inflow ends of the vanes. However, arbi- 
trary size numbers differing from this are used by some 
builders. The capacities of turbines of the same diameter, 
but made from the patterns of different builders, differ greatly. 
As a rule, the later designs have the larger capacities. 

EXAMPLE.—What should be the diameter and speed of a single 


turbine to replace two 18-inch turbines that are of the same pattern 
and make 100 revolutions per minute? 


SOLUTION.—From formula 1, 

D, = 1.4118 = 25.4 in. 

If this size were used, the speed would be given by formula 3. 
Usually, however, the calculated size is not a stock size; then, the 
nearest larger stock size should be used, and the speed computed by 
formula 2. If, for example, a 27-in. turbine is used, the formula gives 

4, = $4 X 100 = 66.7 rev. per min. Ans. 
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40. Selection of Turbines.—Manufacturers build the 
greatest number of turbines of medium sizes, so that stock- 
pattern turbines of such sizes are both the cheapest and the 
most reliable. When the cost of flume and setting is con- 
sidered, the total cost of a plant will in general be lower if 
large-sized turbines instead of a larger number of smaller 
turbines are used. The speed must also be considered, and 
it may be better to use small turbines, if the desired speed 
can be obtained directly by this means, than to use larger 
and slower-running turbines requiring jack-shafts to attain 
the desired speed. 

In selecting a turbine, its efficiency at both full gate and 
part gate must usually be considered, and in addition its 
probable durability, freedom from obstruction, and ease of 
gate operation. In the absence of authentic tests, the prob- 
able full-gate efficiency may be judged from a comparison 
of the relation of the guide and entrance angles, the speed 
and the exit angle, with those given in connection with 
formulas for the design of turbines. The general construc- 
tion of the wheel, the length, smoothness and regularity of 
the guide and bucket passages, and the freedom from sharp 
angles and abrupt changes of direction should also be con- 
sidered. Authentic tests have been made of most of the 
reliable types of stock-pattern turbines. 


ACCESSORIES 


GATES 


41. Classes and Requirements of Turbine Gates. 
The devices by which the admission of water to a turbine is 
regulated are called gates. Formerly, turbines were set in 
open flumes without gates or guides, but nearly all modern 
turbines are provided with gates and guides, and are enclosed 
incases. The three principal kinds of gates used are: veg7ster 
gates, cylinder gates, and pivot gates. They will be fully 
described presently. 
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Turbine gates should change the water supply with the 
least possible loss of efficiency. There should be no lost 
motion either in the gates or in the operating mechanism. 
The gates should not stick in any position, and should be so 
designed that they will move quickly, easily, and smoothly. 
The total weight of the moving parts should be as light as 
is consistent with these conditions. Without these features 
it will be difficult to govern the speed of the turbine. There 
is a great difference in the power required to operate gates 
of different turbines, and many gates have a strong tendency 
to open or close, on account of unbalanced weight or water 
pressure, currents, or eddies. A gate should be as nearly 
balanced in all positions as possible, so that, in moving it, 
friction will be the only force to overcome. 


42. Gate Opening.—When the gate is not fully opened, 
the wheel is spoken of as operating at part gate. If ten 
turns of the gate stem are required to open the gate fully, 
an opening of six turns is spoken of as six-tenths gate; 
an opening of five turns is spoken of as five-tenths or 
one-half gate; and soon. The terms one-half gate, three- 
fourths gate, etc. are sometimes used to indicate that the 
wheel is using one-half, three-fourths, etc. as much water, 
or that it is giving one-half, three-fourths, etc. as much 
power as when operated at full capacity. Neither of these 
meanings is strictly correct, because the power and water 
used by a wheel when operated at part gate are not gener- 
ally proportional to the width of gate opening. 


43. Register Gates.—Register gates may be of the 
plate or of the ring type, according as they are applied to 
parallel-flow or to inward-flow turbines. In each class of 
turbines, register gates are sometimes used outside and 
sometimes inside of the chutes. 

Outside register gates, adapted to the Jonval type of 
wheels and to plain inward-flow turbines, were named from 
their similarity to a common hot-air register. In a register- 
gate turbine the guides are thickened so that they have a 
width at the gate end equal to the width of the chutes. The 
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gate consists of alternate openings and covers equal in width 
to the chutes. When the gates are closed, the covers lie over 
the chute openings. As the gates are opened, the covers 
slide back over the guides. In Fig. 15 is shown a section of a 
turbine with register gates. Half of the guides c are replaced 
by fillers a against which the gates 4 lie when opened. Owing 
to the thickening of the guides in a register-gate turbine, 
water can be admitted to only one-half 
the inlet surface of the runner. ff 

A plate register gate supports the 2 Ay 
pressure due to the head directly on 
its surface. It is difficult to counter- 
balance, is likely to stick when closed, 
and, owing to the great friction to be 
overcome, usually moves hard at part 
gate. Fie. 15 

Ring register gates were formerly much used on turbines 
of the American type. As, however, they greatly decrease 
the water capacity of the turbine, they have been almost 
entirely superseded by cylinder and pivot gates. A ring 
register gate is nearly self-balancing. If so constructed 
that it does not rub, it will open and close easily, its only 
bearings being on the turbine shaft. 


aa 


Y 


44, Register gates are easily blocked by obstructions, 
which prevent the gate from closing until the water is drawn 
from the penstock and the obstruction removed. In both 
Jonval and American turbines, it is best to place the register 
gate outside of the guides. The chutes should be made 
long, so that the entering veins of water can expand and 
entirely fill the chutes and buckets. The water will then 
enter the buckets at part gate at a better and more uniform 
angle than if inside register gates are used. When running 
at part gate, the bucket of a register-gate turbine may be 
only partly filled, especially near the outer side. 

In order to open or close the gate, it is only necessary 
that the covers should rotate about the axis of the turbine 
through a distance equal to their width. They are usually 
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operated by a segment of rack secured to the gate ring and 
meshing with a pinion on the gate stem. 


45. Cylinder Gates.—A cylinder gate consists of a 
hollow ring, like a short section of pipe, that slides up and 
down around the inlet portion of the runner, and so regulates 
the water supply. Cylinder gates are placed either outside 

— of the guides or be- 
dh i tween the guides and 
i runner—more fre- 
\ mm quently in the latter 
Ll position. They are 
wy —— | used on Fourneyron, 
| Francis, and Amer- 

x | ican-type turbines. 
i} I ac All Fig. 16 is a general 
= view and oPigt? a 
section of a Risdon 
turbine. This is an 
American type of 
wheel with an inside 
cylinder gate C that 
works in a space be- 
tween the runner 4 
and the guides 2. 
The gate is raised and 
lowered by means of 
a rack and pinion J/, 
operated by a hand 
wheel or by a gov- 
Fic. 16 ernor acting through 
the shaft W and the bevel gearing. The U-shaped pieces 7, F 
support the crown plate A, and rest on the guide vanes. There 
is a stationary cylinder P supported by the crown plate; in this 
cylinder is a piston OO that serves to balance the weight of the 
gate by the action of the pressure of the water under it. The 
wheel shaft Y is supported by the wooden step UV and the bear- 
ing K. Projections D, called garnitures, are cast on the 
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cylinder C and move up and down between the guides with 
it. Various forms of garnitures have been devised. As a 
tule, they increase the part-gate efficiency somewhat, but 
they may also cause a strong downward pressure that tends 
to close the gate and is difficult to counterbalance. 

When a cylinder- 
gate turbine oper- 
ates at part gate, the 
water is shut out of 
the upper part of the 
finner, TAM partial 
vacuum may be 
formed, causing the 
water to rise and 
nearly fill the runner, 
or, if the gate open- 
ing is small, the tur- 
bine may act almost 
wholly by impulse, 
then becoming prac- 
tically an impulse 


wheel. 
PYates.—The run- | 
ner of a _ cylinder- 


gate turbine is some- F ee 


46. Division 


ein 
times subdivided by it 
partition plates into 
separate sets of com- 
partments. These 


compartments form virtually separate runners from which the 


water is successively shut off as the gate is closed. 

- The Niagara Fourneyron turbine shown in Fig. 21 is an 
outside cylinder-gate wheel divided in this manner. Fig. 18 
shows a runner of a Jones Little Giant turbine subdivided 
into two parts by the division plate a; one part has about one- 
third and the other about two-thirds of the full capacity. For 
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ordinary conditions, the larger division is used. When the 
head is reduced by backwater, the water is admitted to both 
compartments, thus increasing 
the capacity. Good efficiency 
under ordinary conditions is 
secured in this manner without 
the necessity of maintaining an 
extra wheel to keep up the 
power in periods of reduced 
head. The device is useful in 
cases where variation in speed 
is permissible. 

Where division plates are 
used, the surface-friction loss 
through the runner is greater 
than for arunner of the same ca- 
pacity without partitions. The 
water probably leaves the wheel 

Fie. 18 at a better average angle of 
exit where the channels through the runner are small than 
if a single deep bucket is used. 


47. A divided runner gives nearly full efficiency through 
a much wider range of gate opening than an undivided runner 
of the same capacity. If the efficiency of any one part of a 
divided wheel is the same as that of an undivided wheel at 
full gate, then a wheel with one division plate will give the 
same efficiency at half as at full gate, and a wheel with two 
division plates will give full-gate efficiency both at one-third 
and at two-thirds gate. 

Let 4, = full-gate efficiency of either the single runner or 

of one part of the divided runner; 
%2 = efficiency, for a proportional discharge g, of one 
part of the divided runner. 

When the divided runner has z parts full-opened and one 
partly opened so as to discharge the proportional amount g, 
the total efficiency 7 is given by the formula 

fe Ds 
Ug 
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EXAMPLE 1.—If the full-gate efficiency of one part of a divided 
turbine is 80 per cent., and the one-half-gate efficiency is 65 per cent., 
the efficiencies of an undivided turbine at the same proportional dis- 
charge being the same, what will be the gain in efficiency by the use 
of two division plates when the turbine is running at one-half gate? 


SoLtution.—The divided runner will contain three parts. At half 
gate, one part will operate at full discharge, another at half discharge, 
and the third part will be closed. Here, =1,¢=3, H1 = .80,7. = .65, 
and the above formula gives 
revit x:.80-+4 X .65 
re L+4 

The efficiency of the undivided runner being 65 per cent., the differ- 
ence, 10 per cent., is the gain in efficiency. Ans. 


9 


EXAMPLE 2.—What will be the efficiency of the divided turbine at 
three-fourths discharge if the efficiency of one part at .24 discharge is 
40 per cent., and at three-fourths discharge is 79 per cent.? 


SOLUTION.—At three-fourths discharge, two parts will run full 
capacity, making .67 discharge, and (.75 — .67), or .08, of the full 
capacity of the runner will pass through the third part. The capacity 
of one part is one-third that of the whole runner. This third part will 
therefore operate at 3 X .08, or .24, of its full capacity. Here, » = 2, 
gq = .24, 7, = .79, 72 = .40, and the formula gives 

2 EX USE ee oe ey 
age 24 .24 ; 


= ./48 = 74.8 per cent. Ans. 


48. In orderto accomplish the same result as if a division 
plate were used, the Case National turbine is constructed as 
shown in Fig. 15. This is an outside register-gate wheel. 
The chutes, which are in groups of four, are separated by 
fillers covering an arc of the circumference equal to that of 
the group of guides. The covers 6 of the register ring slide 
back over the fillers, opening one after another of the chutes. 
The course of the water through the chutes is well regulated, 
but the buckets ma‘ be only partly filled at part gate, as in 
the case of an undivided cylinder-gate wheel. 


49. Pivot, or Wicket, Gates.—In pivot-gate tur- 
bines, the gates are so arranged as to form guides also. A 
common way of doing this is by using gate leaves pivoted 
between the guide rims. Fig. 19 is a section of a Smith 
Success turbine showing the pivot gates. The gate leaves a 
swing about the axis 4. The gates are shown full-opened. 
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If the inner ends of the leaves are swung outwards, the width 
of the chutes at x will decrease, and, with sufficient movement 
of the leaves, the chutes will be closed. The gate leaves are 
opened and closed simultaneously by means of a circular 
ring connected to their outer ends and bearing a rack operated 
by a pinion connected to the gate stem. In the Leffel and 
new American turbines, the pivot gates are operated by link- 
ages connecting the 
gate leaves to acollar 
on the main shaft of 
the turbine. The col- 
lapeis rotated by =a 
rack and pinion as 
above described. 

From Fig. 19 it will 
be seen that the angle 
of outflow from the 
chutes relative to the 
runner is greatest 
when the gates are 
full-opened, and de- 
creases as the gate 
opening is decreased. 
It follows that the proper relation between the guide angle 
and the velocity of the entrance circle can only be obtained 
for one position of the gates—usually when full-opened—while 
at other gate openings there is interference and loss of energy 
in impact and eddies at entrance. There are, however, sev- 
eral devices by which the change of entrance angle is at 
least partly avoided. 


Fre. 19 


50. Turbines with pivot gates contain more parts than 
those with cylinder or register gates, and are often more 
liable to obstruction, leakage, and breakage than other 
forms. In order to prevent leakage and secure the best 
conditions of entrance of the water, the crowns as well as 


the top and bottom and the outflow edge should be finished 
and fitted. 
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Pivot gates usually give the entering jets better form and 
avoid the sharp contraction common with register gates when 
partly closed. They do not shut the water entirely out of 
the upper part of the buckets, as may be the case with a tur- 
bine having a cylinder gate, when operated with the gate 
partly closed. For a given diameter and depth of wheel, the 
entrance area obtainable—and hence the capacity of the wheel 
—is larger than for a register-gate turbine, but smaller than 
for a cylinder-gate turbine. 

Pivot gates, unless properly balanced, usually have a strong 
tendency to open when partly closed. 


BEARINGS 


51. Foot-Step Bearing.—For wheels on vertical shafts, 
the weight of the runner and shaft, and of the gearing, pulley, 
or dynamo armature at its upper end, is usually supported 
by a foot-step bearing at the lower end of the turbine 
shaft. A common form of foot-step bearing is shown at U, 
Fig. 17: it consists of a block of lignum vite whose upper 
end is either conical or made in the form of a segment of a 
sphere, and whose lower end rests on a cross-bar T, called 
the bridge tree. The lower end of the turbine shaft is 
turned cup-shaped to fit over the upper end of the foot-step 
bearing. This end has sometimes four grooves radiating 
from the center, to give the water access to the bearing for 
the purpose of lubrication. The thrust is taken on the ends 
of the fiber of the wood, and the block is usually adjustable 
vertically so that wear can be taken up. As wear takes 
place, the runner tends to fall lower in the case than its 
original position. If this is not corrected, the clearance may 
increase, causing leakage, or the runner may rub on the case. 


52. The pressure, or thrust, on the bearing includes the 
weight of the attached parts, and the hydraulic pressure 
caused by the water in passing through the wheel. In an 
axial or Jonval turbine, this pressure is relatively great. In 
a radial turbine, there may be little or no hydraulic thrust. 
In an inward-and-downward-flow turbine, there is first an 
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upward pressure on the vanes due to the deflection of the 
water from an inward to an axial direction, and then a down- 
ward thrust due to the deflection of the water from an axial 
to a radially outward direction as it leaves the wheel. In 
addition, there may be a downward pressure on the runner 
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disk, due to water passing through the clearance between 
this disk and the crown. The resultant of these pressures 
is usually a downward thrust. When the wheel is mounted 
on a horizontal shaft, the thrust due to the weight of the 
parts disappears; but the hydraulic thrust remains the same, 
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and what have been described as upward and downward 
thrusts become pressures in the direction of the bottom 
and top of the runner, respectively. 


53. Wheels placed on horizontal shafts are commonly 
mounted in pairs discharging in opposite directions, and by 
this method the thrust is nearly neutralized. A collar bear- 
ing should, however, be provided to take care of inequalities 
of pressure. 

A collar thrust bearing placed on the shaft above the tur- 
bine is sometimes used. Such bearings have the advantage 
that they are readily accessible for inspection and lubrication, 
and that they can readily be kept free from grit contained in 
the water. Grit is often carried into a bearing placed on the 
bridge tree, causing the bearing to cut and wear. 

Fig. 20 shows a collar bearing used to take part of the 
weight and pressure of a 5,000-horsepower turbine at Niagara 
Falls; as the weight to be supported is great, a large bearing 
surface is necessary in order to keep the pressure per square 
inch on the bearing within a safe limit. In order to accom- 
plish this, and at the same time keep the diameter (and hence 
also the moment of friction and loss af power) as small as 
possible, a series of ten narrow bearing rings a was placed 
one above another, on the main driving shaft 66. Oil or 
water to cool the bearing circulates in the chambercc. The 
weight of the shaft and suspended machinery is carried on 
the girder dd, which rests on the I beams ¢,e. 


54. Water-Balanced Turbines.—Fig. 21 shows a par- 
tial cross-section of the double Fourneyron turbine used in 
the first installation of the Niagara Falls Power Company. 
This turbine is operated under a head of about 135 feet. It 
is mounted in a cast-iron penstock similar to that used in 
early New England practice, with the exception that two 
wheels are used, one being placed ‘at the top and the other 
at the bottom of the penstock. As shown in the figure, the 
runners c,c’ are attached to the vertical shaft &. The chutes 
and buckets are subdivided into three compartments by 
Paritionwplates 22,-e¢. ~ The discharge is regulated by 
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outside cylinder gates f,/. The gate rings for the upper 
and lower wheels are connected by rods, one of which is 
shown at 7. The gate rings f,f/ are raised and lowered 
simultaneously to shut off the outflow from, or to open, the 
horizontal compartments one after another, as required. 
The cylindrical penstock is shown by cross-section lines. 
he lower end of the penstock 
is made solid, and holes /, % 
are provided in the lower 
runner to let out any water 
that may enter between the 
lower drum g and the lower 
runner through the clearance 
spaces. Holes z,z are pro- 
vided in the upper penstock 
drum to allow water under full 
pressure of the head to pass 
through and act vertically 
against the upper runner c’. 
In this way, the vertical pres- 
sure of the great column of 
water is neutralized, and a 
means is provided to counter- 
balance the weight of the 
long, vertical shaft and the 
armature of the dynamo at 
its upper end. These turbines discharge 430 cubic feet per 
second, make 250 revolutions per minute, and are rated at 
5,000 horsepower. 

Where a single vertical runner is used, a piston is some- 
times placed on the shaft revolving in a cylinder placed 
either above or below the runner. Water under flume pres- 
sure is admitted underneath the piston. The upward pres- 
sure of the water supports the weight of the rotating parts. 
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DRAFT TUBES 

55. Draft Tubes of Constant Diameter.—Let D, 
Fig. 22, be a turbine in a tight vertical penstock 4, which 
connects the reservoir & with the tailrace C. This vertical 
penstock is called a drafttube. The total head, or difference 
in elevation between the surface of the water in the reservoir 
and the surface of the tailrace, is denoted by 2, as shown. 
This head is made up of the head 2, above the turbine, and 
the head #4, between the 
turbine and the level of 
the tailrace. The pres- 
sure of the atmosphere, = 
acting on the surface of 
the water in the reservoir, 
and also on the surface 
of the tailrace water, is 
equivalent to a head of 
about 34 feet; this head 
will be denoted by Ag. 
Now, if the turbine is en- 
tirely closed, so that no 
water can pass through it, 
the pressure on the top is 
evidently equal to the pres- 
sure due to the head /, plus 
the atmospheric pressure; 
and the upward pressure on 
the under side is equal to the pressure of the atmosphere 
minus the pressure due to the head f,. 

The pressure that tends to produce flow through the wheel 
is, according to the principles of hydromechanics, the differ- 
ence between the pressure on the two sides of the turbine; 
hence, if for the pressures are substituted their equivalent 
heads, the head that tends to produce the flow is 

Cth) = Ave hs) = ht hs sh 

56. Turbines are sometimes placed below the surface of 

the tail-water, as shown in Fig. 23, in which case they are 
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said to work ‘‘drowned.’’ Here, the eftective head is still the 
difference / in level between the surface of the water in the 
reservoir and the surface of the tail-water, as will be made 
clear from the following: With the notation shown in the 
figure, the total head on the top of the turbine is #, + /,; and 
the head on the under side of the turbine is 4. + #,. There- 
fore, the resultant head is 


(A, + ha) ta (Aa + ha) = Hee ig h 


57. It will be observed that, by the use of a draft tube, 
the turbine can be placed far above the tailrace, without any 
loss of head, and this makes 
the wheel more easily acces- 
sible for inspection and re- 
pairs. 

The theoretical limit of the 
distance f,, Fig. 22, that the 
turbine may be placed above 
the surface of the tail-water 
is never greater than 34 feet, 
since that is the limit of the 
height of a column that will 
be supported by the pressure 
of the atmosphere. The ex- 
pression h, — h, for the pres- 
sure head under the wheel 
shows that this pressure is 
= = always less than the pressure 
of the atmosphere, and is de- 
creased as h, is made greater. 
Owing to this reduced pressure, there is a tendency for the 
air to leak into the draft tube; air will also separate from the 
water that passes through the wheel. If the tube is very 
long, this air may collect in the upper end, thus reducing the 
head ., and, consequently, the total effective head #, + /,. 
For these reasons, turbines, unless they are very small, are 
seldom placed more than 15 feet above the level of the tail- 
water. 


Fie. 23 
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58. The diameter of a draft tube is generally fixed by the 
design of the wheel. Draft tubes are best made of cast iron or 
riveted plate; and, in all cases, must be thoroughly air-tight. 
Wooden tubes are sometimes made, but are not to be recom- 
mended on account of the difficulty in preventing leakage. 
The lower ends should extend at least 4 inches below the 
surface of the tail-water at its lowest stage, and must open 
into the tailrace in such a manner that the outflow will be 
free. Any obstruction to the flow from the draft tube 
causes a loss of effective head, and a consequent loss of 
efficiency. Circumstances sometimes require that draft tubes 
should be made curved or be placed in inclined positions; 
straight, vertical draft tubes are, however, preferable, because 
short bends or unusual lengths cause an appreciable loss 
of head. 


59. Expanding Draft Tubes.—The efficiency of a 
turbine in which the absolute velocity of discharge from the 
wheel vanes is high may be increased by the use of a draft 
tube whose cross-section increases gradually with the dis- 
tance from the wheel. A tube of this kind is called an 
expanding draft tube. Such tubes are usually made 
from steel plates in the form of a tube of uniformly increas- 
ing diameter, and are often called conical draft tubes. 
The area of the tube at the wheel should be nearly equal to 
the discharge area of the wheel buckets, in order to prevent 
a sudden change in velocity 
in the entering water; and 
its section should be grad- 
ually enlarged toward the saP 
outlet. 


60. The Boyden dif- 
fuser, shown in Fig. 24, is 
a device used on outward- 
flow turbines for the same purpose as an expanding draft 
tube. It consists of a stationary annular casirg C which sur- 
rounds the wheel, and into which the water from the wheel 
buckets B is discharged. The area of the passages through 
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this casing gradually increases from the wheel outwards, as 
shown. The result is a decrease in the velocity of the out- 
flowing water. 


61. The value of a diffuser or of an expanding draft 
tube depends on the absolute velocity of flow from the wheel 
buckets. If this velocity is small, the water carries very 
little energy with it, and there will be little gain by the use 
of any device intended to check the velocity of the spent 
water. It sometimes happens, however, that, with a given 
diameter of wheel or a given number of revolutions, the 
velocity of outflow from the wheel cannot be made small, 
and then a diffuser or a draft tube is of much value. 


GOVERNORS 


62. Variations in Speed.—In many classes of work, 
the load on a turbine is subject to constant change. This is 
especially the case with turbines that drive electric gener- 
ators. It is, however, advisable to keep the speed as nearly 
uniform as possible. This end may be attained by varying 
the gate opening, which can be done either by hand or by 
means of a device, called a governor, that is operated by 
the turbine itself, and works, therefore, automatically. 

Variation in the speed of a waterwheel may be due to 
changes either in the load or in the head, or in both. Usually, 
changes in the load are sudden, while variations in the head 
are gradual. The ease or difficulty of governing a water- 
wheel is chiefly controlled by the following factors: (1) the 
cause of speed variations, according to whether they are due 
to changes in the load or in the head, or in both; (2) the 
magnitude and frequency of such variations; (3) the weight 
of the gate mechanism and the force required to move it; 
(4) the size and kind of flume; (5) the kinetic energy stored 
in the turbine runner and other revolving parts connected to 
the turbine shaft. If the head did not vary, a certain gate 
opening would always give the proper speed for a certain 
load; but, with a varying head, the proper gate opening for 
a given load and speed will vary. 
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63. Classes of Waterwheel Governors.—All water- 
wheel governors are equipped with centrifugal weights similar 
to those on a steam-engine governor, driven by a belt from 
the waterwheel shaft. A change in the position of these 
weights, resulting from a change in the speed, starts the 
mechanism that opens or closes the gates. 

Waterwheel governors are classed as friction-gear, 
ratchet-and-pawl, differential-gear, electrical, and 
hydraulic, according to the means employed to open or 
close the gates. Inhydraulic governors, the gate is operated 
either by water under a pressure due to the head in the flume, 
or by a piston driven by oil kept under a constant pressure 
by means of a power-driven pump. In most other classes 
of governors, the waterwheel gate is opened or closed by 
power from the turbine shaft. 

In the simpler forms of governors, when the speed varies 
from the normal at which the wheel is intended to run, the 
movement of the centrifugal weights connects the gate 
mechanism with the waterwheel, and the gates begin to open 
or close, and continue to do so, usually at a uniform rate, 
until the speed returns to the normal. 


64. The Snow Waterwheel Governor.—Fig. 25 
shows a general view of the Snow waterwheel governor, and 
Fig. 26 is a diagram showing the principles of its action. 
The shaft 6 is driven from the wheel shaft by a belt on the 
pulley a, and drives the spur wheel ¢c by a pinion. The shaft 
to which c is keyed carries a bevel wheel d@ and a crank e. 
Two pawls /,/ on the arms / are given a rocking motion by 
means of the crank e and the connecting-rod m. A cam, 
formed of two arms 2, , and operated by the governor 
balls, acts on the pawls as follows: When the wheel is 
running at the normal speed, the cam is held in its central 
position, as shown in the diagram, and holds both pawls 
away from the ratchet wheel o. If the wheelruns too slowly, 
the governor balls drop and move the cam to the right, thus 
allowing the pawl f to engage the ratchet wheel, and turn it 
to the left. The motion of the ratchet wheel is transmitted 
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to the gate shaft z through the bevel gears g, and as the 
ratchet turns the gate is opened, thus admitting more water 
to the wheel. If the wheel runs too fast, the cam is moved to 
the left, bringing the pawl / into action; this turns the ratchet 
to the right, and partly closes the gate. The spur wheel / 


Whee, 


acts through a pinion on the ratchet shaft to operate a stop 
that disengages the ratchet f when the gate is fully opened. 
In order to stop the wheel, the pawl / is disengaged by 
hand, thus leaving the gate shaft free to be turned by the 
hand wheel &. 


65. The Replogle Governor.—Fig. 27 shows the 
Replogle waterwheel governor. The centrifugal balls ¢ are 
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driven by a belt from the main shaft. A rise or fall in 
' the speed of the shaft causes a corresponding rise or fall in 
the lever 4, which forms part of an electric circuit. When the 
lever 6 is in contact with the screw d, an electric magnet a, 
forming part of the gate-operating mechanism, becomes 
energized, and by its attraction throws a pawl e into a 
ratchet wheel /, by which the waterwheel gate is closed. 
If, on the contrary, the speed decreases, the lever 6 comes 
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in contact with the screw c, and completes the electric circuit 
by which another pawl / is thrown into gear, which operates 
to open the waterwheel gate. 


66. The Lombard Governor.—A very desirable 
feature of a waterwheel governor is that it should make the 
necessary change in the gate opening as rapidly as possible. 
Some time is required for the wheel and the connected 
mechanism to adjust themselves to the change of load. If, 
for example, the wheel has been operating at full gate, and 
one-quarter of the load is suddenly taken off, the speed will 
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increase, and will remain above the normal for some time, 
even if the gate has been closed by the proper amount. In 
most governors in which the gate is operated by power from 
the wheel shaft, the gate movement is comparatively slow. 
This lag in the gate regulation prolongs further the time 
required to regulate the speed. In most simple governors, the 
gate will continue to close as long as the speed remains above 
the normal, and vice versa. It follows that the gate will be 
closed or opened too far before the governor 

speed returns to normal and disconnects the 
gate mechanism from the driving shaft. When 


Fic. 27 
this is done, the speed of the governor will begin to change 
from the normal, and the gate will again begin to move. 
The process will again be carried too far. In order to pre- 


’ 


vent this ‘‘see-sawing”’ or “‘racing,”’ as this is called, means 
are employed, first, to open or close the gate very quickly as 
soon as there is a change of speed; and, second, to stop the 
opening or closing of the gate before the speed returns to 
normal. 

Rapid gate operation is accomplished by the use of 
hydraulic pressure or by quick-acting clutches to open or 
close the gate. The stopping of the gate movement in 
advance of the return of the speed to the normal is accom- 
plished by what are called compensating, or returning, 
devices, 
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67. The Lombard waterwheel governor, which is a 
hydraulic governor with a compensating device to prevent 
racing, is shown in Figs. 28 and 29, the latter being a simpli- 
fied sketch of a part of the mechanism. The same letters 
refer to similar parts in both figures. The tank a contains 
oil kept under constant pressure by means of an air chamber 
and power pump. This oil acts as a reservoir of power that 
is used to operate the pistons contained in the cylinders 6 
and d, and to open or close the waterwheel gates. The flyball 
governor z is driven by a belt from the wheel shaft. As the 
speed changes, the governor balls raise or lower the valve 
stem o/, which controls the admission of oil from the reser- 
voira. The piston in cylinder 6 then forces the rack 4 back- 
wards -or forwards, according as the speed is to be increased 
or decreased. The rack 4 meshes with the floating gear g, 
which in turn meshes with the pinion fon the turbine gate 
shaft m. The axle of the floating gear g is not fixed, but 
this gear can move backwards or forwards a short distance 
between the rack above and the pinion below, carrying with 
it the valve stem & The valve in the chest c, which is 
operated by this stem, controls the admission of oil under 
pressure to the main cylinder d. 

Consider the rack # as having moved forwards. The gate 
shaft # and pinion f have not moved, and hence the floating 
gear g and valve stem & are moved forwards at the same time 
as the rack #. The oil under pressure is admitted from the 
chest a to the main cylinder, and drives the main rack e for- 
wards. This rack rotates the pinion f and the gate shaft m, 
thereby opening or closing the gate. At the same time, the 
pinion / rotates the floating gear g, moving it backwards, and 
thus restoring the valve in the chest ¢ to its middle position, 
cutting off the admission of oil to cylinder d, and preventing 
any further motion of the gate shaft. The system of cylin- 
ders and valves 6,c,andd is called a relay. The object of 
the duplicate cylinders and valves is to reduce the size of the 
valve that must be controlled by the centrifugal balls, and 
thus enable the large valve, necessary to control the pressure 
cylinder d, to be operated by the pressure caused on the valve 
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stem o’ by a small change in the speed of the governor balls. 

The manner in which the motion of the rack 4 is stopped 
automatically at the same time that the wheel gate is being 
moved will now be considered. The rack / is connected to 
the valve stem oo’ by a system of levers and linkages similar 
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to z,7,9¢,¢,u, Fig. 29. The lever 7 is connected at one end 
to the rack / by the link 7, and is pivoted at # to the frame of 
the governor. The other end is connected to the link g 9’, 
which contains the dashpot 7, The link gg’ moves back- 
wards and forwards in the opposite direction to the motion 
of the rack 4, and it in turn rotates the nut ¢, which meshes 
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with a thread cut on the lower part o/ of the valve stem. The 
rotation of this nut raises or lowers this part of the valve stem 
independently of the rise or fall of the upper valve stem o. 
If, for example, the speed changes, raising the valve stem, and 
forcing the rack / forwards, this will in turn move the link 
gq backwards, rotating the nut ¢ and lowering the valve 
stem o’, shutting off the oil supply from cylinder 4, Fig. 28, 
and thus stopping the movement of the racks 4 ande. 
@—f 
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The dashpot 7 consists of a closed cylinder filled with oil 
and containing a loosely fitting piston. The oil allows the 
piston to move slowly in either direction without great resist- 
ance; or the dashpot itself may move and the piston remain 
stationary. The oil is not compressible, and, owing to the 
small space through which it must flow past the piston when 
any movement takes place, it resists any sudden movement 
of the piston; so that, if the right-hand portion of the link g 9’ 
is quickly moved, it will carry the dashpot and the left-hand 
portion g of the link with it. A sudden movement of the 
rack # will move both piston and dashpot, and also the valve 
stem o’. The dashpot will, however, permit the valve stem 
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to return slowly to its central position under the action of a 
spring. 

The lower valve stem o’ responds directly to any rise or 
fall of the governor balls, and in addition it responds to any 
sudden movement of the rack #. The mechanism is so 
adjusted that a movement of the valve stem o’ from the latter 
cause can occur only after the former movement, and is in 
the opposite direction. The relay, the pressure reservoir, 
and the compensating device working together enable the 
gate to be changed almost instantly to the full amount 
required to maintain the speed constant, and at the same 
time the change in the gate opening is stopped before the 
speed is readjusted, thus preventing racing. 

The dashpot is so adjusted as to allow the valve stem 0’ to 
return to the position corresponding to the normal speed by 
the time the speed is readjusted, and the governor is then 
ready for another change. If, for example, the first gate 
movement is not exactly the necessary amount, a second 
smaller movement will take place. It is desirable to adjust 
the governor so that it is as nearly ‘dead beat’’ as possible; 
that is, so that it will make very nearly the proper change in 
gate opening at the first movement. 


68. Regulation Where the Head Varies.—In most 
streams, the available head is least in times of freshet, when 
the discharge is greatest; this is due to the rise of the water 
in the tailrace. The power of a waterwheel varies as the 
three-halves power of the head, while the speed varies as 
the square root of the head. If the head is reduced by 
backwater, the requisite power can be maintained by the use 
of additional units or turbines. If, however, the same tur- 
bines are used when the head is reduced, an intermediate or 
auxiliary shaft, called a jack-shaft, may be necessary to 
maintain the proper speed. 

If the head is subject to large variations, separate sets of 
turbines may be installed, one for ordinary use and one for 
use during periods of reduced head. The turbines should 
be of different designs, in order that both sets may operate 
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at the same speed under their respective heads. One low- 
head and one high-head turbine may conveniently be mounted 
on the same shaft, 

but they should have 

separate gates. The - 
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head turbine should =—= 2 

be equal to that of === = === 
the high-head turbine == 
under the least head 
at which the latter S244 
is to operate. For See epee 
heads between the : 
minimum for the two 
turbines, the low- 
head turbine is used at part gate, while for heads exceeding 
the minimum for the high-head turbine, the latter is used at 
part gate. 
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69. Effect of a Long Penstock on Regulation.—In 
Fig. 30 is shown a waterwheel set in an open flume, while 
in Fig. 31 is shown a waterwheel of the same size and 
capacity set in a closed penstock and supplied by a long, 
cylindrical flume. Suppose that each wheel has a capacity 
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of Ocubic feet per second, and works under a head h. If 
the gates of wheel 4, Fig. 30, are suddenly opened, the 
water will begin to flow through the wheel to its full capacity 
as soon as the force of gravity can impart the necessary 
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motion to the water lying immediately over and around the 
wheel. 

If the gates of wheel &, Fig. 31, are suddenly opened, 
then, in order to supply the wheel to full capacity, the entire 
column of water in the conduit C must be set in motion witha 


Q 


velocity v equal to ae denoting by A the area of cross-section 


of the flume C. The time required to impart a given velocity 
to the water contained in the penstock C increases in direct 
proportion to the ratio of the length / of the flume C to the 
head h. 

Whenever there is any change, either an increase or 
decrease, in the gate opening of the turbine &, there will be 
a corresponding lag or lapse of time before the velocity in 
the flume C is changed, and hence also a lapse of time will 
occur before the turbine begins to operate at the proper 
capacity. The amount of this lag will be greatest for a 
turbine supplied by a long, closed flume, and least for 
a turbine set in an open flume. 

It is impossible for a governor to operate the turbine gates 
until the load begins to change. It follows that, in the case 
of a turbine supplied with a long pipe, a certain amount of 
time will elapse between a change of load and the readjust- 
ment of the turbine speed. During this period of lag, the 
speed will tend to fall too low if the load has been increased, 
and to rise too high if the load on the turbine has been 
decreased. 


7O. As explained in Waterwheels, Part 1, the kinetic 
energy A of the water column in the flume C, expressed in 
foot-pounds per second, is given by the formula 


where w is the weight of 1 cubic foot of water. 

If the gates of the turbine &, Fig. 31, are suddenly closed 
in part, so that the velocity in the flume required to supply 
the turbine is reduced to some amount v,, which is less than 2, 
then, before the water can slow down to the velocity v,, an 
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amount of energy A’, equal to the difference in the energy 
contained in the water before and after the change in velocity, 
must be expended. Hence, 
ps 
2g 
The energy of the water contained in the flume is expended 
by the exertion of pressure on the moving vanes of the tur- 
bine; when the velocity is decreased, the pressure must 
increase until the surplus energy is expended. It follows 
that a sudden reduction in the gate opening of a turbine sup- 
plied by a long, closed flume will cause a temporary increase 
in the pressure in the flume and in the turbine itself, and a 
corresponding increase in the speed of the turbine. 


(v* — v,°) 


71. Water Hammer.—The sudden increase in pressure 
following a sudden change of velocity is called water ham- 
mer. This pressure may be prevented from producing 
injurious results by the use of a standpipe connected to the 
flume near the turbine, as shown at D in Fig. 31. The 
standpipe should have an overflow & at about the same level 
as the water in the pond G. 

When the turbine gates are closed and the pressure begins 
to rise, the water level will rise in the standpipe, permitting 
some water to overflow and preventing the pressure from 
increasing to an undesirable amount. A similar result may 
be accomplished by the use of a pressure-relief valve or by 
placing an air chamber in connection with the flume or 
penstock of the turbine. The pressure-relief valve consists 
of a valve connected to the flume and ordinarily kept shut 
by means of a spring; it opens and permits some water to 
waste whenever the pressure rises above the proper limit. 
Its action is similar to that of the ordinary safety valve used 
on steam boilers. 

. In determining the necessary strength of long, closed pipes, 
allowance should be made for the pressure that may result 
from water hammer. 
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THE TESTING OF TURBINES 


72. The Holyoke Testing Flume.—Fig. 82 is a cross- 
section of the Holyoke flume, showing the wheel pit 4 with 
a turbine J in place fortesting. Turbines are usually tested 
with the shaft in a vertical position, as shown in the figure. 
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The shaft is extended upwards to the floor of the testing® 
room, and carries a brake pulley B at its upper end. The 
power is calculated from the readings of the scales F and 
the speed indicator Z, by the method described in connection 
with the testing of impulse waterwheels. The spent water 
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is discharged into a tailrace C, from which it passes over 
a weir. Hook gauges are used to determine the elevation 
of the water surface in the flume and in the tailrace above 
the weir, and from readings of these gauges the head acting 
on the wheel and the discharge are determined. Each wheel 
is tested at several widths of gate opening. A series of 
tests at a given gate opening usually comprises sets of 
observations at several different speeds, both above and 
below the speed of maximum efficiency. A set of observa- 
tions at a given speed and gate opening covers from 8 to 5 
minutes; during the test, readings of all the gauges and of 
the break scales and speed indicator are taken at frequent 
intervals, and the means of the readings are used in per- 
forming the computations. 


73. Tabulation of Results.—The table on page 60 
shows the results of a Holyoke test of a 36-inch Hercules 
turbine at full gate. The measured head and the revolutions 
per minute are given in columns 4 and 5, respectively. The 
discharge in column 6 1s calculated from the readings of the 
tailrace weir, and is corrected for leakage, if any occurs. 
The brake horsepower in column 8 is calculated from the 
weight on the brake scales as given in column 7, and from 
the length of the brake lever, the diameter of the brake 
pulley, and the speed given in column 5. (See the testing of 
impulse wheels in Waterwheels, Part 1.) The efficiency may 
be determined from the brake horsepower (column 8), 
head (column 4), and discharge (column 6), in the manner 
explained in Waterwheels, Part 1. The speed ratio given in 
column 11 is the ratio of the circumferential velocity v, of 
the inflow circle of the runner to the theoretical velocity 


V2¢h due to the head. 


74. The head usually varies slightly during the tests. 
In order to compare the operation of the turbine at different 
speeds and gate openings, the corresponding discharge and 
power under a constant or standard head are determined. 
The head corresponding to the speed of maximum full- 
gate efficiency is usually chosen as a standard head. The 
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discharges for the different speeds, reduced to the standard 
head, are shown in column 9 of the table. The proportional 
discharge given in column 10 is the ratio of the discharge 
reduced to standard head for any speed to the measured dis- 
charge at full gate for the speed of maximum efficiency. 
Let Q, = full-gate discharge at maximum efficiency; 
QO = actual discharge for any speed trial; 
QO, = corresponding discharge at standard head; 
g = proportional discharge; 
hk, = standard head; 
h = actual head in the trial considered. 
Then, since the discharges are proportional to the veloci- 
ties, and the velocities to the square roots of the heads, we 


have 
A:9= Vio : Vk; 
whence Or pail Gh) 
i Dasov Dey Now 
Also, 7= a ON hk (2) 


EXAMPLE.—The maximum full-gate efficiency of a turbine is found 
on a test when the head is 14.01 feet and the discharge 201.0 cubic feet 
per second. What is the discharge at standard head and the propor- 
tional discharge for a speed trial at part gate for which the head is 
15.26 feet and the discharge 153.5 cubic feet per second? 


SoLutTion.—Here, 4, = 14.01, QO, = 201.0, 2 = 15.26, and Q = 153.5. 
Then, by formula 1, 


(Of = 158.5. [755 = 147 -1-cu. ft--persec.. Ans. 


By formula 2, 9 = == = -/d2. Ans. 


75. As will be seen from the table on page 60, the pro- 
portional discharge varied with the speed in a nearly regular 
manner. This is found to be the case at part gate as well as 
at full gate. For the ordinary range of speed variation, the 
discharge of a turbine at a given gate opening usually 
decreases as the load decreases, or as the speed increases. 
An overloaded turbine will as a rule use a little more water 
than one running at its normal load under the same head and 
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gate opening. The maximum full-gate efficiency for this tur- 
bine is about 85.8 per cent., with a speed ratio of about .67. 
The efficiency decreased but little for a variation of several 
per cent. in speed, but when the speed ratio was below about 
.64, the efficiency decreased more rapidly. The horsepower, 
which is affected by both the discharge and the efficiency, 
varies with the speed somewhat more rapidly than the 
efficiency. The wheel gives its maximum horsepower at a 
different speed from that.at which the efficiency is a maximum. 


76. Tables similar to the one on page 60 can be con- 
structed for tests in which the gate is only partly opened. 
Usually, the amount of opening is expressed as a decimal 
fraction, and tabulated as “‘Proportional gate opening.” 

Although the horsepower of a turbine increases with the 
gate opening, and is usually greatest at full gate, the same 
is not always true of the efficiency, which often is a maxi- 
mum when the wheel runs at part gate; generally, the greatest 
efficiency occurs for a proportional opening of between 
.75 and 1, although sometimes a much smaller opening 
gives the maximum efficiency. If a turbine is to be operated 
at part gate, it is desirable to secure as great an efficiency as 
possible at the gate opening at which the wheel is intended 
torun. If, as is usually the case, it is desired to maintain 
the speed constant at various gate openings, the efficiency 
at the constant speed at which the wheel is intended to run 
must be taken into account. 

Usually, the discharge is not directly proportional to the 
gate opening, the proportional discharge being somewhat 
greater than the proportional gate opening. ‘This is gener- 
ally true of American-type turbines. For example, a wheel 
generally uses more than one-half the full amount of water 
when operating at one-half gate. The relation between the 
proportional gate opening and the discharge varies with 
the type of gate used. 


77. Testing Turbines in Use.—In testing turbines in 
use, the power is either measured by a friction brake or by 
some other form of dynamometer; or else, as in the case of 
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turbines driving electrical generators, it may be computed 
from the recorded electrical output during the test. The 
discharge is usually measured by a weir, although floats or 
current meters are sometimes used. The details of the 
methods of conducting the test vary greatly with the con- 
ditions. Great care must be taken to insure accuracy and 
to prevent unmeasured losses of power or water from taking 
place. As a rule, the data obtained and the general methods 
of reducing the results are about the same as those used at 
Holyoke. 


TURBINE INSTALLATIONS 


78. Definitions.—A turbine plant usually includes a 
dam to impound the water, a conduit to carry the water to 
the turbine, a compartment for the turbines, and a draft tube 
or tailrace, or both, to return the water to the stream below. 
The word flume will be used here to describe the pipe or 
channel that leads the water from the dam or power canal to 
' the compartment containing the waterwheel. A penstock is 
a compartment separate from the flume, and containing one or 
more wheels. Waterwheels are often set in open wooden 
flumes without the use of separate penstocks. The words 
flume and penstock are often used with the meanings here 
given interchanged. An iron or steel penstock is often 
called a ease, or casing; but, as the waterwheel itself has 
a case, this use of the word should be avoided. 


79. Conduits.—The simplest, and in many cases the 
cheapest, form of conduit consists of a canal dug along the 
side slope of the stream valley. In order to prevent loss by 
percolation through the porous soil, canals dug in earth may 
have their banks puddled by thoroughly mixing and com- 
pacting a wall of wet, plastic clay in the center of the dikes. 
Clay, when wet, is likely to slip and yield, and for this reason 
the entire banks should not be built of clay. A loamy mix- 
ture of clay with a firmer soil, as sand or gravel, is the best 
bank-forming material. Sometimes, the water is taken 
directly into the penstock from the pond or head-race, but 
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frequently a wood or iron flume is used. Open rectangular 
wooden flumes are cheap, and easily constructed, but, as they 
rot easily, they are not very durable. Power canals are 
sometimes lined with cement to prevent seepage and to 
decrease the friction and consequent loss of head. 

Circular wooden flumes of stave pipe are often used. They 
are commonly made of cypress or of California redwood, 
and are cheap and very durable. They can stand very heavy 
pressures, and can be run up and down the irregularities of 
the ground surface, or buried at a sufficient depth to prevent 
freezing. Stave pipe has, besides, the advantage that its 
inner surface, being very smooth, causes little friction loss. 
For further particulars regarding stave pipe, see Water 
SUODLY waite 

Riveted iron or steel pipe is used for short flumes under 
high pressures, or where it is desired to make short bends 
or connections. For light pressures, spiral riveted pipe may 
be used; it can be purchased ready made in suitable lengths 
to be put together with slip or flanged joints. All forms of - 
iron and steel pipe should be coated outside and inside with 
asphaltum or coal tar to prevent rusting. The carrying 
capacity of such pipes decreases with time, on account of 
the growth of a vegetable slime on their interior surfaces, 
which greatly increases the loss by friction. 

Conduits are often made of reinforced concrete. their 
interior surfaces being usually washed with neat cement to 
render them smoother and water-tight. 

In order to prevent excessive loss of head by friction, the 
mean velocity in power flumes is not usually allowed to 
exceed 4 feet per second. 


80. A drain valve should always be provided at the 
lower end, so that the water can be drawn out of the flume 
when the waterwheels are shut down. If a closed flume 
passes over hills, there should be an air valve at each sum- 
mit, so that the imprisoned air can escape when the pipe is 
being filled. Care should be exercised to allow the air to 
enter the pipe freely in case the head-gates at the entry end 
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are closed when the drain valve is opened. A standpipe 
having an open end rising above the hydraulic gradient 
answers this purpose. If the air cannot enter the pipe, a 
vacuum may form in it, and the pressure of the atmosphere 
on the outside of the pipe may be sufficient to cause the 
pipe to collapse. 


81. Head-Gates.—Head-gates that will close the inlet 
end of the flume or penstock should always be provided, so 


that the wheel, penstock, and flume may be drained for 
inspection and repairs. Fig. 33 shows asimple form of head- 
gate, consisting of a plank gate g that slides over the inlet 
endzof a flume or penstock. The gate is raised or lowered 
by means of a rack and pinion and a lever that can be inserted 
in the capstan head / of the pinion shaft. A pawl / serves 
to hold the gate from running down. 

Various combinations of screws, worm-gears, and trains 
of spur wheels are also used for operating head-gates, in 
place of the simple lever arrangement shown in Fig. 33. 
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An elevation (a) and a vertical section (4) of an iron gate 
valve, such as is often used with iron and steel pipes and 
penstocks, are shown in Fig. 34. The wedge-shaped gate a 
fits closely against the 
valve seat c when the 
gate is closed, prevent- 
ing leakage. Thevalve 
seat is usually made of 
brass or bronze to pre- 
vent the gate from rust- 
ing and sticking. When 
the valve is opened, the 
gate is drawn up into 
the dome d. This 
dome should, if neces- 
sary, be protected 
against freezing. The 
force required to start 
such a valve is really 
much greater than that 
required to operate it 
after starting. A com- 

Bie. 64 mon fault with gate 
valves is the use of operating gears that are not strong 
enough. When used under heavy pressures, the flume is 
sometimes filled through the by-pass valve 4, in order to pro- 
duce a back pressure on the valve, and thus enable the gate 
to be opened more easily. 
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82. Racks and Screens, and Booms.—Turbines must 
be protected from ice, leaves, sticks, fish, and similar sub- 
stances that might clog them by catching between the wheel 
and guides. A rack made of thin bars of iron is usually 
placed in the flume just above the penstock. The bars in the 
rack must be far enough apart to allow the water to flow 
through freely. The bars are usually separated by iron 
washers, and the bars and washers are held together by long 
bolts passing through both. Fig. 35 shows a single bar of 
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good form. The end dis bolted to the floor of a platform 
on which a workman stands to remove the trash with a short 
tooth rake having teeth spaced the same distance apart as 
Ghiceir ac kab amnsee a 
coarse wooden rack 
is sometimes used at 
the entrance to the 
race, and the finer 
iron rack is placed at 
the entrance to the 
penstock. A floating 
log or logs chained 
together to form a 
boom may also be stretched across the entrance to the race- 
way. This will usually prevent floating logs or cakes of ice 
from entering the head-race. 


Fic. 35 


83. Needle Ice and Anchor Ice.—Power canals, 
screen racks, and turbines are often obstructed in winter 
by a form of soft, spongy ice resembling snow slush, 
and called needle ice, or frazil. This ice does not form 
solid cakes, but floats suspended in the water, and not 
entirely at the surface. _Needle ice is formed in two ways: 
(1) in rapids, where the water is cooled to 82° without 
having time to freeze solid; and (2) on stones or other dark 
objects in the bed of a stream, which are cooled below 
freezing temperature by radiation. This form is known as 
anchor ice. On warm and cloudy days, masses of anchor 
ice break loose and rise, often carrying stones embedded in 
them. The two forms of needle ice resemble each other 
closely, and both adhere to the object with which they come 
in contact. Screen racks and turbine vanes very quickly 
become blocked if needle ice is allowed to enter them. 
Needle ice does not form in deep, still ponds nor under a 
cover of surface ice. It is sometimes carried for some dis- 
tance under the surface ice, but it will not usually give 
trouble where there is a deep, frozen pond, if the water is 
taken from the pond into a closed flume or penstock at a depth 
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of several feet below the surface. If once allowed to accumu- 
late in a power canal, needle ice is hard to remove, and may 
prevent the use of the power for some time. 


84. Penstocks.—Consider a wheel set in an open flume, 
as shown in Fig. 80. All the water entering the wheel passes 
the section aa’. Half of the water passes the section 60’ 
through the center of the wheel. There must be a consider- 
able space at each side of the wheel as well as a suitable 
depth at the top; otherwise, the water must make a very 
abrupt turn to get into the wheel, and the water coming from 
opposite sides may form an eddy. As a result, the wheel 
buckets may be only partly filled, which causes low efficiency, 
and in addition the head due to the draft tube may bo lost 
owing to the suction of air through the wheel. The lack of 
sufficient access room around the guide inlets has been the 
cause of many failures, especially where steel penstocks are 
used. Such failures are often wrongly attributed to the 
waterwheels themselves. 

In the design of penstocks, a careful study of the course 
that the water will take in reaching the. whee!s should be 
made, in order that sufficient space may be provided. This 
is especially true when there are several wheels in line, fed 
from the same flume. It inay happen that the wheels nearest 
the entry end of the penstock will receive abundant water, 
while those farther removed will receive a deficient supply, 
with the result that their apparent efficiency will be low. 


85. Vertical Wheels in Open Flume.—Fig. 36 shows 
the method of setting a turbine in an open wooden flume, 
which also serves as a penstock. In order to secure the 
advantage of the entire fall, the floor of the penstock must 
be low enough for the discharge opening of the wheel case 
to be always submerged in the tail-water. This method of 
setting is cheap, and usually provides sufficient water space 
around the wheel. Several wheels are often placed in the 
same flume. The disadvantages of this method are the 
necessity of stopping all the wheels and drawing the water 
out of the flume in order to make repairs or inspection. 
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If it is desired to utilize the wheels together, they are 
usually connected by means of bevel gearing to a horizontal 
shaft running along the top of the flume. 


86. Horizontal Wheels in Open Flumes.—Fig. 37 
shows a pair of turbines mounted on a horizontal shaft and 
discharging into a central draft chest 46, from which the draft 
tube c conducts the spent water to the tailrace a. The 
runners face in opposite directions, and the end thrust is 
therefore neutralized. Two or more pairs can be set in line 
in the same flume, and thus a very large power can be 
obtained on a single high-speed shaft. During low water, 
the gates of one pair can be closed if necessary. 
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87. Wheels in Cylindrical Penstocks.— Fig. 38° 
shows a pair of wheels fed by a steel flume 4 and mounted in 
a cylindrical steel penstock aa. The runners discharge from 
the ends of the penstock into the draft tubes c and d. Several 
pairs of wheels can conveniently be placed side by side in the 
same power house. A head-gate ¢ is provided at the entrance 
to the flume, and a manhole is provided in the cylindrical case, 
so that the wheels are accessible for inspection and repair. 
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88. Tailrace.—The spent water from turbines is dis- 
charged into a tail-pit, directly under the flume. The water 
may flow from the tail-pit directly into the stream or into a 
tailrace. <A tailrace is necessary where the power plant is 
located at a distance from the stream; it may also be used 
to increase the head by carrying the water down stream 
past rapids or shoals to a point where the surface of the 
stream is lower than at the foot of the dam. In some cases, 
the tailrace is constructed by walling off a portion of the 
natural stream channel with a masonry or timber break- 
water. The breakwater should extend above the high-water 
level of the stream, and should be nearly water-tight, in 
order to prevent water from flowing through or over it into 
the tailrace. The bottom of this tailrace will usually require 
excavation in order to reduce the loss of head by slope and 
friction, and to give the spent water a free outlet. The 
amount that can be economically expended in excavating a 
tailrace depends chiefly on the amount of head to be gained, 
the length of race, the character of the material to be exca- 
vated, and the value of the power. The velocity in a tail- 
race may be usually between 2 and 4 feet per second. In 
cold climates, the velocity should not be so low as to 
permit ice formation. If the bottom of the tail-pit is soft 
material, it should be floored with timber or concrete; if 
this is not done, the downward discharge from the turbines 
may stir the soil and deposit it in the tailrace, where it may 
form a barrier or dam, which will reduce the head on the 
wheels by backwater. 
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